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Abstract

One fundamental consequence of a scheme X being proper is that the functor classifying
maps from X to any other suitably nice scheme or algebraic stack is representable by an
algebraic stack. This result has been generalized by replacing X with a proper algebraic
stack. We show, however, that it also holds when X is replaced by many examples of
algebraic stacks which are not proper, including many global quotient stacks. This
leads us to revisit the definition of properness for stacks. We introduce the notion of a
formally proper morphism of stacks and study its properties. We develop methods for
establishing formal properness in a large class of examples. Along the way, we prove
strong h-descent results which hold in the setting of derived algebraic geometry but
not in classical algebraic geometry. Our main applications are algebraicity results for
mapping stacks and the stack of coherent sheaves on a flat and formally proper stack.
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1. Introduction

If X is a projective variety and Y is a quasi-projective variety over a field k, then it is well known
that there is a quasi-projective variety Map(X, Y ) parameterizing morphisms from X to Y . The
properness hypothesis on X is necessary:

Example 1.0.1. The functor Map(A1
k,A

1
k) parameterizing families of maps from A1

k to itself is
not representable by an algebraic space. If it were, then any compatible family of k[[x]]/xn-points
for n � 1 would extend to a unique k[[x]]-point. But letting t denote the coordinate on A1, the
compatible family of morphisms etx : A1

k[x]/xn → A1
k does not extend to a morphism A1

k[[x]] → A1
k,

because etx is not a polynomial in t unless x is nilpotent.
On the other hand, if Y is equipped with a linearizable Gm-action, then the functor param-

eterizing families of Gm-equivariant maps is representable by a scheme, Map(A1
k, Y )Gm . The

scheme Map(A1
k, Y )Gm is the disjoint union of the Bia�lynicki-Birula strata [BB73] for the action

of Gm on Y .

This illustrates a common phenomenon in equivariant algebraic geometry (see, for instance,
[HS04, AB05]): certain non-proper schemes behave as if they are proper if one takes into account
equivariance. This paper is dedicated to the systematic development of this concept, and its
consequences.

In the example above, we will deduce the representability of Map(A1
k, Y )Gm from the fact

that the functor Map(A1
k/Gm,k, Y/Gm,k) parameterizing flat families of morphisms of algebraic

stacks is itself representable by an algebraic stack (see Example 1.2.3 below). However, the stack
A1

k/Gm,k is still not proper in the sense of [LMB00] (i.e. separated, of finite type, and universally
closed). The problem is that points in a separated stack must have proper automorphism groups,
so the quotient of a scheme X by a linear algebraic group G cannot be proper unless G acts with
finite stabilizers on X.

Our aim is thus to propose an alternative to the notion of properness for an algebraic stack
X which applies to many of the quotient stacks which arise in practice, such as the stack
A1/Gm. The resulting notion has convenient formal properties, and we establish two of the
useful consequences which are familiar from the case of schemes: Map(X , Y ) is an algebraic
stack, as is the stack of coherent sheaves on X , when X is ‘formally proper’ and flat over the
base.

1.1 Definition of a formally proper morphism
Our notion of properness makes use of the derived category of ‘almost perfect complexes’ on a
stack, APerf(X ). When X is noetherian and classical, APerf(X ) agrees with the derived cate-
gory D− Coh(X ) of right-bounded complexes of quasi-coherent sheaves with coherent homology,
and more generally APerf(−) extends the definition of pseudo-coherent complexes [Sta19,
Tag 08FS] to derived schemes and stacks.
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We will also use the theory of formal completion, which we review in § 2.1. If X is an
algebraic stack and Z ⊂ |X | a cocompact closed subset, we will denote the formal completion
of X along Z by X̂Z .

Definition 1.1.1. We say that X is complete along Z if the restriction functor APerf(X )→
APerf(X̂Z) is an equivalence of ∞-categories. In this case we say that Z →X is a complete
closed immersion for any closed substack Z ⊂X having underlying closed subset Z.

Example 1.1.2. Let X = Spec(R) for some noetherian ring R, and let Z ⊂ Spec(R) be the closed
subset corresponding to an ideal I ⊂ R. Then by Proposition 2.1.4 we have

APerf(X ) = D− Coh(R), APerf(X̂Z) = lim←−
n

D− Coh(R/In),

and X is complete along Z if and only if R is I-adically complete.

Although this notion of completeness is formulated for derived stacks, we will see in
Lemma 2.3.4 that it only depends on the underlying classical stack, and in fact only on its
underlying reduced stack.

Definition 1.1.3. We say that a morphism of algebraic (derived) stacks π : X → S is formally
proper if it is (almost) finitely presented, and, for any noetherian algebraic (derived) stack Y
which is complete along a closed subset Z ⊂ |Y | and any morphism Y → S , the fiber product
X ′ := X ×S Y is complete along the preimage of Z.1

Suppose Y = Spec(R) for a complete noetherian ring R and Z is the closed subset defined
by an ideal I ⊂ R. Then X ′ = X ×S Y being complete along the preimage of Z is equivalent
to the restriction map giving an equivalence

D− Coh(X ′) �−→ lim←−
n

D− Coh(X ×S Spec(R/In)).

When X → S is representable by proper algebraic spaces, then this equivalence is the
Grothendieck existence theorem, or formal GAGA, for derived categories [Knu71, Chap. V].
Therefore, Definition 1.1.3 asserts that π universally satisfies a strong form of the Grothendieck
existence theorem.

At first blush, it is strange to elevate a major theorem into a definition. On the other hand,
the definition of a proper scheme is also somewhat complicated: checking that a morphism is
universally closed, or even checking the valuative criterion, is a priori an infinite and intractable
task. We argue that the value of Definition 1.1.3 (as with any definition!) results from the
availability of interesting examples, the usefulness of its formal properties, and the theorems one
can prove with it.

As a first source of examples, we generalize the notion of a projective morphism of schemes
to that of a cohomologically projective morphism of derived algebraic stacks in Definition 4.1.3,
and we prove the following result.

Theorem (Theorem 4.2.1). A cohomologically projective morphism of (derived) algebraic
stacks is formally proper.

The proof is formally similar to the classical proof of the Grothendieck existence theorem for
projective morphisms, but the framework of derived algebraic geometry offers some significant
conceptual simplifications.

1 This definition is suitable for morphisms which arise as the base change of a morphism of locally noetherian
stacks, but a different definition is likely needed in the general non-noetherian setting.
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Example 1.1.4 (Proposition 4.2.3). Let S be a noetherian scheme over a field k, G a linearly
reductive algebraic k-group acting on a k-scheme X, and π : X → S a G-invariant morphism
which factors as a projective morphism X → X ′ followed by an affine morphism X ′ → S of
finite type. If π admits a relatively ample G-equivariant invertible sheaf and H0π∗(OX)G is a
coherent OS-module, then X/G→ S is cohomologically projective.

Example 1.1.5 (Proposition 4.2.5). If S is a noetherian scheme over a field k, G is an algebraic
k-group, and X is a G-scheme which admits a good quotient [Ses72] which is projective over
S, then X/G is cohomologically projective over S. This generalizes the formal GAGA result for
good moduli spaces established in [GZB15].

Formally proper morphisms also enjoy some convenient formal properties.

Proposition 1.1.6. Suppose X ′ →X is a surjective and formally proper morphism of
(derived) S -stacks. Then if X ′ → S is formally proper, so is X → S . In addition, formally
proper morphisms are closed under base change, composition, and fiber products.

Proof. The first claim follows from Theorem 4.3.1 (which holds under weaker hypotheses
on the map X ′ →X ) and Theorem 2.4.3, and the remaining claims are immediate from
Definition 1.1.3. �

As a result, any stack X which admits a surjective proper morphism X ′ →X from
a cohomologically projective stack X ′ is formally proper. This allows one to construct
many examples of formally proper morphisms which are not cohomologically projective. For
instance, if G is a reductive group scheme over a scheme S, then BSG→ S is formally
proper under suitable hypotheses (Proposition 4.3.4). See Example 4.3.3 below for more
examples.

One key technical result underlying Proposition 1.1.6 and many other results is a new
h-descent theorem in the context of derived algebraic geometry. Recall that an h-cover of locally
noetherian (derived) algebraic stacks is an (almost) finitely presented morphism which is univer-
sally a topological submersion. Examples include fppf2 morphisms, as well as proper and formally
proper surjective morphisms.

Theorem (Theorem 3.3.1). The presheaf APerf(−) satisfies derived descent for h-covers of
locally noetherian derived stacks.

Although many of the results in this paper are classical in nature, this result truly requires
the setting of derived algebraic geometry. For instance the inclusion of the reduced subscheme
Xred → X is a derived h-cover, but it has a trivial Čech nerve in the category of classical schemes
and therefore this is not an effective descent morphism in this category. On the other hand, there
are classical stacks for which this descent theorem provides our only method of establishing formal
properness.

Finally, we note that Definition 1.1.3 is closely related to other plausible notions of proper-
ness for algebraic stacks. By Theorem 2.4.3 and Proposition 2.4.5, we have the following
implications for an (almost) finitely presented morphism π : X → S of noetherian algebraic

2 In the derived context, we say that a morphism is fppf if it is surjective, flat, and almost finitely presented.
A better abbreviation might be fpppf, for ‘fidèlement à plat et presque de présentation finie’. But there is no risk
of confusion: whereas a finitely presented classical ring homomorphism need not be almost finitely presented when
regarded as a map of simplicial commutative rings, a flat and finitely presented ring homomorphism arises as the
derived base change of a flat and finitely presented homomorphism of noetherian rings and is therefore almost
finitely presented.
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(derived) stacks:

π is formally
proper

��
Property (CP) :

universally, Riπ∗(−) preserves
coherent sheaves (Definition 2.4.1)

�� π is universally
closed

Furthermore, all of these properties hold if S is a noetherian scheme and π is proper, by
Example 4.3.3(i). However, we will see in Example 1.2.5 that (CP) alone is not sufficient for
our applications to mapping stacks and coherent sheaves.

1.2 Applications
Recall that, given two stacks X and Y over a base stack S , the mapping stack Map

S
(X , Y ) is

the stack whose space of T -points (for any scheme T over S ) is the space of maps Map
S

(T ×S

X , Y ).

Theorem (Theorem 5.1.1). Let R be a (simplicial commutative) G-ring, and let X be an alge-
braic (derived) R-stack which is formally proper and of finite Tor amplitude n over S := Spec(R).
Then for any algebraic (derived) stack Y which is locally almost finitely presented with quasi-
affine diagonal over S , Map

S
(X , Y ) is an algebraic (n + 1)-stack, locally almost finitely

presented over S . If π is flat then Map
S

(X , Y ) has quasi-affine diagonal, and if Y → S
has affine diagonal then the diagonal is affine.

Remark 1.2.1. This theorem holds under slightly weaker hypotheses. For an elaboration, see the
discussion following Theorem 5.1.1.

Example 1.2.2. Let Θ := A1/Gm, then for any locally (almost) finitely presented mor-
phism of (derived) algebraic stacks Y → S with quasi-affine (respectively, affine) diagonal,
Map

S
(ΘS , Y ) is a locally almost finitely presented algebraic S -stack with quasi-affine (respec-

tively, affine) diagonal (the lack of noetherian hypotheses is explained in Remark 5.1.4). This
is the starting point for the theory of Θ-stability developed in [Hal14], where Map

S
(ΘS , Y )

is regarded as the stack of ‘filtered points’ in Y . The fibers of the map Map
S

(ΘS , Y )→ Y
defined by restriction along the inclusion {1} → Θ are regarded as generalized flag spaces for
points of Y .

Example 1.2.3 (BB strata). As a special case of the previous example, consider a quasi-separated
algebraic space X locally of finite presentation over a scheme S, and let (Gm)S act on X. Then
we have a cartesian square

Map
S

(A1
S , X)Gm ��

��

Map
S

(ΘS , X/(Gm)S)

X/Gm→BGm

��

S
s �� Map

S
(ΘS , B(Gm)S)

where s classifies the projection (A1/Gm)S → (BGm)S . So the fact that the mapping stacks
on the right-hand side are algebraic implies that the functor MapS(A1

S , X)Gm parameterizing
families of equivariant maps from A1 to X is algebraic. This generalizes the classical theorem of
Bia�lynicki-Birula, and more recent work by Drinfeld [Dri13].

Example 1.2.4. If S is a scheme and G and H are smooth affine S-group-schemes, the fiber
of the map Map

S
(BG, BH)→ Map

S
(∗, BH) � BH over the tautological S-point of BH is
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the functor Homgp/S(G, H) parameterizing families of group homomorphisms. If G is a reduc-
tive group scheme, then Map

S
(BG, BH) is algebraic with affine diagonal by Proposition 4.3.4

and Theorem 5.1.1 (working étale locally over S and using relative noetherian approxima-
tion), and hence Homgp/S(G, H) is representable by algebraic spaces with affine diagonal. This
recovers a slightly weaker form of the deep result in [SGA3, Exp. XXIV, Corollary 7.2.3]
that Homgp/S(G, H) is a separated scheme whenever H is a smooth quasi-projective S-group-
scheme.

Example 1.2.5. To illustrate why formal properness is the correct hypothesis in Theorem 5.1.1,
suppose S = Spec(k) is a field of characteristic 0. Then BGa satisfies the ‘coherent pushforward’
property (CP), but Homgp/S(Ga,Gm), and thus Map

k
(BGa, BGm), is not algebraic. If it were,

then every compatible family of k[x]/xn-points would necessarily come from a k[[x]]-point, and the
counterexample of Example 1.0.1 provides a counterexample here as well. Specifically, letting t
denote the coordinate on Ga, the compatible family of group homomorphisms etx : (Ga)k[x]/xn →
(Gm)k[x]/xn does not extend to a morphism of group schemes (Ga)k[[x]] → (Gm)k[[x]].

As another application of the notion of formal properness, we generalize the well-known fact
that the stack of coherent sheaves on a proper scheme is algebraic.

Theorem (Theorem 5.2.2). Let R be a simplicial commutative G-ring, and let X be an alge-
braic derived stack which is flat and formally proper over Spec(R). Then the stack CohX /R

parameterizing flat families of coherent sheaves (see Definition 5.2.1) is an algebraic derived
stack locally almost finitely presented and with affine diagonal over Spec(R).

1.2.1 Comparison with previous results. Artin’s criteria have been used in several papers to
establish the algebraicity of the mapping stack Map

S
(X , Y ), where S is an algebraic space

and X and Y are algebraic stacks, but always under the hypothesis that X → S is proper –
see [Ols06, Theorem 1.1], [Lie06, § 2.3], and [HR19, Theorem 1.2] for the strongest result in
this direction.3 All of these approaches require a version of the Grothendieck existence theorem
of proper stacks – see [Ols06, Theorem A.1] for coherent sheaves and [Lim19] for the case of
pseudo-coherent complexes.

Our approach to Artin’s criteria, via the Tannakian formalism, is highly indebted to the
algebraicity result [Lur4, Theorem 3.2.1] in the context of derived (and spectral) algebraic geom-
etry, which implies algebraicity under the hypothesis that X → S is a flat and proper spectral
algebraic space, and Y is a quasi-compact spectral Deligne–Mumford stack with affine diag-
onal. Our main conceptual contribution is relaxing the hypothesis that the map X → S is
proper.

In [AHR20] algebraicity is established when X → S is a flat good moduli space morphism
of classical stacks. The main contribution of [AHR20] is showing that a good moduli space
morphism is, étale locally over S, cohomologically projective. From this point, one could use
Theorem 5.1.1 to establish algebraicity when Y has quasi-affine diagonal, but [AHR20] makes
use of a stronger version of Tannaka duality in the classical context [HR19] which allows one
to only assume that Y has affine stabilizer groups (see Remark 5.1.3). The paper [AHR20] was
developed independently of our work, and was released around the same time as the original
version of this paper.

3 The results in [Lie06, § 2.3] seem to be missing the hypothesis that Y is flat over S. Similarly Aoki has claimed
algebraicity if X /S is proper and flat and Y is either BGm or locally of finite presentation and separated [Aok06a,
Aok06b] – however, there appear to be some serious errors in that paper which are not addressed by the erratum.
We thank David Rydh for pointing this out to us.
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1.3 Context, conventions, and authors’ note
Unless we explicitly state otherwise, all of our categories will be ∞-categories. The model for
∞-categories we have in mind is that of quasi-categories [Lur09], and our model for the
∞-category of ∞-groupoids or ‘spaces’ will be Kan simplicial sets, which we denote by S.
The reader may freely substitute their favorite models for each.

1.3.1 Context. We will mostly work in the context of derived algebraic geometry, that is,
algebraic geometry over the ∞-site of simplicial commutative rings, which we denote by SCR.
Many of our results hold in the context of spectral algebraic geometry, that is, algebraic geom-
etry over the ∞-site of connective E∞-algebras CAlgcn. For the most part, we indicate the
intended context in the statements of our propositions, and indicate any modifications of the
proof required in the different contexts. However, we only establish the algebraicity of mapping
stacks, Theorem 5.1.1 in the derived context, because at the time of this writing the spectral
version of Artin’s criteria for stacks does not yet appear in [Lur5].

1.3.2 Notation. We briefly summarize some of the terminology for the objects we use
throughout the paper:

Derived prestack : any functor F : SCR→ S

Derived n-stack : a prestack which is local for the étale topology on SCR and
such that the ∞-groupoid F (R) is n-truncated when R is
discrete (n = 1 by default)

Algebraic derived n-stack,
X :

a derived n-stack which admits a surjective morphism U →
X such that U is a disjoint union of affine derived schemes
and the morphism is relatively representable by smooth
derived algebraic (n− 1)-stacks (Lur04, Definition 5.1.3)

Locally noetherian
algebraic derived stack :

U is a disjoint union of noetherian simplicial commutative
rings

qc.qs.: quasi-compact4 and quasi-separated
Noetherian algebraic
derived stack :

X is qc.qs. and locally noetherian

We also have the following notions for a morphism X → Y of derived stacks:

Relatively algebraic: for any map Spec(A)→ Y , X ×Y Spec(A) is algebraic
qc.qs.: X ×Y Spec(A) is algebraic and qc.qs.
Almost finitely presented : X ×Y Spec(A) is quasi-separated and admits a smooth,

representable surjection Spec(B)→X ×Y Spec(A) such
that Spec(B)→ Spec(A) exhibits B as an almost finitely
presented A-algebra.

For any prestack X , we let QC(X ) denote the stable ∞-category of quasi-coherent sheaves
on X , which is the Kan extension of the functor QC : SCR→ Ĉat∞ which takes a simplicial
commutative ring to its category of (differential graded (dg)) modules. The same construction
allows one to define the category of almost perfect complexes APerf(X ), perfect complexes

4 This is a special case of the notion of ∞-quasi-compact which is an inductive and relative notion: every map of
affine schemes is ∞-quasi-compact; a map of functors is ∞-quasi-compact if and only if its base change to every
affine scheme is so; and a higher stack X / Spec(R) is ∞-quasi-compact if it admits an affine atlas U = Spec(A) →
X such that U ×X U/ Spec(R) is ∞-quasi-compact. If X is an n-stack for some finite n, then this is really a
finitary condition since high enough diagonals of X are isomorphisms.
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Perf(X ), n-finitely presented complexes Cohn(X ), etc. We recall these constructions and their
basic properties in Appendix A.

In addition to working in a derived context, we depart from the usual algebro-geometric
literature in some potentially confusing notational conventions.

(i) We think of our t-structures as homologically indexed, and write Hi for H−i and, for exam-
ple, τ�i for τ�−i and C�i for C�−i. In particular, ‘bounded above’ will mean homologically
bounded above (i.e. lying in C�i for some i).

(ii) We implicitly work with ∞-categorical enhancements of various triangulated categories of
sheaves.

(iii) The symbols f∗, f∗, etc. will, unless otherwise stated, denote the functors of ∞-categories.
We do not include extra decorations to indicate that they are ‘derived’, and will instead
sometimes write, for example, H0 ◦ f∗ for the functor on abelian categories. (The one excep-
tion: we will write RΓ for global sections, as a reminder that this is global sections of sheaves
of spectra and not spaces.)

(iv) We use Map for a mapping simplicial set in an ∞-category C. If C is stable, we use RHom
to denote any stable enrichment (e.g. in spectra, in chain complexes, or in complexes of
sheaves). Finally, we use Hom to denote the maps in the homotopy category of C.

1.3.3 Comparison with the classical context. There are natural functors of
∞-categories Ring→ SCR→ CAlgcn, which are neither fully faithful nor essentially surjective.
Nevertheless, one can perform a left Kan extension of stacks along these functors, and this pre-
serves algebraic stacks and their formal completions. Also, the formation of∞-categories QC(−),
APerf(−), Perf(−), and QC(−)cn commutes with left Kan extension along these functors (see
Appendix A). It follows that many statements which are proved for QC(−) for spectral algebraic
stacks automatically imply the corresponding statement for QC(−) applied to derived or classi-
cal stacks. For instance, one can formulate Definition 1.1.1, of a complete closed immersion, in
all three contexts, but a classical or derived stack is complete along a closed subset if and only
if it is complete when regarded as a spectral stack via left Kan extension.

1.3.4 Further questions. We show that formally proper morphisms have several of the com-
mon and useful properties of proper maps, but we would like to highlight some natural questions
to inspire future research.

Question 1.3.1. Is the property of being formally proper local for the étale topology on the
target? Also, in Definition 1.1.3, does it suffice to only consider Y = Spec(R) for complete local
noetherian rings R over S ?

Question 1.3.2. If π : X → Spec(A) is formally proper, is there a model for X over a finitely
generated subring A′ ⊂ A which is also formally proper?

Question 1.3.3. If X is smooth and formally proper over a field of characteristic 0, does the
Hodge–de Rham spectral sequence for X degenerate?

2. Background and first properties of complete closed immersions

2.1 Recollections on formal completions
Here we review some of the key results we will use from [Lur3, § 4,5], noting how they can be
slightly strengthened in the context of simplicial commutative rings.
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Definition 2.1.1 [Lur3, 5.1.1]. Suppose that X is a prestack. Let |X | denote the underlying
Zariski topological space of points of X . We say that a closed subset Z ⊂ |X | is cocompact if
the inclusion of the complement of Z is a quasi-compact open immersion. Given a cocompact
Z ⊂ |X |, define the formal completion of X along Z to be the prestack

X̂Z(R) := {η ∈X (R) : such that η : |Spec(R)| → |X | factors through Z} .

When Z is clear from context, we will sometimes simplify the notation to X̂ .

Note that as |Spec(π0(R))| � |Spec(R)|, |X | only depends on the underlying classical stack
of X . If X is an algebraic derived stack and I ⊂ H0(OX ) is a locally finitely generated ideal
sheaf, then I defines a cocompact closed substack Z (I ) of the underlying classical stack of
X and hence a cocompact closed subset Z ⊂ |X |. By abuse of terminology we will call X̂Z the
formal completion of X along I . When X (and hence Z (I )) is affine, we have an explicit
description of X̂Z .

Proposition 2.1.2. Suppose that R ∈ SCR and I ⊂ π0(R) is a finitely generated ideal. Let

X = Spec(R) and X̂ = Spf(R) be its formal completion along I. Then there exists a tower

· · · → R2 → R1 → R0

in SCRR such that there is an equivalence of prestacks over X ,

Spf(R) = lim−→
n

Spec(Rn).

Furthermore, we may suppose that π0(Rn)→ π0(Rn−1) is surjective for each i, and that each Rn

is perfect as an R-module with Tor amplitude uniformly bounded by the number of generators
of I.

Remark 2.1.3. [Lur3, Lemma 5.1.5] gives an analogous statement for R ∈ CAlg. The only differ-
ence in the E∞ statement is that the Rn are almost perfect as R-modules. This is, essentially,
the one statement in this paper that depends strongly on the fact that we are working with
simplicial commutative rings rather than E∞-rings.

Proof. The proof of [Lur3, Lemma 5.1.5] goes over essentially unchanged in simplicial commuta-
tive rings, but now the rings Rn can be assumed to be perfect rather than merely almost perfect .
This follows from the construction of the algebras denote A(x)n in [Lur3], and the fact that in
the universal example Z is a perfect module over Z[x] of Tor dimension explicitly bounded by 1,
thanks to the Koszul resolution. �

Suppose that S = Spec(R), I ⊂ π0(R) a finitely generated ideal, and Ŝ the associated formal
completion. Let π : X → S be an S-stack, Z ⊂ |X | the preimage of Z(I) ⊂ |S|, and X̂ the
associated formal completion. Then the natural map

X̂
∼−→X ×S Ŝ

is an equivalence (just use the functor-of-points descriptions on both sides). Furthermore, if {Rn}
is a tower as in Proposition 2.1.2, then there is an equivalence

X̂
∼←− lim−→

n

X ×S Spec(Rn)

since fiber products preserve filtered colimits in presheaves. We will generally write in : Xn =
X ×S Spec(Rn)→X for the base-changed closed immersions.
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A natural question is how this compares to the classical notion of formal completion. To this
end, we have the following proposition.

Proposition 2.1.4. Suppose that R is a noetherian classical commutative ring and that I ⊂
π0(R). Let Spf(R) denote the formal completion of the derived stack Spec(R) along I, and
let Spfcl R denote the left Kan extension of the (classical) prestack lim−→

n

Spec(R/In). Then the

natural morphism

F : Spfcl R −→ Spf(R)

is an equivalence.

Proof. Note first that the natural maps Spec(R/In)→ Spec(R) factor uniquely through Spf(R) –
this determines the natural morphism of the proposition. Let Rn be the Koszul-type algebra
killing the nth powers of a finite set of generators for the ideal I ⊂ R (in dg language this would
be R[B1, . . . , Br; dBi = fn

i ]) – it satisfies the conditions of Proposition 2.1.2 by the proof of
[Lur3, Lemma 5.1.5]. Note that Spfcl R � lim−→Spec(π0(Rn)) since I(n−1)r+1 ⊂ (fn

1 , . . . , fn
r ) ⊂ In.

We must thus show that the natural map

lim−→ Spec(π0(Rn)) −→ lim−→Spec(Rn)

is an equivalence, that is, that the map of pro-objects in (almost perfect) commutative
R-algebras {Rn} → {π0(Rn)} is a pro-equivalence. There is almost an argument for this in [Lur3,
Lemma 5.2.17], which implies that

{τ�kRn} −→ {π0(Rn)}
is an equivalence of pro-objects in (almost perfect) R-modules for all k. By the bound on the Tor
amplitude in Proposition 2.1.2, taking k > r + 1 establishes the pro-equivalence at the level of
R-modules. Furthermore, the module-level statement does in fact imply the algebra statement
(i.e. potential issues with pro-algebras versus algebras in pro-objects do not get in the way)
because we may restrict to (r + 1)-truncated algebras (cf. the proof of [Lur3, Lemma 6.3.3]). �

Since fppf morphisms are topological quotient morphisms, we can use this to deduce the
following corollary.

Corollary 2.1.5. Suppose that X is a noetherian classical stack, and that I ⊂ OX is an
ideal sheaf. Then the formal completion of the Kan extension of X (from classical rings
to derived rings) along I is the Kan extension of the classical formal completion of X
along I .

Remark 2.1.6. The rings Rn appearing in Proposition 2.1.2 are not unique, in contrast to the
R/In used to form classical formal completions – in particular, they need not globalize. This
is related to the fact that our notion of formal completion X̂Z depends only on the underlying
subset Z and not on the choice of structure sheaf etc.

There is a notion of formal completion along a closed immersion Z →X in derived
algebraic geometry more analogous to the usual I -adic completion, that is, it gives rise to
a canonically defined pro-algebra ÔX = “ lim←−

n

”OXn such that H0(OXn) = H0(OX )/I n where

I = ker{H0(OX )→ H0(OZ )}. This is constructed in characteristic 0 in [GR17, Chap. 9.5]. The
construction is somewhat involved, however, and we will not need it for what follows.

2.1.1 Almost perfect complexes and coherent sheaves. In this section we will use the
∞-category of almost perfect complexes APerf(−), as well as the ordinary category Coh(−),
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for both a derived stack and its formal completion. We refer the reader to Appendix A for a
reminder on how these categories are defined for arbitrary prestacks.

Let R be a simplicial commutative ring, and let I ⊂ π0(R) be a finitely generated ideal.
We let E∞(R) denote the underlying E∞ algebra of R, that is, the endomorphism algebra
of R in the symmetric monoidal ∞-category R-mod, so that we have a canonical equivalence
R-mod ∼= E∞(R)-mod and π0(R) ∼= π0(E∞(R)). We may therefore use the theory of completion
of R-modules developed in the E∞-context in [Lur3, § 4].

Definition 2.1.7. We say that R is I-complete if it is so as an object of R-mod, and we say
that a map R→ R̂ of simplicial commutative rings exhibits R̂ as an I-completion of R if this
holds for the associated map of R-modules.

It follows from [Lur3, Corollary 4.2.12] that R is I-complete if and only if it is (f)-complete
for any f ∈ I, which is equivalent to it being (fi)-complete for some generating set f1, . . . , fn ∈ I.
By [Lur3, Proposition 4.2.7], if we choose a map Z[x]→ R mapping x to f ∈ π0(R), then the
canonical map R→ lim←−k

R⊗Z[x] Z[x]/(xk) is an (f)-completion. It follows that if we choose a
map Z[x1, . . . , xn]→ R mapping xi to generators of I, then the canonical map

R→ R̂ := lim←−
k

R⊗Z[x1,...,xn] (Z[x1, . . . , xn]/(xk
1, . . . , x

k
n)), (1)

is an I-completion. Furthermore, any map R→ R′ exhibiting R′ as an I-completion of R becomes
an isomorphism after applying the functor lim←−k

(−)⊗ Z[x1, . . . , xn]/(xk
1, . . . , x

k
n), and one can use

this to show that any I-completion of R is canonically isomorphic to R̂ defined in (1). Note
also that E∞(R)→ E∞(R̂) exhibits the latter as an I-completion of E∞-algebras, so we have
E∞(R̂) ∼= E∞(R)∧.

Remark 2.1.8. For a noetherian commutative ring R, regarded as a discrete simplicial com-
mutative ring, and a finitely generated ideal I ⊂ R, the Koszul algebras Rk := R⊗Z[x1,...,xn]

(Z[x1, . . . , xn]/(xk
1, . . . , x

k
n)) in (1) need not be discrete. Nevertheless the derived completion

R∧ ∼= lim←−k
Rk is discrete, because R→ R∧ is flat [Lur5, Corollary 7.3.6.9]. The analogous claim

for formal completions is Proposition 2.1.4.

Remark 2.1.9. We may replace (xk
1, . . . , x

k
n) with (x1, . . . , xn)k in (1), because this is an equivalent

pro-system of ideals. Using this, one can show that R̂ is equivalent to the following natural
construction of a derived I-adic completion: choose an equivalence of simplicial commutative
rings R′ → R, where R′ = Z[X•] is levelwise polynomial and there is a finite subset S0 ⊂ X0

that generates I ⊂ π0(R). If I ′ ⊂ R′ is the simplicial ideal generated by S0, then the canonical
map

R′ → lim←−
k

R′/(I ′)k

exhibits the latter as an I-completion of R′, and thus the induced map lim←−k
R′/(I ′)k → R̂ is an

equivalence.

Lemma 2.1.10 (Derived Artin-Rees lemma). Suppose R is a noetherian simplicial commutative
ring, I ⊂ π0(R) is a finitely generated ideal, and R̂ the I-completion of R. Then the natural
restriction functor

APerf(R̂) −→ APerf(Spf(R))

is a t-exact equivalence of ∞-categories, and hence induces an equivalence of abelian categories
Coh(R̂) � Coh(Spf(R)).
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Proof. Use the fact that E∞(R̂) ∼= Ê∞(R), and apply [Lur3, Theorem 5.3.2]. �

This globalizes as follows.

Proposition 2.1.11. Suppose X is a locally noetherian algebraic derived stack, Z ⊂ |X | a

cocompact closed subset, and X̂ the formal completion of X along Z. Furthermore, let f : X ′ →
X be a flat morphism from another locally noetherian algebraic derived stack and Z ′ := f−1(Z).
Then the following assertions hold.

(i) The (ordinary) category Coh(X̂ ) is abelian. The induced pullback functor Coh(X̂Z)→
Coh(X̂ ′

Z′) is exact. The exactness of sequences in Coh(X̂ ) may be checked on a flat cover.

(ii) The ∞-category APerf(X̂ ) admits a t-structure. The induced pullback functor

APerf(X̂Z)→ APerf(X̂ ′
Z′) is t-exact. The property of being connective/coconnective in

APerf(X̂ ) may be checked on a flat cover of X . In the affine case, the t-structure is
described in Lemma 2.1.10.

(iii) The heart of the t-structure in (ii) identifies with Coh(X̂ ). More generally, the ∞-category

of connective n-truncated objects APerf(X̂ )cn�n naturally identifies with Cohn(X̂ ).
(iv) The t-structure on APerf(X̂ ) is left t-complete, and (if X is quasi-compact) right

t-bounded. There is a natural equivalence

APerf(X̂ )cn ∼−→ lim←−
n

APerf(X̂ )cn�n � lim←−
n

Cohn(X̂ )

Proof. For (i), see [Con, §§ 1–2] – note that this is a statement at the level of classical stacks.
For (ii), note first that the claim is fppf local on X : see [Lur3, Proposition 5.2.4,

Remark 5.2.13], for the case where X is Deligne–Mumford and étale descent. It remains to
show that the t-structure is, in fact, fppf local in the affine case: note that the proofs of Lemmas
5.2.5 and 5.2.7 of [Lur3] apply verbatim with ‘étale’ replaced by ‘fppf’.

For (iii) and (iv), we apply the last points of the following lemma. �

We record some convenient facts on left t-complete t-structures that we will use.

Lemma 2.1.12.

(i) Suppose that C is a stable ∞-category with a t-structure. Then C is left t-complete if and
only if the following condition holds. Suppose given a tower F0 ← F1 ← · · · in C such that,
for every k � 0, the tower τ�k(Fn) ∈ C�k is eventually constant. Then the tower has an
inverse limit F , and for every k � 0 the natural map τ�kF → τ�kFn is an equivalence for
n� 0 (depending on k).

(ii) Suppose that F : C→ D is an exact and right t-exact functor, and that {Fn} is a tower in C

satisfying the above conditions. Then the tower {F (Fn)} in D satisfies the above conditions
as well.

(iii) Suppose given a limit diagram i → Ci and C→ Ci, of small stable ∞-categories with
t-structures such that all the functors are exact and right t-exact. If each Ci is left t-complete,
then so is C.

(iv) Suppose given a diagram i → Ci of small stable ∞-categories with t-structures, such that
all the functors are exact and t-exact. Then there is a unique t-structure on the limit
C := lim←−

i

Ci such that the natural functors C→ Ci are t-exact. In this case, for each n � 0, the
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natural functor

Ccn
�n −→ lim←−

i

(Ci)cn�n

is an equivalence.

Proof. For (i), note first that left t-completeness is equivalent to the assertion for the tower
Fn = τ�nF . It remains to suppose that C is left t-complete and prove the desired condition.
Consider the double tower {τ�mFn}m,n. We will show that it has a limit, and evaluate this limit
in two different ways ‘rows-then-columns’ and the transpose.

In one direction, we have that
F ′

m := lim←−
n

τ�mFn

exists since the diagram is eventually constant by hypothesis. Furthermore, F ′
m � τ�mF ′

n for
any n � m by construction. Thus,

F := lim←−
m

lim←−
n

τ�mFn = lim←−
m

F ′
m

exists, and F → τ�mF ′
m induces an equivalence on τ�m, since C is left t-complete. So, the inverse

limit over the whole double tower exists and is also equal to F . Computing this in the other
direction, we note

lim←−
m

τ�mFn = Fn

since C is left t-complete, so that

F � lim←−
n

lim←−
m

τ�mFn = lim←−
n

Fn.

The assertion that τ�kF → τ�kFn is an equivalence for n� 0 follows by comparing it to
τ�kF → τ�kF

′
n for n � k. This completes the proof of (i).

For (ii), it is enough to show that F preserves τ�k-equivalences to τ�k-equivalences. This
follows from the fact that F preserves extension sequences and k-connective objects.

For (iii), we apply the criterion in (i). Notice that a putative limit diagram in C which gives a
limit diagram in each Ci is itself a limit diagram (though the converse need not hold in general!),
so that (ii) completes the proof.

For (iv), note that the t-structure is characterized by stating that an object of C is connective
(respectively, coconnective) if and only if this is true of its image in each Ci. Since the transition
functors are t-exact, the truncation functors on each Ci pass to the limit to provide truncation
functors on C. It is thus straightforward to check that this is a t-structure, and the desired
description of the connective n-truncated objects. Notice also that (iii) and (iv) are essentially
contained in [Lur3, Remark 5.2.9]. �

2.2 Theorem on formal functions in derived algebraic geometry
Here we describe QC on a formal completion. This leads to a formulation of the theorem on
formal functions as a base-change result, Theorem 2.2.5, which applies to arbitrary morphisms
of algebraic stacks and complexes of quasi-coherent sheaves.

Lemma 2.2.1. Suppose R ∈ SCR, I ⊂ π0(R) is a finitely generated ideal, R̂ is the I-completion
of R, and i : Spf(R)→ Spec(R) is the inclusion. Then the composite functor

i∗i∗ : QC(Spec(R)) −→ QC(Spec(R))

has finite left t-amplitude (i.e. is left t-exact up to a shift).
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Proof. Let {Rn} be a tower of perfect R-algebras having Tor amplitude at most d as in
Proposition 2.1.2. Then we may identify QC(Spec(R)) � R-mod and QC(Spf(R)) � lim←−

n

Rn-mod.

Under these identifications, the functor i∗i∗ is identified with

M → i∗i∗(M) = lim←−
n

(
Rn ⊗R M

)
.

If M ∈ R-mod<0 then Rn ⊗R M ∈ R-mod<d by hypothesis on Rn. �

We let (R-mod)I-cplt ⊂ R-mod denote the subcategory of I-complete modules [Lur3,
Definition 4.2.1].

Lemma 2.2.2. Suppose R ∈ SCR, I ⊂ π0(R) is a finitely generated ideal, and R̂ is the
I-completion of R. Let i : Spf(R̂)→ Spec(R) be the natural inclusion. Then the composite

(R-mod)I-cplt ⊂ R-mod � QC(Spec(R)) i∗−→ QC(Spf(R))

is an equivalence. In particular, the counit i∗i∗ → id is an equivalence and the unit id→ i∗i∗ can
be identified with the I-completion.

Proof. Note that this is proved, under the additional hypothesis that we restrict to connective
objects on both sides, in [Lur3, Lemma 5.1.10]. We will prove this stronger result by exploiting
our stronger assumptions in the form of Lemma 2.2.1.

We note that i∗ has a right adjoint i∗. If we identify QC(Spec(R)) = R-mod and
QC(Spf(R)) = lim←−

n

Rn-mod, then i∗ is given by the inverse limit in R-modules

i∗({Mn}) = lim←−
n

Mn ∈ R-mod.

It is enough to prove two assertions.
(i) If M ∈ R-mod, then the natural map

M → i∗i∗M

identifies i∗i∗M with the I-completion of M . If M is almost connective, this follows by [Lur3,
Remark 5.1.11]. Since R-mod is right t-complete we may write M = lim−→ τ�−kM , and it is enough
to show that both i∗i∗ and the I-completion functor M → M̂ preserve this directed colimit. By
Lemma 2.1.12, it is enough to show that both i∗i∗ and the I-completion functor have bounded
left t-amplitude. For i∗i∗ this is Lemma 2.2.1, while for the I-completion it is [Lur3, Remark 5.11].
This shows that M → i∗i∗M is the I-completion for all M ∈ R-mod.

(ii) Let {Rn} be as in Proposition 2.1.2. We must show that if {Mn} ∈ lim←−
n

Rn-mod then the

unit

i∗i∗{Mn} −→ {Mn}
is an equivalence. More concretely, we must show that for each k the natural map

Rk ⊗R lim←−
n

Mn −→Mk

is an equivalence. Since Rk is perfect over R, Rk⊗R commutes with limits, so we may identify
this with the map

lim←−
n

(
Rk ⊗R Mn

) � lim←−
n

(
(Rk ⊗R Rn)⊗Rn Mn

) −→Mk.
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Recall that Spf(R̂) � lim−→
n

Spec(Rn) and that fiber products preserve filtered colimits of

(pre)sheaves, so that we obtain

Spec(Rk)×Spec(R) Spf(R̂) � lim−→
n

Spec(Rk ⊗R Rn).

Furthermore, Spec(Rk)×Spec(R) Spf(R̂) � Spec(Rk) since Spec(Rk)→ Spec(R) factors through
the monomorphism Spf(R)→ Spec(R). Thus, the natural map

Mk −→ lim←−
n

(
(Rk ⊗R Rn)⊗Rn Mn

)
is an equivalence by (i). This completes the proof. �

Finally, we deduce the following theorem.

Theorem 2.2.3. Suppose that X is a derived prestack and Z ⊂ |X | is a cocompact closed

subset. Let i : X̂ →X be the inclusion of the formal completion along Z. Then the following
assertions hold:

(i) i∗ admits a left adjoint i+;
(ii) the composite

QCZ(X ) ⊂ QC(X ) i∗−→ QC(X̂ )

is an equivalence, with inverse given by i+ (i.e. the essential image of i+ is contained in
QCZ(X ));

(iii) i+ is of formation local on X , and satisfies the projection formula (i.e. is a functor of
QC(X )-module categories).

The composite i+ ◦ i∗ can be identified with the functor RΓZ , which fits into a fiber sequence
RΓZ −→ id −→ j∗j∗, where j is the inclusion of the open complement of Z.

Remark 2.2.4. For spectral prestacks the theorem holds as stated, but with the categories
QC(X ), QC(X̂ ) and QCZ(X ) replaced with the corresponding categories of almost connective
complexes, QC(X )acn, QC(X̂ )acn, and QCZ(X )acn – see [Lur3, Theorem 5.1.9]. The proof is
essentially the same in the derived context, combined with Lemma 2.2.2.

Proof. It is enough to prove the claims when X is affine, for the claims are local by construction
(i.e. because we required the formation of i+ to be local).

Suppose now that X = Spec(R) and Z is cut out by a finitely generated ideal I ⊂
π0(R). Let (R-mod)I-nil ⊂ R-mod denote the full subcategory of locally I-nilpotent modules.
By [Lur3, Proposition 4.2.5] these are equivalent via the I-completion functor and the ‘local
cohomology’ functor ΓI . Notice that i∗ vanishes on I-local modules (i.e. those supported away
from Z), so that

i∗(M) � i∗(M̂) � i∗(ΓI(M)).

It thus follows from Lemma 2.2.2 and the above mentioned equivalence that the composite

(R-mod)I-nil ⊂ R-mod i∗−→ QC(Spf(R))

is also an equivalence. Let i+ be the composite of an inverse to this functor with the inclu-
sion (R-mod)I-nil ⊂ R-mod – more explicitly, i+ = ΓI ◦ i∗. Since the inclusion is left adjoint to
ΓI : R-mod→ (R-mod)I-nil it follows that i+ is left adjoint to i∗.
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It is easy to check that i+, so defined, is local on R: given a cartesian diagram

Spf(R′)
i′ ��

π̂
��

Spec(R′)

π

��
Spf(R)

i

�� Spec(R)

we wish to check that
(i′)+π̂∗(F ) −→ π∗i+(F )

is an equivalence for all F ∈ QC(Spf(R)). But by the above we may suppose that F = i∗F ′ for
some F ∈ (R-mod)I-nil, and then notice that π∗F ′ ∈ (R′-mod)I′-nil. The result is then immediate
from the equivalence applied upstairs and downstairs.

Finally, the projection formula assertion follows from [Lur3, 4.1.22, 4.2.6]. �
As an application, we have a version of the theorem on formal functions without properness

or coherence hypotheses.

Theorem 2.2.5 (Theorem on formal functions). Suppose given a cartesian diagram of derived
stacks for which QC is presentable (e.g. X and Y are algebraic):

X̂

π̂
��

i′ �� X

π

��

Ŷ
i

�� Y ,

where Ŷ is the formal completion of Y along a cocompact closed subset Z ⊂ |Y |. (It follows

that X̂ is the formal completion of X along π−1(Z).) Then the base-change map

i∗π∗(F ) −→ π̂∗(i′)∗(F )

is an equivalence for all F ∈ QC(X ).
Furthermore, if Y = Spec(R) is affine, we may take global sections and obtain that the map

̂RΓ(X , F ) −→ RΓ(X̂ , F̂ )

is an equivalence of complete R-modules for every F ∈ QC(X ).

Remark 2.2.6. For a map of spectral stacks π : X → Y which satisfies (CD) (so that π∗ pre-
serves almost connective complexes), the same statement is true for any almost connective
F ∈ QC(X )acn with the same proof, using Remark 2.2.4.

Proof. By general non-sense, it is enough to prove that the base-change map of left adjoints

(i′)+π̂∗ −→ π∗i+

is an equivalence. By Theorem 2.2.3 the assertion is local on Y so that we may suppose it is
affine. Also, by Theorem 2.2.3 we know that i∗ is essentially surjective so that it is enough to
show that map

(i′)+(i′)∗π∗ � (i′)+π̂∗i∗ −→ π∗i+i∗

is an equivalence. By another application of Theorem 2.2.3 we see that this is true (since i+i∗ � id
and similarly for i′).
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The affine statement follows by applying Lemma 2.2.2. �
Remark 2.2.7. If Y = Spec(R) with R noetherian and π∗(F ) ∈ APerf(R), one can recover the
usual statement of the theorem on formal functions, that ̂HiRΓ(F ) � HiRΓ(F̂ ), by combining
Theorem 2.2.5 with Lemma 2.1.10.

2.3 Criteria for completeness
Proposition 2.3.1 (Full-faithfulness criterion). Let π : X → S be a morphism of noetherian
algebraic spectral (or derived) stacks, and assume that S is complete along a closed subset
Z ⊂ |S |. Suppose that π∗(Coh(X )) ⊂ DAPerf(S ) and that G ∈ APerf(X ). Then the natural
map

RHomX (F, G) −→ RHom
X̂

(i∗F, i∗G)

is an equivalence for any F ∈ QC(X ), where i : X̂ →X is the formal completion of X along
Z ′ = π−1(Z).

Proof. The proof consists of four steps.

Step 1: reducing to F, G bounded coherent. It suffices to prove the assertion under the additional
hypothesis that G ∈ DCoh(X ) is bounded, because G = lim←− τ�nG, the limit being taken in
QC(X )acn, and Theorem 2.2.3 implies that i∗ preserves limits. Suppose for concreteness, shifting
as needed, that G ∈ APerf(X )cn�k. Let C ⊂ QC(X )acn denote the full subcategory consisting of
those F for which the map

MapX (F, G) −→ Map
X̂

(i∗F, i∗G)

is an equivalence for our fixed G. Note that C is closed under extensions and arbitrary colimits
which exist in QC(X )acn. We wish to show that C = QC(X )acn.

Note that Theorem 2.2.3 allows us to identify the right-hand side with

Map
X̂

(i∗F, i∗G) � MapX (RΓZ′F, G) � MapX (F ⊗OX
RΓZ′OX , G).

Furthermore, RΓZ′OX is almost connective, so that tensoring with it is right t-exact up to a
shift. So C ⊂ QC(X ) is the subcategory for which the map to this is an equivalence. We see that
C is closed under arbitrary colimits and contains QC(X )�d for some d – since G is bounded and
tensoring by RΓZ′OX is right t-exact up to a shift. By Theorem A.2.1 it is thus enough to show
that APerf(X )<d ⊂ C, that is, that the map

MapX (F, G) −→ MapX (F ⊗OX
RΓZ′OX , G)

is an equivalence for all F ∈ APerf(X )<d.
In particular, we are reduced to proving this if both F, G ∈ DCoh(X ).

Step 2: reducing to a fact on inner Homs. Taking shifts, we may reduce to the case G ∈
DCoh(X )�0 and F ∈ DCoh(X )�0. Let

H = RHom
⊗QC(X)

X (F, G) ∈ QC(X )

be the inner Hom for the monoidal structure on QC(X ). Using the definition of inner Hom, it
is enough to show that

RΓ(X, H) −→ RHomX(RΓZ′OX , H) (2)

is an equivalence. Note that H is coconnective with coherent homology sheaves by Lemma 2.3.2.
Thus, it is enough to prove this assertion for any such H, not necessarily arising as an inner
Hom.
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Step 3: reducing to a fact on S . Consider the fiber sequence of quasi-coherent sheaves on S ,
RΓZOS −→ OS −→ j∗OU , where j is the open immersion j : U = S \ Z → S . Applying π∗

to this sequence, we can use the base-change formula to identify the third term with (j′)∗OU ′ ,
where j′ : U ′ = X \ Z ′ →X is the base-changed open immersion. It follows that RΓZ′OX �
π∗(RΓZOS ).

This lets us identify the morphism of (2) with the morphism

RΓ(S , π∗H) −→ RHomS (RΓZOS , π∗H).

Since H was left-bounded with coherent homology, the assumption on π ensures that has π∗H
has left-bounded, coherent, homology sheaves on S (see Remark 2.4.2 below).

It is thus enough to show that for any H ′ ∈ QC(S ) having coherent homology sheaves the
natural map RΓ(S , H ′)→ RHomS (RΓZOS , H ′) is an equivalence.

Step 4: completing the proof. Note first that, since RΓZOS is almost connective, we can reduce
as above to the case where H ′ is right-bounded and hence almost perfect. Next, note that
i∗RΓZOS = O

Ŝ
so that another application of Theorem 2.2.3 yields

RHomS (RΓZOS , H ′) � RHom
APerf(Ŝ )

(i∗OS , i∗H ′).

Thus, the desired assertion follows by our assumption that APerf(S )→ APerf(Ŝ ) is an
equivalence. �

Lemma 2.3.2. Let X be a noetherian algebraic spectral (or derived) stack, and let F ∈
APerf(X )�0 and G ∈ DAPerf(X )�0. Let H = RHom

⊗QC(X )

X (F, G) be the inner Hom for the
monoidal structure on QC(X ). Then H ∈ DAPerf(X )�0, and its formation is fppf local on X .

Proof. Note that [Pre11, A.1.1] guarantees that the formation of H is fppf local since F is almost
perfect and G is bounded above. As explained in the proof there, this does not require condition
(∗) from [Pre11], since the proof reduces to the affine case. Now the claim that H is coconnective
with coherent homology sheaves is flat local, so in proving it we may suppose that X = Spec(A)
is affine with A noetherian. In this case, the proof in [Pre11] shows that there is a third-quadrant
spectral sequence converging to the homology groups of H whose starting term consists of finite
sums of the homology of G. This shows both that the homology of H is appropriately bounded
above and that each homology sheaf is coherent. �

Once one knows full faithfulness, one can establish essential surjectivity with the following
proposition.

Proposition 2.3.3 (Essential surjectivity criterion). Let X be a noetherian algebraic derived

(or spectral) stack, and let Z ⊂ |X | be a cocompact closed subset. Let X̂ be the formal comple-

tion of X along Z, and assume that APerf(X )→ APerf(X̂ ) is fully faithful. Then the following
assertions are equivalent:

(i) X is complete along Z, that is, APerf(X )→ APerf(X̂ ) is an equivalence;

(ii) for each m � 0, the induced functor of (m + 1, 1)-categories, Cohm(X )→ Cohm(X̂ ), is an
equivalence;

(iii) Coh(X )→ Coh(X̂ ) is an equivalence;

(iv) every F ∈ Coh(X̂ ) admits a surjection from the restriction of an object of Coh(X ).

Proof. It is clear that (i)⇒ (ii)⇒ (iii)⇒ (iv). Now assume (iv). For any F̂ ∈ Coh(X̂ ), one can
find G0, G1 ∈ Coh(X ) along with surjections i∗G0 → F̂ and i∗G1 → ker(i∗G0 → F̂ ). It follows
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that τ�0 cone(i∗G1 → i∗G0) � F̂ . But by full faithfulness the morphism i∗G1 → i∗G0 is induced
by a morphism G1 → G0 and we have F̂ � i∗τ�0 cone(G1 → G0). Hence, we have shown (iii), and
(ii) follows from this by a simple inductive argument using the t-structure and Proposition 2.1.11.
Finally, for (ii)⇒ (i), given F̂ ∈ APerf(X̂ ), full faithfulness of i∗ and essential surjectivity on
APerf(X̂ )�n allow one to lift {τ�nF̂} to a tower · · · → F1 → F0 in APerf(X ) with i∗(Fn) �
τ�nF̂ . Then part (iv) of Proposition 2.1.11 and part (ii) of Lemma 2.1.12 guarantee that

i∗(lim←−Fn) � lim←− i∗Fn � F̂ . �

2.3.1 Completeness is classical. The following is an application of Theorem 3.3.1 below, but
we include it here for expository reasons.

Lemma 2.3.4. Let φ : X ↪→X ′ be an almost finitely presented closed immersion of algebraic
derived (or spectral) stacks, and Z ⊂ |X ′| a closed subset. If X ′ is complete along Z then X
is complete along |X | ∩ Z ⊂ |X |, and the converse holds if φ is surjective.

Proof. Note that φ∗(OX ) is a commutative algebra object in the symmetric monoidal
∞-category APerf(X ′), and APerf(X ) � φ∗(OX )-mod(APerf(X ′)⊗). The same is true for X̂ ′

and X̂ = X̂ ′ ×X ′ X . So if APerf(X ′)→ APerf(X̂ ′) is an equivalence, then so is APerf(X )→
APerf(X̂ ).

Conversely, assume that APerf(X )→ APerf(X̂ ) is an equivalence. Consider the Čech nerve
Cech(φ) = X ×X ′•+1. Using descent for surjective closed immersions (Proposition 3.1.5), it
suffices to show that

APerf(X ×X ′n+1)→ APerf( ̂X ×X ′n+1)

is an equivalence for all n. This follows from the previous paragraph, because X ×X ′n+1 →X
is an almost finitely presented closed immersion. �
Corollary 2.3.5 (Formal properness is classical). An almost finitely presented morphism of
algebraic derived (or spectral) stacks π : X → S is formally proper if and only if, for every
classical noetherian algebraic S -stack S ′ which is complete along a closed subset Z ⊂ |S ′|, the
classical fiber product (X ×S S ′)cl is complete along the preimage of Z.

Proof. This is an immediate consequence of Lemma 2.3.4, which implies that any noetherian
algebraic derived stack X is complete if and only if X cl is complete. �

2.4 The coherent pushforward property
One property enjoyed by a proper morphism of schemes is that the pushforward and all higher
direct images of a coherent sheaf are coherent. In this section we study this as an abstract
property of a morphism of stacks.

Definition 2.4.1. Let X be a noetherian algebraic derived (or spectral) stack over a noetherian
affine derived (respectively, spectral) scheme Spec(R). We introduce the following property:

(CP)R: For any F ∈ DCoh(X ) and i ∈ Z the sheaf Hi ◦RΓ(F ) ∈ QC(R)♥ is coherent.

We say that a morphism π : X → S between derived prestacks satisfies the coherent pushfor-
ward property, or (CP), if π is relatively algebraic and almost of finite presentation, and for any
morphism Spec(R)→ S with R noetherian, the base change XR satisfies (CP)R.

Remark 2.4.2. Because any F ∈ DCoh(X ) is a finite sequence of extensions of shifts of its homol-
ogy sheaves, (CP)R is equivalent to the condition π∗(Coh(X )) ⊂ DAPerf(R), and using the right
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t-completeness of APerf(X ) and the left t-exactness of π∗, one sees that it is also equivalent to
π∗(DAPerf(X )) ⊂ DAPerf(R).

For a morphism π : X → S of noetherian stacks, we will sometimes abuse notation and write
(CP)S to denote the property that π∗(DCoh(X )) ⊂ DAPerf(S ). It is an immediate consequence
of fppf descent for DAPerf that for a morphism π : X → S satisfying (CP), XS ′ satisfies (CP)S ′

for any noetherian algebraic derived stack with a map S ′ → S .

Theorem 2.4.3. Let π : X → S be a relatively algebraic morphism of derived prestacks. Then
the condition that π satisfies (CP) is local over S with respect to the fppf topology. Further-
more, if π is almost finitely presented, then (CP) is equivalent to the ‘fully faithful’ part of
Definition 1.1.3 (formal properness):

For any noetherian algebraic derived stack S ′ which is complete along Z ⊂ |S ′|, and any
morphism S ′ → S , if X ′ := X ×S S ′ and Z ′ ⊂ |X ′| is the preimage of Z, then the

restriction map APerf(X ′)→ APerf(X̂ ′) is fully faithful.

In particular, every formally proper morphism satisfies (CP).

Lemma 2.4.4. Let π : X → Spec(R) be a morphism between noetherian algebraic derived
stacks such that

APerf(XR[[t]])→ APerf(X̂R[[t]])

is fully faithful, where X̂R[[t]] denotes the formal completion of XR[[t]] along the preimage of the
ideal (t) ⊂ π0(R[[t]]). Then π satisfies (CP)R.

Proof. Let us denote S = Spec(R[[t]]) and Rn = R[[t]]/(tn). Let F ∈ DCoh(X ), and consider the
R[[t]]-module E := (πS)∗(F |XS

) ∈ QC(S)�0. Applying the base change Lemma A.1.3 to the finite
Tor amplitude inclusions Spec(Rn) ↪→ S and the full-faithfulness hypothesis of the lemma, we
have

E � RHomXS
(OXS

, F |XS
) �−→ RHom

X̂S
(O

X̂S
, F |

X̂S
) � lim←−Rn ⊗R[[t]] E,

so E is complete as an R[[t]]-module, that is, E
�−→ Ê is an equivalence. Applying base change to

the flat map S → Spec(R), we have E � R[[t]]⊗R π∗(F ).
It therefore suffices to show that a complex M ∈ R-mod�0 such that R[[t]]⊗R M is com-

plete must have coherent homology. By [Lur3, Theorem 4.2.13] it suffices to prove this for
M ∈ QC(R)♥, for which we may assume that R is classical. Express M as a filtered union
of coherent submodules M =

⋃
Mα. If M is not coherent, then this union does not stabi-

lize, so we can find a sequence m0, m1, . . . ∈M which is not contained in any Mα. Then
R[[t]]⊗R M =

⋃
R[[t]]⊗R Mα, but the element

∑
timi ∈ H0((R[[t]]⊗R M)∧) does not lie in the

image of any of the R[[t]]⊗R Mα, and so R[[t]]⊗R M does not surject onto its completion. This
contradicts the hypothesis that R[[t]]⊗M is complete. �
Proof of Theorem 2.4.3. In order to show locality, consider an algebraic fppf morphism S ′ → S ,
and let π′ : X ′ := X ×S S ′ → S ′. We must show that π satisfies (CP) if π′ does – the other
direction follows by definition. Note that the condition of being almost of finite presentation
is local on the target for the fppf topology. For any map Spec(R)→ S for a noetherian R ∈
SCR, there exists an fppf map Spec(R′)→ Spec(R) such that Spec(R′)→ Spec(R)→ S factors
through S ′. Because π′ : X ′ → S ′ satisfies (CP), we have that (CP)R′ holds, and thus so does
(CP)R by flat base change (Lemma A.1.3) and faithfully flat descent.

The fact that the condition in the statement implies (CP) follows from Lemma 2.4.4, and
the converse is Proposition 2.3.1. �
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Proposition 2.4.5. Let S be a noetherian derived stack. Then any morphism π : X → S
satisfying (CP), and in particular any formally proper morphism, is universally closed.

Lemma 2.4.6. For a finitely presented morphism of classical algebraic stacks X → Y , the
following assertions are equivalent:

(i) X → Y is universally closed;
(ii) X ×Y Y ′ → Y ′ is closed for any morphism Y ′ → Y of finite type (and it suffices to assume

Y ′ is affine);
(iii) for any n, X ×An → Y ×An is closed.

Proof. The property of a morphism being closed is fppf local on the target, so it suffices to
assume that Y = Spec(R) is affine, and in (ii) it suffices to assume that Y ′ = Spec(A) is affine.
We have immediate implications (i)⇒ (ii)⇒ (iii), and (iii)⇒ (ii) because we can write A′ =
A[x1, . . . , xn]/I for some ideal I and thus realize Y ′ as a closed subscheme of Y ×An. So we
must show that if XA → Spec(A) is closed for any finitely generated R-algebra A, then it is
closed for any R-algebra.

By relative noetherian approximation, X can be obtained by base change from a finitely
presented algebraic stack over X ′ a noetherian subring R′ ⊂ R. By Theorem A.2.1, QC(X ′)♥ is
a locally noetherian R′-linear abelian category in the sense of [Pop73, § 5.8]. For any R′-algebra A,
QC(XA)♥ is the category of A-module objects in QC(X ′)♥, and it is a locally finitely presentable
(i.e. compactly generated) abelian category. In fact, it is generated by the pullbacks of coherent
sheaves on X ′, which are finitely presented objects of QC(XA)♥ [AZ01, B3.17, B5.1i].

Now consider an R-algebra A, and write A =
⋃

α Aα as a filtered union of finitely generated
R-algebras Aα. Then pullback induces an equivalence of categories of finitely presented objects

(QC(XA)♥)fp �−→ lim−→
α

(QC(XAα)♥)fp.

If Z ↪→XA is a finitely presented closed immersion, then OZ = coker(M → OXA
) for some

finitely presented quasi-coherent sheaf M . Then the map M → OXA
is the pullback of a map

Mα → OXAα
in QC(XAα)♥ with Mα finitely presented. In particular, Z is the preimage of a

closed substack Zα ↪→XAα . This gives a diagram of topological spaces, in which the square
is cartesian:

|Z | �� �� |Zα| ×|Spec(Aα)| |Spec(A)| ��

��

|Zα|
πα

��
|Spec(A)| f

�� |Spec(Aα)|

It follows that π(|Z |) = f−1(πα(|Zα|)), and hence π(Z ) is closed, because by hypothesis πα is
a closed map.

So we have shown that the image under π of the underlying subset of a finitely presented
closed immersion is closed in |Spec(A)|, and we must show that the same is true for the subset
underlying any closed immersion Z ↪→XA. We know that OZ = coker(M → OXA

) for some
M ∈ QC(XA)♥. Writing M = lim−→α

Mα as a colimit of finitely presented quasi-coherent sheaves,
we can write Z as a cofiltered intersection of schemes Z = ∩αZα, where OZα = coker(Mα →
OXA

), hence Zα →XA is a finitely presented closed immersion.
We claim that π(|Z |) = ∩απ(|Zα|). The inclusion π(|Z |) ⊂ ∩απ(|Zα|) is clear. If p ∈

π(|Z |) ⊂ |Spec(A)| is a point, represented by a map Spec(K)→ Spec(A) for some field K, then
ZK ⊂XK is non-empty. Because XK is noetherian, the cofiltered system (Zα)K is eventually
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constant, that is, ZK = (Zα)K for α sufficiently large. It follows that p ∈ ∩απ(|Zα|), hence
π(|Z |) = ∩απ(|Zα|). This shows that π(|Z |) is closed, because we have already shown that
π(|Zα|) is closed for all α. �

Proof of Proposition 2.4.5. Being universally closed is local for the smooth topology, so it suffices
to assume S = Spec(R) is an affine Noetherian derived scheme and show that for any R-algebra
A the map |XA| → |Spec(A)| is closed. This is a statement about underlying classical stacks, so
by Lemma 2.4.6 it suffices to consider only almost finitely presented discrete R-algebras A. So
it suffices to show that if π : X → Spec(A) is an almost finitely presented map of noetherian
classical stacks which satisfies (CP), then it is closed.

By Chevalley’s theorem the image of π is constructible, so π factors through a closed sub-
scheme of Spec(A) in which it has a dense image. We replace Spec(A) with this closed subscheme,
so that we may assume π : X → Spec(A) is dense, and we must show that it is surjective. We
can choose any point p ∈ |Spec(A)|, and consider the base change to the local ring Ap.

It suffices to show that p lies in the image of πAp : XAp → Spec(Ap) assuming the image of
this map contains a dense open subscheme U ⊂ Spec(Ap). We can choose a prime contained in
U which has dimension 1. Its closure defines a closed subscheme of dimension 1, Z ⊂ Spec(Ap),
whose special point is p, and whose generic point lies in U and hence the image of πAp . It suffices
to consider the base change πZ : XZ → Z, and to show that p ∈ im(πZ).

If the special point p ∈ Z did not lie in the image of πZ , then πZ would factor through
the generic point XZ → Z \ {p} → Z. The latter morphism is affine, hence t-exact, and it is
immediate that the pushforward of any non-zero coherent sheaf is no longer coherent. This
contradicts the property (CP) for the map πZ , because (πZ)∗(OXZ

) ∈ DAPerf(Z) is a non-zero
object with coherent cohomology which we have argued is pushed forward from Z \ {p}. It follows
that we must have p ∈ im(πZ). �

Theorem 2.4.3 shows that (CP) is ‘half’ of the condition of formal properness, so it is desirable
to have a more direct criterion for (CP).

Proposition 2.4.7. Let π : X → S be an almost finitely presented morphism of algebraic
derived (or spectral) stacks satisfying (CD), and assume S is quasi-compact with affine diagonal.
Then (CP) is equivalent to (CP)S for the morphism π.

Proof. Let S → S be a morphism from a noetherian affine derived scheme, and let X ′ := X ×S

S. By taking shifts it suffices to show that (CP)S implies that π′∗(APerf(X ′)�d) ⊂ APerf(S)
for any fixed d. The base-change formula, Proposition A.1.5, shows that this holds on the full
subcategory of APerf(X ′) spanned by derived pullbacks from APerf(X ). Since X ′ →X is
affine, any F ∈ APerf(X ′)�d admits the cobar simplicial resolution by pullbacks of objects in
APerf(X )�d. Let d be bigger than the universal cohomological dimension of π, so that each
term in the pushforward simplicial resolution is connective. The result follows by noting that
APerf(S)�0 is preserved by geometric realizations [Lur17, Proposition 7.2.4.11(4)]. �

3. h-descent theorems

In this section we establish a general ‘h-descent’ theorem, Theorem 3.3.1, for APerf and Perf
for later use, and we believe it is of independent interest. It is similar to – and can be deduced,
in characteristic 0 and in the presence of a dualizing complex, from – the h-descent theorem for
Ind DCoh in [Pre11] and in [Gai13]. Nevertheless, the proof is more elementary since it avoids
use of the shriek pullback functors.
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As an interesting consequence, we show in Proposition 3.3.7 that locally noetherian algebraic
spectral stacks with quasi-affine diagonal are sheaves for the spectral h-topology. This is in
contrast to the classical h-topology, for which the functor represented by an affine scheme is not
a sheaf.

We state most of the results in this section for derived stacks, but all of the results hold
in the spectral context as well (except for Proposition 3.3.7, which we only prove for spectral
stacks). In the proofs, we indicate the modifications needed to prove the claim in both contexts.
Throughout this section we fix a base noetherian simplicial commutative algebra k ∈ SCR, and
in the spectral context we use the same symbol to denote a base E∞-algebra k ∈ CAlgcn.

3.1 Descent pattern for closed immersions
The aim for this subsection is to investigate a general descent pattern for what one might call the
(derived) nil-immersion topology. This will be the Grothendieck topology on SCRk generated by
surjective almost finitely presented closed immersions.

Lemma 3.1.1. Suppose that F is a presheaf on SCRk that satisfies the following conditions.

(i) (nilcompleteness) The natural map F (R) −→ lim←−
n

F (τ�nR) is an equivalence for all R ∈
SCRk.

(ii) (infinitesimal cohesiveness) For every pullback diagram

A′ ��

��

A

��
B′ �� B

in SCRk for which the maps π0A→ π0B and π0B
′ → π0B are surjections whose kernels are

nilpotent ideals, the induced map

F (A′) −→ F (A)×F (B) F (B′)

is an equivalence. (In fact, it is enough to require this only when the pullback diagram is a
square-zero extension in the sense of [Lur17, § 8.4].)

Let π : Z = Spec(R′)→ X = Spec(R) be an almost finitely presented, surjective, closed immer-
sion, and Cech(π) its Čech nerve. Then the natural pullback functor

F (R) −→ Tot{F (Cech(π))} = Tot
{
F (R′⊗R•+1)

}
is an equivalence. The analogous claim is true for spectral stacks as well.

Before giving the proof of this lemma, let us make some remarks and state a corollary.

Remark 3.1.2. There is a slight variant of the above where, rather than considering a single
surjective closed immersion, we consider a finite family of closed immersions which are jointly
surjective. To handle this one can, for instance, replace (ii) by an arbitrary pushout diagram along
closed immersions. This is, in principle, convenient, but will be subsumed in our application by
h-descent.

Remark 3.1.3. Note that in the derived context there is a difference between descent (i.e. for Čech
covers) and hyperdescent (i.e. for hypercovers that are not n-coskeletal for any n). This difference
is severe for surjective closed immersions. Indeed, the map from the constant simplicial diagram{

Spec(π0(R)red)
}→ Spec(R) is a hypercover for the derived nil-immersion topology, and this

552

https://doi.org/10.1112/S0010437X22007667 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X22007667


Mapping stacks and categorical notions of properness

shows that a presheaf F is a hypersheaf for the derived nil-immersion topology if and only if
F (R)→ F (π0(R)red) is an equivalence for all R ∈ SCRk.

Corollary 3.1.4. Let F satisfy the conditions of Lemma 3.1.1, and suppose now only
that π : Z → X is an almost finitely presented closed immersion, but not necessarily surjective.
Then the natural pullback functor gives an equivalence

F (Spf(R)) −→ Tot{F (Cech(π))}.
Proof. Recall that Spf(R) � lim−→Spec(Rn) for {Rn} as in Proposition 2.1.2 (we do not need
the finite Tor amplitude assumption here, so this works in the spectral setting as well by
Remark 2.1.3), so that

F (Spf(R)) � lim←−
n

F (Rn),

and applying Lemma 3.1.1 to the base change of π to each Spec(Rn), we obtain that

F (Rn) � Tot{F (Cech(π ×Spec(R) Spec(Rn)))}.
Taking the inverse limit of these equivalences we complete the proof, since

lim←−
n

F (R′⊗R•+1 ⊗R Rn) � F (Spec(R′⊗R•+1)×Spec(R) Spf(R)) � F (R′⊗R•+1)

as Spec(R′⊗R•+1)→ Spec(R) factors through the monomorphism Spf(R)→ Spec(R). �
We now give a proof of the lemma.

Proof of Lemma 3.1.1. Our plan of proof is as follows. Let C denote the class of all almost
finitely presented nil-thickenings i of affine derived k-schemes, such that every base change of i
satisfies the conclusion of the lemma. We will show that C consists of all almost finitely presented
nil-thickenings by showing it contains increasingly large classes of morphisms.

Step 0: the case of π with a section. In this case, the augmented cosimplicial diagram

F (X̂) −→ {
F (Z×X•+1)

}
extends to a split augmented cosimplicial diagram. And any split augmented cosimplicial diagram
is a limit diagram.

Step 1: the case of square-zero extensions. Suppose that π fits into a pushout square

Spec(R) Spec(R′)
π��

Spec(R′)

��

Spec(R′)⊕M [1]��

��

for some connective almost perfect R′-module M (i.e. π is a square-zero extension). Then by
hypothesis

F (R) ∼−→ F (R′)×F (R′⊕M [1]) F (R′).

Furthermore, square-zero extensions are stable under base change, so there are also equivalences

F (R′⊗R•) ∼−→ F (R′⊗R• ⊗R R′)×F (R′⊗R•⊗R(R′⊕M [1])) F (R′⊗R• ⊗R R′).

Taking totalizations, and commuting totalizations and inverse limits, we conclude that to show
the conclusion for πR it suffices to know it for each of πR′ and πR′⊕M [+1]. But each of these belong
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to C by Step 0. Thus, the conclusion holds for any square-zero extension πR. Thus, square-zero
extensions lie in C.

Step 2: composites, refinements, and locality. Note that C is closed under composites; this is a
formal argument with computing a totalization of a bi-cosimplicial space along the diagonal.

It is also ‘local’ in the following sense. Suppose that π : Z → Spec(R) is in C. Then a map
i : Z ′ → Spec(R) is in C if and only if its base extension iZ : Z ′ ×Spec(R) Z → Z is in C.

Finally, if a composite h = f ◦ g is in C (i.e. f is a ‘refinement’ of h ∈ C) then f ∈ C. A special
case is the case of a morphism admitting a section (so that h = id). The general case reduces to
this: to show that f ∈ C, it is enough to show that its base change along h is so. But this base
change has a section, induced from the diagonal of f .

Step 3: the case of Z, X classical. Suppose that π : Z → X has both Z and X an ordinary classical
scheme. In this case, R→ R′ is a nilpotent surjection of ordinary rings. Filtering by powers of
the nilradical shows that it is a composite of (classical) square-zero extensions, which happen
to also be derived square-zero extensions by [Lur17, § 8.4]. Thus, π ∈ C. (Note that though such
π are not preserved by base change, the base change will still be a composite of square-zero
extensions.)

Step 4: reduction to X classical. Suppose that A ∈ SCRk and that we write A = lim←−
n

An as an

inverse limit of almost perfect A-algebras {An} satisfying the conditions of Lemma 2.1.12. Then
we claim that nilcompleteness implies that

F (A) −→ lim←−
n

F (An)

is an equivalence. Indeed, this follows by evaluating the inverse limit

lim←−
n,m

F (τ�mAn)

in two ways (first n then m, and vice versa) and applying nilcompleteness in each case.
This hypothesis applies to the inverse systems {τ�nR} and any base change thereof, such as

R′ �
(

lim←−
n

τ�nR
)
⊗R R′, R′⊗R• =

(
lim←−
n

τ�nR
)
⊗R R′⊗R•.

This reduces proving that π ∈ C to proving that each base change πτ�nR ∈ C.
Furthermore, note that for each n the map Spec(π0(R))→ Spec(τ�nR) is a composite of

square-zero extensions; thus it is in C. Using locality, we reduce proving πτ�nR ∈ C to proving
ππ0(R) ∈ C.

Step 5: completing the proof. Suppose now that π : Z = Spec(R′)→ X = Spec(R) is a nil-
thickening with X classical. Let i0 : Zcl → Z be the inclusion of the classical part of Z. By
Step 3, the composite π ◦ i0 is in C. By Step 2 (‘refinements’) this proves that π ∈ C. �

3.1.1 Closed descent for QCcn and variants. As an application of the above pattern, we have:

Proposition 3.1.5. Suppose that π : Z →X is an almost finitely presented, surjective, closed
immersion of derived (or spectral) k-stacks. Then the pullback functor induces an equivalence
of ∞-categories

QC(X )cn −→ Tot{QC(Cech(π))cn} = Tot
{

QC(Z ×X •+1)cn
}

.

The same holds with QCcn(−) replaced by QCacn(−), APerf(−) or Perf(−).
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Proof. Note that by commuting limits we may suppose X = Spec(R) is affine. Now we are in a
position to apply Lemma 3.1.1. Let us check the hypotheses hold:

Note that (i) holds for QCcn because it is left t-complete. Let us write Rn for τ�nR. To see
that the restriction map is fully faithful we must show that the map

MapR(M, N) −→ lim←−
n

MapRn
(M ⊗R Rn, N ⊗R Rn)

is an equivalence. Using left t-completeness on both sides, we may identify this with

lim←−
k

MapR(τ�kM, τ�kN) −→ lim←−
n,k

MapRn
(τ�k(M ⊗R Rn), τ�k(N ⊗R Rn)).

Next, note that the maps

τ�k(M) −→ τ�k(M ⊗R Rn), for n � k,

are all equivalences; from this it follows that the previous map is an equivalence.
To see that it is essentially surjective, suppose that

{Mn} ∈ lim←−
n

{(τ�nR)-modcn}

then note that the pushforwards {Mn} ∈ R-modcn form an inverse system satisfying the
hypotheses of Lemma 2.1.12. In particular, letting M = lim←−Mn, we see that M is connective.

A similar argument shows that (i) holds for APerfcn. Full faithfulness follows from the above,
and to conclude it is enough to note that if the system {Mn} consists of modules which are perfect
to order k, then the inverse limit M is also perfect to order k. This is because τ�kM = τ�kMn

for n � k compatibly with the natural equivalences

(R-mod)cn�k �
(
Rn-mod

)cn

�k
, for n � k.

Thus, if τ�kMn is compact in (Rn-mod)cn�k, then the same is true for τ�kM .
The case of (i) for each of QCacn and APerf then follows by shifting the modules as needed

until they are connective; notice that if we shift M0 to be connective, the rest will be as well.
The case of Perf follows from APerf upon noting that Perf ⊂ APerf may be recognized as the
dualizable objects.

Finally, notice that (ii) for each of our four categories follows from [Lur1, Theorem 7.1,
Proposition 7.7] (these results apply to simplicial commutative rings as well, because the forgetful
functor SCR→ CAlgcn preserves fiber products). Thus, the hypotheses of Lemma 3.1.1 hold and
our result is proved. �
Corollary 3.1.6. Suppose that π : Z →X is an almost finitely presented closed immersion
of algebraic derived (or spectral) k-stacks. Let X̂ denote the formal completion of X along the
image of Z . Then the pullback functor

QC(X̂ )cn −→ Tot{QC(Cech(π))cn} = Tot
{

QC(Z ×X •+1)cn
}

is an equivalence of ∞-categories. The same holds with QCcn(−) replaced by QCacn(−),
APerf(−), or Perf(−).

Proof. Combine the argument of the previous proposition with Corollary 3.1.4. �

3.2 Descent pattern for the h-topology
By a derived h-cover we will mean a morphism π : X ′ →X which is representable by algebraic
derived stacks almost of finite presentation, and which is a universal topological submersion,
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and we use the same definition for spectral stacks. Examples include fppf surjections (since they
are universally open), proper surjections (since they are universally closed), and more generally
formally proper surjections (which are also universally closed by Proposition 2.4.5).

Our descent pattern is based on the idea that the h-topology is generated by surjective closed
immersions, fppf covers, and ‘abstract blowup squares’. In the derived context, closed immersions
are no longer monomorphisms – this necessitates modifying the abstract blowup square condition
by taking suitable formal completions. We say that a cartesian diagram of prestacks

Ŷ

π̂
��

i′ �� Y

π

��

X̂
i

�� X = Spec(R)

(3)

is an abstract blowup square (with affine base) if X = Spec(R) for a noetherian R ∈ SCRk, π

is a proper derived algebraic space, X̂ is the formal completion of X along a closed subset
|Z | ⊂ |X |, and π−1(X \Z )→X \Z is an isomorphism.

Proposition 3.2.1. Suppose that F is a presheaf on locally noetherian algebraic derived (or
spectral) k-stacks satisfying the following conditions:

(i) F has descent for surjective almost finitely presented closed immersions;
(ii) F has fppf descent;

(iii) for any abstract blowup square (3) with affine base, the natural map

F (X ) −→ F (X̂ )×
F (Ŷ )

F (Y )

is an equivalence.

Then F has descent for h-covers.

Proof. Let D denote the class of all almost finitely presented surjections π : X ′ →X with locally
noetherian target. Let C ⊂ D consist of those π satisfying, additionally, the condition that for
every almost finitely presented affine map Y →X , F has descent for the base change πY ,
that is, restriction gives an equivalence F (Y )→ Tot{F (Cech(πY ))}. We wish to show that C

contains all h-covers.
Note that if π ∈ C, then F has descent for πY for any almost finitely presented morphism

Y →X : it suffices to consider X quasi-compact (i.e. noetherian). We can choose an étale
surjection p : V → Y with V affine, and by étale descent and commuting limits it suffices to
show that πVn ∈ C for each level Vn = V ×Y n in the Čech nerve of p. Thus, we can reduce to
the case where Y →X is representable by derived algebraic spaces. Repeating this trick three
more times, we reduce to the case where Y →X is representable by derived schemes, then by
separated derived schemes, and finally to where Y →X is affine.

The proof of Lemma 3.1.1, Step 2, applies verbatim to show that C is closed under composition
and refinements, and to show locality along maps in C.

Step 0: reduction to X an affine scheme. Since F is an fppf sheaf, the assertion is fppf local on
X . Thus, we may suppose X is affine.

Step 1: reduction to X classical and reduced, X ′ classical. Since Spec(π0(R)red)→ Spec(R) is
a surjective closed immersion, it is in C. So by ‘locality’ to show that π ∈ C it is enough to show
that the base change ππ0(R)red ∈ C. That is, we may suppose that X is classical and reduced.
Similarly, by ‘refinements’ we may suppose that X ′ is classical.
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Step 2: a general descent argument for (classical) h-covers. We will prove, by noetherian induc-
tion, that for every closed subscheme Z ⊂X it is the case that all h-coverings having target Z
belong to C. Thus, we may suppose that this holds for all (classical) proper closed subschemes
of X , and we must show that every h-cover π : X ′ →X belongs to C. We can choose a smooth
cover Spec(A)→X ′, and the composition Spec(A)→X is again an h-cover, so it suffices by
refinement to consider the case where π is representable by derived algebraic spaces.

Since X is reduced, we may apply ‘generic flatness’ to π to deduce the existence of a dense
open U ⊂X such that πU is flat. By ‘platification par éclatement’, there exists a closed sub-
scheme Z ⊂X disjoint from U such that the strict transform p̃Z(X ′) is flat over BlZ(Y ′). More
precisely, there is a commutative diagram

Y ′ = p̃Z(X ′)

π′ ���������������

� � �� BlZ(X )×X X ′

��

�� X ′

π

��
Y = BlZ(X )

pZ

�� X

such that π′ : Y ′ → Y is flat. In order to show that π ∈ C it is enough, by refinement, to show
that pZ ◦ π′ ∈ C. Note that π′ is surjective by the argument of [Voe96, Proposition 3.1.3], so that
it is a flat cover and thus in C. It thus suffices to show that the blowup morphism pZ ∈ C.

We now simplify our notation by renaming pZ to just π : X ′ = BlZ(X ) −→X . We consider
an almost finitely presented map Y = Spec(R′)→X , and we wish to show that F has descent
for the base change πY : Y ′ → Y of π.

πZ ∈ C by our inductive hypothesis, so by Step 1, πR/In ∈ C for all n � 1, where I ⊂ R
is the ideal defining Z. We may summarize this with the slight abuse of notation πSpf(R) ∈ C.
It follows that if Ŷ is the formal completion of Y along the preimage of Z, then F (Ŷ )→
Tot{F (Cech(π

Ŷ
))} is an equivalence. Now consider the cartesian diagram of simplicial derived

schemes

Cech(π
Ŷ

) ��

��

Cech(πY )

��

{Ŷ } �� {Y }

where the bottom row consists of constant simplicial schemes. This diagram is levelwise an
abstract blowup square (3) with affine base, so applying our hypothesis (iii) and commuting
limits, we see that

F (Y )→ Tot{F (Cech(πY ))} ×Tot{F (Cech(π
Ŷ

))} F (Ŷ )

is an equivalence, and hence F (Y )→ Tot{F (Cech(πY ))} is an equivalence. �

3.3 h-descent theorems for APerf, Perf, and quasi-geometric stacks
By a locally noetherian stack in the following theorem, we mean a stack which is a left Kan
extension along the morphism SCRnoeth

k ↪→ SCRk. Examples include locally noetherian algebraic
derived k-stacks, as well as formal completions of such stacks along closed substacks.

Theorem 3.3.1. Suppose that X is a locally noetherian derived (or spectral) k-stack, and
that π : X ′ →X is an h-covering. Then if {X ′•} := Cech(π), the pullback functors determine
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equivalences of ∞-categories

(π•)∗ : APerf(X )→ Tot{APerf(X ′
• )}.

The same is true with APerf(−) replaced by Perf(−) or APerf(−)cn.

We will establish Theorem 3.3.1 after some preliminary lemmas.

Lemma 3.3.2. Let p : X ′ →X be a relatively algebraic qc.qs. map satisfying (CD) between

derived (or spectral) stacks, and let Z ⊂ |X | be a cocompact closed subset such that X̂ ′
p−1(Z) →

X̂Z is an isomorphism. Then p∗ : QCZ(X )→ QCp−1(Z)(X ′) is a equivalence whose inverse is
given by p∗.

Proof. This follows from Theorem 2.2.3 in the derived setting, and from [Lur3, Theorem 5.1.9]
in the spectral setting for categories of almost connective modules. For the stronger statement
in the spectral setting, note that the claim is local on X , so we may assume X = Spec(R). The
claim is equivalent to the canonical maps M → p∗(p∗(M)) and p∗(p∗(F ))→ F being equivalences
for all M ∈ QCZ(X ) and F ∈ QCp−1(Z)(X ′). This follows from the case of almost connective
objects, because the t structures on these categories are right t-complete and p∗ and p∗ commute
with filtered colimits by Proposition A.1.5. �
Lemma 3.3.3 (Excision for QC). Consider a cartesian diagram of derived (or spectral) stacks

Y ′ p′
��

q′
��

Y

q

��
X ′ p

�� X

such that both p and q are relatively algebraic, qc.qs. and satisfy (CD). Assume that there is a

cocompact closed subset Z ⊂ |X | with complement U = X \ Z such that X̂ ′
p−1(Z) → X̂Z and

Y ×X U → U are isomorphisms. Then restriction induces an equivalence of categories

QC(X )→ QC(X ′)×QC(Y ′) QC(Y ).

If p is flat at every point in p−1(Z) ⊂ |X ′|, then the same holds with QC(−) replaced by QC(−)cn,
QC(−)acn, APerf(−), or Perf(−).

Proof. This assertion is local on X , so we are free to assume that X = Spec(R) is affine, and
hence the other stacks are qc.qs. algebraic.

Let g = p ◦ q′ � q ◦ p′. Note that the pullback QC(R)→ QC(X ′)×QC(Y ′) QC(Y ) has a right
adjoint

(FX ′ , FY ′ , FY ) → p∗FX ′ ×g∗FY ′ q∗FY .

For full faithfulness we must show that the unit of this adjunction is an isomorphism. By the
base-change formula (Proposition A.1.5),

g∗(FY ′) � p∗(q′∗((p
′)∗(FY ))) � p∗(p∗(q∗(FY ))).

So for full faithfulness it suffices to show that for all M ∈ QC(R),

M

��

�� p∗(p∗(M))

��
q∗q∗M �� p∗(p∗(q∗(q∗(M))))
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is a pullback diagram. This follows from the fact that cone(M → q∗q∗(M)) ∈ QCZ(X ), and
hence the unit of adjunction (−)→ p∗(p∗(−)) is an isomorphism when applied to this object, by
Lemma 3.3.2.

For essential surjectivity, suppose given FY , FY ′ , and FX ′ , with an equivalence (q′)∗FX ′ �
FY ′ � (p′)∗(FY ). We can tensor this triple with the fiber sequence RΓZ(R)→ R→ j∗(OU ),
where j : U ↪→ Spec(R) is the open immersion. Making use of the projection formula, this shows
that (FY , FY ′ , FR′) is an extension of the two triples(

FX ′ ⊗ p∗(j∗(OU )), FY ′ ⊗ g∗(j∗(OU )), FY ⊗ q∗(j∗(OU ))
)

and (
FX ′ ⊗ p∗(RΓZ(R)), FY ′ ⊗ g∗(RΓZ(R)), FY ⊗ q∗(RΓZ(R))

)
.

We have already shown full faithfulness, so it suffices to show that these two triples lie in the
essential image of the restriction functor.

For the first triple, using the base-change and projection formulas, it suffices to show that
restriction induces an equivalence

QC(U )→ QC(p−1(U ))×QC(g−1(U )) QC(q−1(U )).

This follows from the hypothesis that g−1(U )→ p−1(U ) and q−1(U )→ U are isomorphisms.
For the second triple, it suffices to show that restriction induces an equivalence

QCZ(R)→ QCp−1(Z)(X
′)×QCg−1(Z)(Y

′) QCq−1(Z)(Y ).

This follows from Lemma 3.3.2, which implies that QCq−1(Z)(Y )→ QCg−1(Z)(Y ′) and
QCZ(R)→ QCp−1(Z)(X ′) are equivalences.

For the variants of the lemma, choose a smooth surjection Spec(R′)→X ′, and let S ⊂ π0(R′)
be the multiplicative system consisting of all elements which do not vanish along the preim-
age of Z. Then the map U � Spec(S−1R′)→ Spec(R) is an fpqc cover, so an R-module is
connective/almost perfect/perfect if and only if its restrictions p∗(M) and q∗(M) are. This
allows us to deduce the claim for QC(−)cn, APerf(−), and Perf(−) from the claim for
QC(−). �

Lemma 3.3.4. Given an abstract blowup square (3), the natural restriction map

APerf(X ) −→ APerf(X̂ )×
APerf(Ŷ )

APerf(Y )

is an equivalence. This is also true with APerf(−) replaced by Perf(−) or APerf(−)cn.

Proof. Note that this assertion is flat local on X , so we are free to assume that X = Spec(R) is
affine. Let R̂ be the I-completion of R, where I is the ideal defining Z ↪→X . Restriction induces
equivalences APerf(Y ′) � APerf(Ŷ ), by the Grothendieck existence theorem, and APerf(R̂)→
APerf(Spf(R)). It therefore suffices to show that restriction induces an equivalence APerf(R)→
APerf(R̂)×APerf(Y ′) APerf(Y ), which follows from Lemma 3.3.3. �

Proof of Theorem 3.3.1. The claim follows from applying Proposition 3.2.1 to the func-
tors APerf(−), Perf(−), and APerf(−)cn. Condition (i) of Proposition 3.2.1 follows from
Proposition 3.1.5, condition (ii) is fppf descent, which these functors have, and condition (iii)
follows from Lemma 3.3.4. �

Corollary 3.3.5. Suppose that X is a locally noetherian algebraic derived (or spectral)
stack, and that π : X ′ →X is an almost finitely presented, universally closed morphism. Let
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X̂ denote the formal completion of X along the (closed) image of π. Then the pullback functors
determine equivalences

APerf(X̂ ) ∼−→ Tot{APerf(Cech(π))} = Tot
{

APerf(X ′×X •+1)
}

,

Perf(X̂ ) ∼−→ Tot{Perf(Cech(π))} = Tot
{

Perf(X ′×X •+1)
}

.

Proof. Combine Theorem 3.3.1 with the argument given for Corollary 3.1.4. �

3.3.1 Complement to the work of Bhatt and Scholze. After the first version of this paper
was released, Bhargav Bhatt and Peter Scholze proved that the functor QC(−) satisfies derived
descent along h-covers of classical noetherian schemes [BS17], using the methods of [Mat16]. We
thank Bhatt for explaining that this implies that QC(−)acn, the category of almost connective
complexes, satisfies derived descent along classical h-covers as well. Combined with our results,
this implies the following proposition.

Proposition 3.3.6. QC(−)acn satisfies derived descent along arbitrary h-covers of locally
noetherian derived (or spectral) algebraic stacks.

Proof. Let C denote the class of almost finitely presented surjections of locally noetherian alge-
braic derived stacks π : Y →X for which QC(−)acn satisfies descent after base change along an
arbitrary affine morphism X ′ →X . We wish to show that any derived h-cover π : Y →X is
in C. One can reduce to the case where X and Y are affine as in the proof of Proposition 3.2.1.

We know that almost finitely presented closed immersions are in C by Proposition 3.1.5,
so by ‘locality’ it suffices to show descent for the base change of π along the inclusion of the
underlying classical stack i : X cl ↪→X . Thus, we may assume X is classical. By ‘refinement’ it
suffices to show that the composition Y cl → Y →X is in C, so it suffices to consider an h-cover
of classical affine schemes Spec(B)→ Spec(A).

Let B⊗A•+1 be the Čech nerve of π. Then [BS17, Theorem 11.12] implies that the canoni-
cal map QC(A)→ Tot{QC(B⊗A•+1)} is an equivalence of symmetric monoidal ∞-categories.
It follows that for any simplicial commutative (or connective E∞) A-algebra A′, if we let
B′ = B ⊗A A′, then A′ ⊗A (B⊗A•+1) � (B′)⊗A′•+1, and

QC(A′)→ Tot{QC((B′)⊗A′•+1)}
is an equivalence of ∞ categories. Thus, to show that [Spec(B)→ Spec(A)] ∈ C and complete
the proof, it suffices to show that for any A′ as above, any E ∈ A′-mod is almost connective if
B′ ⊗A′ E is almost connective. But E ∈ A′-mod is almost connective if and only if its underlying
A-module is, and likewise for B′-modules. The base-change formula implies B′ ⊗A′ E � B ⊗A E
as B-modules, so it suffices to prove the claim when A′ = A.

The classical h-cover Spec(B)→ Spec(A) can be refined by a fppf cover of a constructible
stratification of Spec(A), and the claim is true for fppf covers because QC(−) and QC(−)acn

both satisfy fppf descent. Therefore, it suffices to show that for any discrete noetherian ring
A, an object E ∈ QC(A) is almost connective if and only if its restriction to a constructible
stratification of Spec(A) is almost connective. Working locally on Spec(A), one can reduce this
to the following claim: if f ∈ A is any element, then E ∈ A-mod is almost connective if and
only if

E[1/f ] and E/f := cone(E
f−→ E)

are almost connective. The ‘only if’ direction is immediate. If E[1/f ] and E/f are almost con-
nective, then we consider the fiber sequence E → E[1/f ]→ E[1/f ]/E. The term E[1/f ]/E has

560

https://doi.org/10.1112/S0010437X22007667 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X22007667


Mapping stacks and categorical notions of properness

a bounded below exhaustive filtration whose associated graded pieces are isomorphic to E/f , so
E[1/f ]/E and hence E are almost connective. �

3.3.2 Consequences for quasi-geometric stacks.

Proposition 3.3.7. If F is a locally noetherian algebraic spectral stack with quasi-affine
diagonal, then F has descent for spectral h-covers.

Proof. It suffices, by Zariski descent, to prove this when F is quasi-compact (i.e. noetherian).
Given an h-cover π : X ′ →X , let X ′• = Cech(π). By Theorem 3.3.1 restriction gives an equiva-
lence APerf(X )cn � Tot{APerf(X ′• )cn}. Note that Tot is a limit, and colimits in the totalization
are formed levelwise, so we have, for any symmetric monoidal ∞-category C which admits finite
colimits.

Func
⊗(C, APerf(X )cn) � Tot{Func

⊗(C, APerf(X ′
• )cn)}.

The result follows from the case where C = APerf(F )cn, by the Tannaka duality theorem
Theorem 5.1.12. �
Corollary 3.3.8. In the ∞-category of noetherian algebraic spectral stacks with quasi-affine
diagonal, any cartesian square which satisfies the conditions of Lemma 3.3.3, and in which p is
flat along p−1(Z), is a also a pushout square.

Proof. Combine Lemma 3.3.3 with Tannaka duality (Theorem 5.1.12), as in the proof of
Proposition 3.3.7. �
Remark 3.3.9. We expect that Corollary 3.3.8 and Proposition 3.3.7 also hold for derived stacks,
but one would need to use Tannaka duality in a less direct way (see, for instance, the proof of
Proposition 5.1.13).

4. Formally proper morphisms

In this section we establish many examples of formally proper morphisms. Theorem 4.2.1 states
that ‘cohomologically projective’ morphisms are formally proper, and we give two examples of
large classes of cohomologically projective morphisms in Propositions 4.2.3 and 4.2.5. We also
develop a method of establishing formal properness using proper coverings in Theorem 4.3.1.

4.1 Cohomologically ample (CA) systems
We introduce a structure for a morphism of stacks which generalizes the notion of a relatively
ample bundle for a proper morphism of schemes (Example 4.1.2).

We will say that a set I is preordered by the non-negative integers if we have an assignment of
an integer �(α) � 0 to each α ∈ I. In this case we say α � β (respectively, α > β) if �(α) � �(β)
(respectively, �(α) > �(β)). For E, F ∈ QC(X )�0 we say that a map E → F is surjective if it is
0-connective, or equivalently H0(E)→ H0(F ) is surjective in QC(X )♥.

Definition 4.1.1. Let X be a noetherian algebraic derived (or spectral) stack, and let {Vα}α∈I

be a collection of locally free sheaves on X indexed by a set preordered by the non-negative
integers. We say that {Vα}α∈I is a cohomologically ample (CA) system if for all F ∈ Coh(X ),

(CA1) ∀N � 0, Hom(Vα, F ) �= 0 from some Vα with �(α) � N , and
(CA2) ∀i < 0, ∃N � 0 such that Hi RHom(Vα, F ) = 0 whenever �(α) � N .

If π : X → S is a qc.qs. morphism of locally noetherian algebraic derived stacks, we say that
{Vα}α∈I is a cohomologically ample system relative to π if, for any affine derived scheme T which
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is flat and locally almost finitely presented over S , the system {Vα|X ×S T }α∈I satisfies (CA1)
and (CA2).

We will often abbreviate by saying that {Vα} is a preordered system.

Example 4.1.2. If X is a projective classical scheme over an affine noetherian base S, then X
admits a cohomologically ample system. We take I = {n � 0} with �(n) = n, and we let Vn :=
L−n, where L is an ample invertible sheaf on X.

Definition 4.1.3. A morphism between locally noetherian algebraic derived stacks, π : X →
S , is cohomologically projective if it satisfies (CD) and (CP), and possesses a relatively (CA)
system of locally free sheaves {Vα}α∈I .

We will collect some useful (and familiar) properties of cohomologically ample systems over
several lemmas.

Lemma 4.1.4. Let X be an algebraic derived (or spectral) stack and let i : Xcl →X be the
inclusion of the underlying classical stack. Then a preordered system {Vα} is (CA) on X if and
only if {i∗Vα} is (CA) on Xcl.

Proof. This follows immediately from the (i∗, i∗) adjunction and the fact that i∗ : Coh(Xcl)→
Coh(X ) is an equivalence of categories. �

Lemma 4.1.5. Consider a cartesian square of locally noetherian algebraic derived (or spectral)
stacks

X ′ f ′
��

π′
��

X

π

��
S ′ f

�� S

such that f is flat and locally almost finitely presented. Let {Vα}α∈I be a preordered system of
locally free sheaves on X , and let V ′

α := (f ′)∗(Vα). If {Vα} is (CA) relative to π, then {V ′
α} is

(CA) relative to π′. The converse holds if f is surjective.

Proof. The first claim follows immediately from the definition. For the converse, observe that
for any flat and locally almost finitely presented map Spec(R)→ S , we can find a flat and
locally almost finitely presented map Spec(R′)→ S ′ such that Spec(R′)→ S ′ → S factors
through Spec(R)→ S via a faithfully flat map Spec(R′)→ Spec(R). For F ∈ Coh(XR), condi-
tions (CA1) and (CA2) can be checked after pullback along the faithfully flat map XR′ →XR,
and thus they hold by the hypothesis that {V ′

α} is (CA) relative to π′. �

Lemma 4.1.6. Let π : X → S be a morphism of noetherian algebraic derived (or spectral)
stacks, and let {Vα}α∈I be a (CA) system relative to π. Then, for all F ∈ Coh(X ) and for all
N � 0, there is a locally free sheaf W which is a finite direct sum of sheaves in the collection
{Vα|�(α) � N} such that the canonical map obtained by composing

W ⊗ π∗H0π∗(W ∗ ⊗ F )→W ⊗ π∗π∗(W ∗ ⊗ F )→W ⊗W ∗ ⊗ F → F (4)

is surjective. If π satisfies (CD), then the map (4) is surjective for all F ∈ APerf(X )�0

Note that the canonical map H0π∗(W ∗ ⊗ F )→ π∗(W ∗ ⊗ F ) used in this lemma exists
because W ∗ ⊗ F ∈ QC(X )♥.
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Proof. The formation of (4) commutes with flat base change by Lemma A.1.3, so because S is
quasi-compact we may reduce to the case where S is affine. Note that in this case if F admits a
surjection W → F , then the canonical map (4) is surjective, so it suffices to find a W as in the
statement of the lemma which admits a surjection W → F .

Let W → F be a non-zero homomorphism, with W locally free. Let Q = H0(cone(W → F ))
be the cokernel of the map H0(W )→ F , and let K = fib(F → Q) be the kernel of the resulting
quotient map. Condition (CA1) implies that we can find a non-zero homomorphism Vα → Q with
�(α) � N , and, choosing α sufficiently large, we may suppose by (CA2) that Hom(Vα, K[1]) = 0,
so the map Vα → Q lifts to a map Vα → F . Note that the image of the resulting map W ⊕ Vα → F
is strictly larger than im(W → F ). We can thus replace W with W ⊕ Vα and repeat this process
as long as W → F is not surjective, and this process must terminate after finitely many steps
because X is noetherian.

Now assume π satisfies (CD), and F ∈ APerf(X )�0. If π∗ has cohomological dimension
d, then H0π∗(τ>d(F )) = 0. Condition (CA2) implies that, for α large enough, we can assume
that H0(π∗(Hi(F )[−i])) for i = 1, . . . , d. Because F can be constructed as a finite sequence of
extensions of the objects τ>d(F ) and Hi(F )[−i] for i = 0, . . . , d, this reduces the claim to showing
that W ⊗ π∗(H0π∗(H0(F )))→ H0(F ) is surjective, which we have already done. �

Under an additional cohomological dimension hypothesis, we can weaken the definition
of (CA).

Lemma 4.1.7. Let X be a noetherian stack of finite cohomological dimension, and let {Vα}α∈I

be a preordered system of locally free sheaves on X which satisfies (CA1). Then (CA2) is
equivalent to either of the following conditions.

(CA2′) ∀β ∈ I, ∃N � 0 such that RΓ(Vβ ⊗ V ∗
α ) is connective whenever �(α) � N .

(CA2′′) ∀F ∈ APerf(X ), ∃N � 0 such that RHom(Vα, F ) is connective whenever �(α) � N .

Proof. It is clear that (CA2′′) implies both (CA2) and (CA2′), and an argument similar to the
last paragraph in the proof of Lemma 4.1.6 shows that (CA2) implies (CA2′′) when X has finite
cohomological dimension. We will thus show that (CA2′) implies (CA2′′).

We introduce the following condition for p � 0.

(CA2)p For all F ∈ APerf(X )�0, there exists an integer N such that RΓ(F ⊗ V ∗
α ) ∈ (Z−

Mod)>−p for all �(α) � N .

Our goal is to prove that (CA2)1 holds, and we will show this by descending induction on p > 0.
Note that (CD) implies that this holds for some sufficiently large p, providing the base case.

Assume (CA2)p, and note that by considering the long exact homology sequence asso-
ciated to the exact triangle (τ>0F )⊗ V ∗

α → F ⊗ V ∗
α → (H0F )⊗ V ∗

α →, it suffices to consider
F ∈ Coh(X ) in order to show (CA2)p−1. Let F ∈ Coh(X ). By condition (CA1′) we have a
non-zero homomorphism φ : Vβ → F . This leads to two exact triangles

Vβ → F → cone(φ)→
τ>0 cone(φ)→ cone(φ)→ F1 := τ� 0 cone(φ)→

We want to show that H−p+1RΓ(F ⊗ V ∗
α ) = 0 for �(α)� 0. For �(α)� 0 we have RΓ(Vβ ⊗ V ∗

α ) ∈
(Z−Mod)�0 by (CA2′) and H−p+1RΓ(V ∗

α ⊗ τ>0 cone(φ)) = 0 by hypothesis (CA2)p. Thus, from
the long exact sequence in homology applied to the exact triangles above, we have

H−p+1RΓ(F ⊗ V ∗
α ) � H−p+1RΓ(cone(φ)⊗ V ∗

α ) � H−p+1RΓ(F1 ⊗ V ∗
α )

whenever �(α)� 0.
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Iterating this argument, we get a strictly descending sequence F � F1 � F2 � · · · in
Coh(X ) such that H−p+1RΓ(F ⊗ V ∗

α ) � H−p+1RΓ(Fi ⊗ V ∗
α ) for �(α)� 0. Because X is

noetherian, we must have Fn = 0 for some n, hence HpRΓ(F ⊗ V ∗
α ) = 0. �

Using this alternate characterization of (CA) systems, we can establish that relatively (CA)
systems are stable under base change.

Lemma 4.1.8. Consider a cartesian square of noetherian algebraic derived (or spectral) stacks

X ′ f
��

π′
��

X

π
��

Spec(R′) �� Spec(R)

such that π satisfies (CD). If a preordered system {Vα} on X is (CA), then its restriction
{Vα|X ′} is (CA).

Proof. By Lemma 4.1.7 it suffices to check that {Vα|X ′} satisfies (CA1) and (CA2′). (CA1)
is immediate: for any non-zero F ∈ Coh(X ′) we can choose a non-zero coherent subsheaf of
F ′ ⊂ f∗(F ), and if Hom(Vα, F ′) �= 0 then Hom(Vα, f∗(F )) � Hom(Vα|X ′ , F ) �= 0.

To check property (CA2′), first note that when X is defined over an affine base, the vanishing
of higher global sections in property (CA2′) is equivalent to π∗(Vβ ⊗ V ∗

α ) ∈ QC(Spec(R))�0. By
the base-change formula (Proposition A.1.5)

π′
∗ ◦ f∗(Vβ ⊗ V ∗

α

) � π∗
(
Vβ ⊗ V ∗

α

)|Spec(R′).

So it suffices to show that for each β ∈ I there is an N such that π∗
(
Vβ ⊗ V ∗

α

) ∈ QC(Spec(R))�0

for �(α) � N , but this holds by the hypothesis that {Vα} is (CA) by Lemma 4.1.7. �
Corollary 4.1.9. Let π : X → Spec(R) be a morphism of noetherian algebraic derived (or
spectral) stacks which satisfies (CD). A preordered system of locally free sheaves on X is (CA)
relative to π if and only if it is (CA).

Proof. The ‘only if’ direction is tautological, so we must show that if {Vα} is (CA), then for any
flat finitely presented morphism Spec(R′)→ Spec(R), the preordered system {Vα|XR′} is (CA).
This follows from Lemma 4.1.8. �
Corollary 4.1.10. Let π : X → S be a morphism of noetherian algebraic derived (or spec-
tral) stacks which satisfies (CD). Let S → S be an fppf morphism from an affine derived scheme.
Then a preordered system {Vα} on X is (CA) relative to π if and only if {Vα|X ×S S} is (CA).

Proof. Combine Lemma 4.1.5 with Corollary 4.1.9. �
Corollary 4.1.11. Consider a cartesian square of locally noetherian algebraic derived (or
spectral) stacks

X ′ ��

π′
��

X

π

��
S ′ �� S

such that π is qc.qs. and satisfies (CD). If a preordered system {Vα} is (CA) relative to π, then
{Vα|X ′} is (CA) relative to π′.
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Proof. By Lemma 4.1.5 we can reduce to the case where S ′ and S are affine, in which case the
claim follows immediately from Corollary 4.1.9 and Lemma 4.1.8. �
Proposition 4.1.12. Let π : X → S be a morphism of noetherian algebraic derived (or spec-
tral) stacks which satisfies (CD), and assume that S has affine diagonal. Then a preordered
system {Vα}α∈I on X is relatively (CA) if and only if

(i) ∀F ∈ Coh(X ), ∀N � 0, there is an α with �(α) � N and H0π∗(F ⊗ V ∗
α ) �= 0, and

(ii) for all β ∈ I, ∃N such that π∗(Vβ ⊗ V ∗
α ) ∈ QC(S )�0 whenever �(α) � N .

Proof. Note that conditions (i) and (ii) can be checked after base change along an fppf map
Spec(R)→ S , and so they hold if {Vα} is relatively (CA).

To prove the converse, fix an fppf morphism from an affine scheme S → S and let X ′ =
X ×S S. By Corollary 4.1.10 it suffices to prove that {Vα|X ′} is (CA). X ′ →X is an affine
morphism of noetherian stacks, so the proof of (CA1) from Lemma 4.1.8 applies verbatim. By
Lemma 4.1.7 it remains to verify (CA2′) for {Vα|X ′}, and this follows from the base-change
formula. �

4.2 Cohomologically projective morphisms are formally proper
In this section we generalize the proof of the Grothendieck existence theorem for projective
morphisms of schemes.

Theorem 4.2.1 (Strong Grothendieck existence). Let S be a noetherian algebraic spectral (or
derived) stack which is complete along a closed subset Z ⊂ |S |. Then, for any cohomologically
projective morphism π : X → S , X is complete along π−1(Z).

The key idea of the proof is contained in the following lemma, which states that the formal
completion of a (CA) system of locally free sheaves is again (CA) in a suitable sense.

Lemma 4.2.2. Let π : X → S be a cohomologically projective morphism of noetherian alge-
braic derived (or spectral) stacks, let {Vα} be a relatively (CA) system, and let Z ⊂ |S | be a

closed subset. Let i : X̂ →X be the formal completion of X along π−1(Z), and π̂ : X̂ → Ŝ

the corresponding projection. Then, for all F̂ ∈ Coh(X̂ ):

(i) ∀N � 0, one can find W ∈ Coh(X ) which is a finite direct sum of locally free sheaves in
the collection {Vα|�(α) � N} such that

i∗(W )⊗ π̂∗π̂∗(i∗(W )⊗ F̂ )→ F̂

is surjective, meaning that its mapping cone is 1-connective; and
(ii) ∃N � 0 such that π̂∗(i∗(Vα)∗ ⊗ F̂ ) ∈ APerf(Ŝ )cn for �(α) � N .

Proof. The claim is fppf local, so by the base-change formula (Proposition A.1.5), it suffices to
assume S = Spec(R) is affine. First observe that, for F̂ ∈ APerf(X̂ ), π̂∗(F̂ ) ∈ APerf(Spf(R)):
this is equivalent to showing π̂∗(F̂ )|Spec(R′) ∈ APerf(R′) for any map Spec(R′)→ S whose image
lies in Z. It thus suffices to show πR′ maps APerf(XR′) to APerf(Spec(R′)), and this follows
from (CD) and (CP).

Let φ : Z → S be the classical reduced closed substack whose support is Z. Note that
Ĝ ∈ APerf(Ŝ ) is connective if and only if φ∗(Ĝ) ∈ APerf(Z ) is connective. Indeed, writing
Spf(R) = lim−→Spec(Rn) as in Proposition 2.1.2 (we do not need finite Tor amplitude, so this
works in both the spectral and derived context), we see that Ĝ is connective if and only if
Gn ∈ APerf(Spec(Rn)) is connective for all n, and by Nakayama’s lemma this is equivalent to
the restriction to Spec(π0(Rn)red) � Z being connective.
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Now consider the base change π′ : X ′ := X ×S Z → Z . By the base-change for-
mula (Proposition A.1.5) and Lemma 4.1.7 applied to system {Vα|X ′}, which is (CA) by
Corollary 4.1.11, we have that φ∗(π̂∗(F̂ ⊗ i∗V ∗

α )) � π′∗(F̂ ⊗ i∗V ∗
α |X ′) is connective for �(α)� 0

and hence we have property (ii) above.
In order to prove (i), it suffices to consider only direct sums of Vα with �(α) sufficiently

large so that (ii) holds. We must show that the cone of the canonical morphism in (i) lies in
APerf(X )�1, and because both objects are almost perfect, it suffices by Nakayama’s lemma
to show this after restricting to X ′. The base-change formula identifies the restriction of the
canonical map in (i) with the canonical map

W |X ′ ⊗ (π′)∗(π′)∗(W |X ′ ⊗ F̂ |X ′)→ F̂ |X ′ .

So again because {Vα|X ′} is a (CA) system and π′ is (CD), the fact that the cone of this
morphism lies in APerf(X ′)�1 follows from Lemma 4.1.6. �

Proof of Theorem 4.2.1. Let i : X̂ →X be the inclusion, and π : X̂ → Ŝ the projection.
Theorem 2.4.3 implies that i∗ : APerf(X )→ APerf(X̂ ) is fully faithful.

Lemma 4.2.2 implies that for any F̂ ∈ Coh(X̂ ), we can find a locally free sheaf W on X such
that π̂∗(i∗(W )∗ ⊗ F̂ ) ∈ APerf(Ŝ )cn and i∗(W )⊗ π̂∗π̂∗(i∗(W )∗ ⊗ F̂ )→ F̂ is surjective. Because
S is complete, there is a unique G ∈ APerf(S )cn such that Ĝ � π̂∗(i∗(W )∗ ⊗ F̂ ). Note that
i∗(W )⊗ (π̂)∗(Ĝ) � i∗(W ⊗ π∗G), and it follows that we have a surjection i∗(H0(W ⊗ π∗(G)))→
F̂ . This verifies the criterion in Proposition 2.3.3 for i∗ : APerf(X )→ APerf(X̂ ) to be essentially
surjective. �

4.2.1 Examples of formally proper morphisms.

Proposition 4.2.3. Let π : X → Y be a finite type projective-over-affine morphism of noethe-
rian schemes over a field, k, and let G be a linearly reductive k-group acting on X such that π is
G-invariant and X admits a G-linearized ample invertible sheaf over Y . Suppose, furthermore,
that H0π∗(X, OX)G ∈ QC(Y )♥ is coherent. Then X = X/G→ Y is cohomologically projective.

Proof. Property (CD) is immediate, since X/G→ BG× Y is representable, and G is linearly
reductive.

Verification of (CA). We abuse notation and denote π : X/G→ BG× Y , and we let L = OX(1)
be the G-linearized ample invertible sheaf on X, regarded as an invertible sheaf on X/G. Let
I = Z�0 × J , where J indexes the set of irreducible representations ρ of G, and let Vn,ρ := L−n(ρ),
where we use the notation F (ρ) to denote the tensor product of F ∈ QC(X/G) with the pullback
of ρ ∈ Irrep(G) regarded as locally free sheaf on BG.

We will show that the preordered system {Vn,ρ} satisfies (CA1) and (CA2) after base change
along any map Spec(R)→ Y . Equivalently, we may assume that Y = Spec(R), because the
formation of {Vn,ρ} commutes with base change. For F ∈ Coh(X/G), π∗(F ⊗ Ln) ∈ QC(BG×
Y )�0 for all n� 0 because L is ample relative to π. Because G is linearly reductive this implies
that RΓ(X/G, F ⊗ V ∗

n,ρ) ∈ QC(Spec(R))�0 for all ρ and n� 0. Furthermore, if F �= 0 then, for
any n sufficiently large, H0RΓ(X, F ⊗ Ln) �= 0. Therefore, for any N , we can find an n � N and
a non-zero morphism ρ⊗k R→ RΓ(X, F ⊗ Ln) in QC(BG× Y ). It follows that RΓ(X/G, F ⊗
V ∗

n,ρ) �= 0.

Verification of (CP). We may assume Y = Spec(R) is affine and verify (CP)R. Let X ′ =
SpecY (H0π∗(X, OX)), so that q : X → X ′ is a projective G-equivariant map by hypothesis.
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Suppose F is a G-equivariant coherent sheaf on X. We must show that

H i(X, F )G = H0(Y, H−i ◦ q∗F )G

is coherent over R for each i. By the usual coherent pushforward theorem for projective mor-
phisms, H−i ◦ q∗F is coherent, and by functoriality it is G-equivariant. It is thus enough to show
that, for any G-equivariant coherent A = H0(X, OX)-module M , MG is coherent over AG (and
thus, by our hypotheses, over R). This is a classical fact: one uses the existence of a Reynolds
operator to show that, for any AG-submodule N ⊂MG, we have (A ·N)G = N , and thus MG

must satisfy the ascending chain condition if M does. �

Next we show that any quotient stack which admits a projective good quotient is cohomologi-
cally projective. Recall that if G is a smooth group scheme over a scheme S, and X is a G-scheme
over S, then a good quotient [Ses72] is a G-invariant map to an algebraic space q : X → Y such
that q∗ : QC(X/G)→ QC(Y ) is t-exact, and q∗(OX)G = OY . This is a special case of the notion
of a good moduli space [Alp13].

Example 4.2.4. Let X be a projective variety over a field of characteristic 0. Let G be a reductive
group acting on X linearized by an equivariant ample invertible sheaf L. Then the morphism
from the stacky GIT quotient to the scheme-theoretic GIT quotient, Xss(L)/G→ X//LG, is a
good quotient.

We will need the technical hypothesis on a group scheme G over S that BSG has enough vec-
tor bundles (i.e. every coherent G-representation is a quotient of a locally free G-representation).
This holds for G = (GLN )S , or any reductive closed subgroup G ⊂ (GLN )S .

Proposition 4.2.5. Let S be a scheme, and let G be a smooth group scheme over S such that
BSG has enough vector bundles. Let X be a finitely presented G-scheme over S. If X admits a
good quotient q : X → Y such that Y is projective over S, then π : X/G→ S is cohomologically
projective.

Lemma 4.2.6. Let X
f−→ Y

g−→ Z be morphisms of noetherian algebraic derived (or spectral)
stacks which satisfy (CD). Assume that f satisfies (CP). If {Vα}α∈I is a (CA) system relative to
f , and {Wβ}β∈J is a (CA) system relative to g, then

{Vα ⊗ f∗Wβ}(α,β)∈I×J , with �(α, β) := min(�(α), �(β)).

is a (CA) system relative to g ◦ f .

Proof. By Lemma 4.1.5, it suffices to assume Z is affine. We apply Proposition 4.1.12, which
asks us to consider, for each F ∈ Coh(X ), the pushforward

Eα,β = (g ◦ f)∗(F ⊗ V ∗
α ⊗ f∗W ∗

β ) � g∗(f∗(F ⊗ V ∗
α )⊗W ∗

β ).

First we must show that there is an N such that �(α, β) � N implies Eα,β ∈ QC(Z )�0. We
can choose an N such that �(α) � N implies that f∗(F ⊗ V ∗

α ) is connective. Furthermore, it lies
in Coh(Y ) because f satisfies (CP). Thus, because {Wβ} is (CA) for g, we can increase our
choice of N such that �(β) � N implies that Eα,β is connective, by Lemma 4.1.7. Clearly both
inequalities hold if �(α, β) = min(�(α), �(β)) � N .

To complete the verification that {Vα ⊗ f∗Vβ} is (CA), one must show that, for any N ,
there is some �(α, β) � N with H0(Eα,β) �= 0. The argument is the same as that of the previous
paragraph. �
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Proof of Proposition 4.2.5. The map π is the composition X/G→ Y → S, so π satisfies (CD)
because each of these morphisms do. Property (CP) follows from the fact that q∗ : QC(X/G)→
QC(Y ) preserves coherence [Alp13, Theorem 4.16]. Thus, we focus on property (CA).

Choose a set of vector bundles {Wi}i∈J on BSG which generate QC(BSG). If we define
I = J × Z�0 and let Vi,n = OX ⊗S Wi, then one can check that {Vi,n} is a (CA) system relative
to q : X/G→ Y . Indeed, being a good quotient is local over Y , so we may consider Y = Spec(R).
In this case (CA2) is immediate from the exactness of q∗, and (CA1) follows from the fact that
X → Y is affine.

Define π′ : Y → S, and let L be a relatively ample invertible sheaf for π′. Then {L−n|n � 0}
is a (CA) system for π′. By Lemma 4.2.6 the composition π = π′ ◦ φ admits a (CA) system. �

4.3 Formal properness via proper covers and h-descent
Our main application for the descent result Theorem 3.3.1 is the following ‘two-out-of-three’
result for formally proper morphisms.

Theorem 4.3.1. Consider relatively algebraic maps of derived (or spectral) stacks

X ′ f−→X
g−→ S .

If f is surjective and satisfies (CP), g is almost finitely presented, and g ◦ f is formally proper
(respectively, satisfies (CP)), then g is formally proper (respectively, satisfies (CP)).

Proof. Note that the hypotheses of the proposition are stable under base change over S , so we
may assume that S is algebraic, noetherian, and complete along a closed subset Z ⊂ |S |, and
it suffices to show that if X ′ is complete along the preimage of Z, then so is X .

Let X ′• := X ′×X (•+1) be the Čech nerve of f , and let X̂ (respectively, X̂ ′•) denote the
formal completion of X (respectively, X ′• ) along the preimage of Z. By Proposition 2.4.5, f
is an h-cover of locally noetherian derived stacks, so Theorem 3.3.1 implies that restriction
induces equivalences

APerf(X )→ Tot{APerf(X ′
• )} and APerf(X̂ )→ Tot{APerf(X̂ ′•)}.

Every map X ′
n →X ′

0 = X ′ satisfies (CP), and X ′ → S satisfies (CP) by Theorem 2.4.3, so
each X ′

n → S satisfies (CP). Proposition 2.3.1 thus implies that APerf(X ′
n)→ APerf(X̂ ′

n) is
fully faithful for all n. Furthermore, this map is an equivalence when n = 0 because X ′ is
complete along the preimage of Z. It follows that Tot{APerf(X ′• )} → Tot{APerf(X̂ ′• )} is an
equivalence as well.5

The argument that g satisfies (CP) if g ◦ f does is similar. Theorem 2.4.3 says that (CP) is
equivalent to universally satisfying the fully faithful part of the definition of formal properness.
This amounts to showing in the setup above that Tot{APerf(X ′• )} → Tot{APerf(X̂ ′•)} is fully
faithful, which follows from the levelwise full faithfulness. �

As an immediate consequence of this and Theorem 4.2.1, we have the following corollary.

Corollary 4.3.2 (Chow’s lemma implies formal properness). Let S be an algebraic derived
stack, and let X → S be an almost finitely presented map. If X admits a map X ′ →X

5 This is a general fact about cosimplicial ∞-categories. If A• → B• is a map of cosimplicial ∞-categories which
is fully faithful on each level, then Tot A• → Tot B• is fully faithful. If, furthermore, A0 → B0 is an equivalence,
then we can replace Bn with the essential image of B0 → Bn under all face maps without effecting the totalization
of B•, and likewise for A•, and the new map A• → B• is essentially surjective, hence an equivalence, on every
level.
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which is surjective and representable by proper derived schemes, and X ′ is a cohomologically
projective S -stack, then X → S is formally proper.

Example 4.3.3. Corollary 4.3.2 provides many examples of formally proper maps which are not
cohomologically projective.

(i) Olsson proves in [Ols05] that if S is a noetherian scheme and π : X → S is a proper mor-
phism (in the usual sense), then X admits a proper covering by a projective S-scheme, so
π is formally proper.

(ii) If X is a non-normal projective scheme over a field k, and G is a linearly reductive k-group,
then X need not admit a G-equivariant embedding into some Pn, but its normalization X ′

will. Thus, X ′/G is cohomologically projective, and X ′/G→ X/G is finite and surjective,
so X/G is formally proper. The simplest example of this is where G = Gm and X is the
nodal curve obtained by identifying the two fixed points of the action on P1.

(iii) Let G be a smooth group scheme over a perfect field k and 1→ N → G→ A→ 1 be the
factorization given by Chevalley’s theorem, that is, N is a connected affine group and A
is a finite extension of an Abelian variety. The fiber of BN → BG is A, so if N is linearly
reductive (or reductive by Proposition 4.3.4 below), then BG is formally proper.

(iv) If G is an algebraic k-group, S is a noetherian k-scheme, and X is a G-scheme which admits
a good quotient Y which is proper over S, then X/G is formally proper over S by combining
Corollary 4.3.2 with Chow’s lemma for Y and Proposition 4.2.5.

4.3.1 Example: classifying stack of a reductive group scheme.

Proposition 4.3.4. If S is a Nagata scheme and G→ S is a reductive group scheme which
admits a dominant cocharacter λ : (Gm)S → G, then BSG→ S is formally proper.

Example 4.3.5. Every reductive group G over a field k is split after a finite extension k ⊂ k′, so
Proposition 4.3.4 implies that (BG)k′ → Spec(k′) is formally proper. Applying Theorem 4.3.1 to
the finite morphism (BG)k′ → BG implies that BG→ Spec(k) is formally proper.

We will prove the proposition after establishing some preliminary results. The dominant
cocharacter λ defines a maximal torus T ⊂ G, the centralizer of λ, and a Borel subgroup B ⊂
G, the subgroup attracted to T under conjugation by λ(t) as t→ 0. If we let U = ker(B →
T ) be the subgroup attracted to the identity section under this conjugation action, then U =
SpecS(A) for some smooth quasi-coherent sheaf of algebras A which is a T -equivariant coalgebra,
non-positively graded by the action of λ(Gm), and with A0 = OS .

Lemma 4.3.6. Let S be a noetherian algebraic derived S-stack, and let F ∈ QC(BBS )♥. Then,
regarding F as a graded (with respect to λ) element of QC(S )♥, the submodule F�w spanned by
summands with λ-weight greater than or equal to w is naturally a BS -equivariant submodule.
If F is coherent, then so is F�w.

Proof. Note that it suffices to consider classical S . The projection BBS → BTS is a trivial
BUS gerbe, and we can identify it with the classifying stack for the smooth affine relative group
scheme U§/TS → BTS , where T acts on U by conjugation. We identify QC(BBS )♥ with the
category of AS -comodules in QC(BTS )♥. Because A is non-positively graded with respect to λ,
and A0 = OS , the image of the comultiplication map F�w → AS ⊗S F must land in the subsheaf
AS ⊗S F�w. �
Lemma 4.3.7. The map π : BB → S satisfies (CP).
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Proof. It suffices to assume that S = Spec(R) is affine, and to show that π∗(Coh(BB)) ⊂
DCoh(Spec(R)). For this, we may also assume that R is discrete, because pushforward induces
an equivalence Coh((BB)cl) � Coh(BB).

Let p• : Z• → BSB denote the Čech nerve of the smooth cover BST → BSB, so we
have Zn � Un/T . By faithfully flat descent F � Tot{(p•)∗F•}, where Fn � p∗nF , and thus
π∗F � Tot{(π•)∗F•} where πn : Zn → Spec(R) is the projection. We may use the Dold–Kan
correspondence to write the totalization as a complex

Tot{(πn)∗Fn} �M0 →M1 → · · ·
where

Mn = coker
( n⊕

i=1

(πn−1)∗Fn−1
δn
i−→ (πn)∗Fn

)

and the differential δn : Mn−1 →Mn is induced by δn
0 .

Because T is linearly reductive, we have (πn)∗Fn � (A⊗Rn ⊗ F0)T ∈ QC(R)♥. If F0 has high-
est λ-weight less than h, then the fact that A0 � R and A is non-positively graded implies that
(A⊗Rn ⊗ F0)T is spanned by simple tensors a1 ⊗ · · · ⊗ an ⊗ f with ai = 1 for all but at most
h− 1 factors. If n > 2h, then there must be an i > 0 with ai = ai+1 = 1. It follows from this and
the fact that the boundary maps are induced by the comultiplication on A that this element is
in the image of a boundary map. Hence, Mn = 0.

We have thus shown that, assuming F0 has a highest λ-weight, which is always the case
if F0 is coherent, π∗(F ) is computed by a complex involving finitely many Mn. Furthermore,
(A⊗n ⊗ F0)T is coherent for every n, because A is a finitely generated R-algebra and T is linearly
reductive. It follows that Mn ∈ Coh(Spec(R)) and hence π∗(F ) ∈ DCoh(Spec(R)). �
Lemma 4.3.8. Let S be a noetherian algebraic derived S-stack. Then the pullback functor
QC(BTS )♥ → QC(BBS )♥ for the morphism BBS → BTS induces an equivalence between
the full subcategories of objects concentrated in a single λ-weight.

Proof. The argument for essential surjectivity is similar to the proof of Lemma 4.3.6, except now
because F is concentrated in a single λ-weight and A is non-positively graded, the comultiplica-
tion map F → AS ⊗S F must agree with the canonical map induced by OS = A0 → A. Hence,
the A-comodule structure on F is trivial.

The argument for full faithfulness is similar to the proof of Lemma 4.3.7. By faithfully flat
descent for the smooth cover BTS → BBS , we have

RHomBBS
(F, G) � Tot{RHomS (F0, A

⊗• ⊗S G0)T },
where F0 and G0 respectively denote the restrictions of F and G to BTS . If F0 and G0 are both
concentrated in λ-weight w, then the restriction map RHomS (F0, G0)T → RHomS (F0, A

⊗n ⊗S

G0)T is an equivalence for all n, and the result follows. �
Proof of Proposition 4.3.4. The morphism BSB → BSG is surjective, proper, and representable,
hence satisfies (CP). By Theorem 4.3.1 it thus suffices to show that BSB → S is formally proper.
Let S be a noetherian derived algebraic S-stack which is complete along a closed subset Z ⊂ |S |,
and let i : B̂BS → BBS be the formal completion along the preimage of Z. We must show that
i∗ : APerf(BBS )→ APerf(B̂BS ) is an equivalence.

Lemma 4.3.7 and Proposition 2.3.1 imply i∗ is fully faithful, so by Proposition 2.3.3 it
suffices to show that Coh(BBS )→ Coh(B̂BS ) is essentially surjective. Note that full faith-
fulness of i∗, combined with the fact that the natural truncation map is an equivalence
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APerf(B̂BS )♥ � Coh(B̂BS ), implies that the essential image of Coh(BBS )→ Coh(B̂BS ) is
closed under extensions.

Coh(B̂BS ) is the limit of the categories Coh(BBR) over all maps Spec(R)→ Ŝ . Note that
for any F ∈ Coh(BBR) the canonical filtration · · · ⊂ F�w+1 ⊂ F�w ⊂ · · · ⊂ F of Lemma 4.3.6 is
compatible with pullback along any map φ : Spec(R′)→ Spec(R) in the sense that(

H0 ◦ φ∗F
)
�w

= H0 ◦ φ∗(F�w),

because the inclusion F�w ⊂ F is a summand once we forget the B-action. It follows that any
F̂ ∈ Coh(B̂BS ) admits a canonical filtration · · · ⊂ F̂�w+1 ⊂ F̂�w ⊂ · · · ⊂ F̂ which restricts to
the filtration of Lemma 4.3.6 along any map Spec(R)→ Ŝ . Furthermore, by restricting to the
reduced classical closed substack of S whose underlying subset is Z, one can see that this
filtration is finite.

We have therefore reduced the claim to showing that F̂w/F̂w+1 lies in the essential image of
Coh(BBS )→ Coh(B̂BS ). For any η : Spec(R)→ Ŝ , the object (F̂w/F̂w+1)η ∈ Coh(BBR) lies
in the full subcategory concentrated in λ-weight w, so Lemma 4.3.8 implies that F̂w/F̂w+1 lies in
the essential image of the pullback functor Coh(B̂TS )→ Coh(B̂BS ) along the map BBS →
BTS . It therefore suffices to show that BT → S is formally proper, so that Coh(BTS )→
Coh(B̂TS ) is essentially surjective.

T becomes isotrivial (i.e. split after a finite étale cover) after pulling back to the normalization
of S [Con14, Corollary B.3.6]. Thus, T is split after pullback to a finite (because S is Nagata)
cover S′ → S. Then (BT )S′ → S′ is cohomologically projective by Proposition 4.2.5 and hence
formally proper by Theorem 4.2.1. We then apply Theorem 4.3.1 to the proper cover BTS′ → BTS

to deduce that BTS → S is formally proper. �

5. Applications

5.1 Algebraicity of mapping stacks
Recall that, for derived S -stacks X and Y , the mapping prestack is defined by the functor of
points

Map
S

(X , Y ) : T → MapS (X ×S T, Y ),

where T is a derived affine scheme over S .6

For our main result of this section, we will fix a base algebraic stack S which admits a
smooth surjection from a disjoint union of derived schemes of the form Spec(A), where A is a
derived G-ring which admits a dualizing module (i.e. A is noetherian and π0(A) is a G-ring which
admits a dualizing complex [Lur4, Theorem 4.3.5]). We will say that a map of derived stacks
is quasi-affine if it is representable by derived algebraic spaces and its restriction to discrete
simplicial commutative rings is quasi-affine.7

Theorem 5.1.1. Let S be an algebraic derived stack as above, and let Y be a locally almost
finitely presented algebraic derived stack over S whose diagonal Y → Y ×S Y is quasi-affine.
Let π : X → S be a formally proper morphism of Tor amplitude n. Then the mapping stack
Map

S
(X , Y ) is a locally almost finitely presented algebraic (n + 1)-stack over S , in the sense

of [Lur04, Definition 5.1.3]. Furthermore, if π is flat, so that Map
S

(X , Y ) is an algebraic stack,

6 Note that in order to be a prestack the ∞-groupoid MapS (X ×S T, Y ) must be essentially small. This need
not be the case in general, but we will see that it is in our situation of interest.
7 In the spectral setting, quasi-affine stacks can be recovered from RΓ(OX , X ), which allows for a more intrinsic
definition. See [Lur2, Proposition 2.4.8].

571

https://doi.org/10.1112/S0010437X22007667 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X22007667


D. Halpern-Leistner and A. Preygel

then Map
S

(X , Y )→ S has quasi-affine diagonal, and it has affine diagonal if Y → S has
affine diagonal.

Remark 5.1.2. In fact our proof uses only the two apparently weaker properties: π satisfies
property (L) below, and for any complete local noetherian classical ring R over S , the stack
X ×S Spec(R) is complete along the closed substack defined by the maximal ideal of R.

Remark 5.1.3 (Classical versus derived mapping stacks). There is a slightly stronger form of
Tannaka duality available in the classical setting [HR19], which allows one to deduce the alge-
braicity of MapS (X , Y ) when π : X → S is a flat map of classical stacks satisfying the
hypotheses of Theorem 5.1.1 and when Y merely has affine stabilizers over S as in [HR19]. In
addition, when π is flat, the algebraicity of the classical mapping stack is equivalent to the alge-
braicity of the derived mapping stack by [TV08, Theorem C.0.9] and Proposition 5.1.10 below,
because MapS (X , Y )cl � MapS cl(X cl, Y cl). So by using classical Artin’s criteria instead of
the derived criteria, one could analogously strengthen Theorem 5.1.1 when π is flat.

Remark 5.1.4 (Noetherian hypotheses). Also in the classical setting, when X → S is proper one
can remove the noetherian hypotheses on S using relative noetherian approximation. We do not
carry this out here, because we do not know that a general formally proper map X → Spec(A)
admits a formally proper model over a finitely generated Z-algebra (even in the classical context).
However, if S is a stack satisfying the assumptions of Theorem 5.1.1 and π : X → S is a flat
and formally proper morphism, then for any derived stack S ′ with a map S ′ → S and a map of
derived stacks Y → S ′ which is relatively algebraic and locally almost of finite presentation with
quasi-affine diagonal, one can apply Noetherian approximation to the underlying classical stack
of Y to deduce that MapS ′(X ×S S ′, Y ) is algebraic and locally almost of finite presentation
with quasi-affine diagonal over S ′.

Let us recall the derived version of Artin’s representability criteria introduced by Lurie
[Lur04] (see also [Pri12b]). For a functor F : SCRA → S which satisfies étale descent, the
Artin–Lurie criteria are as follows.

(i) Locally almost of finite presentation. F commutes with filtered colimits of k-truncated
objects in SCRA, for any k.

(ii) n-truncated. F (R) is n-truncated for any discrete R ∈ SCRA.
(iii) Admits a corepresentable deformation theory.

(a) Admits a (−n)-connective cotangent complex. There is an LF ∈ QC(F )�−n such that,
for any R ∈ SCRA and η : Spec(R)→ F corresponding to a point in F (R),

F (R⊕M)×F (R) {η} � Ω∞R HomR(η∗LF , M).

The existence of LF is not automatic, but it is defined up to canonical isomorphism
when it exists.

(b) Infinitesimally cohesive and nilcomplete. See Lemma 3.1.1 conditions (i) and (ii).
(iv) Integrable. For any discrete complete local noetherian R over A, F (R)→ Map(Spf(R), F )

is an equivalence.

The main result of [Lur04] is the following theorem.8

Theorem 5.1.5. Let A be a derived G-ring and let F ∈ Fun(SCRA, S ) be a functor which
satisfies étale descent. Then F is a derived algebraic n-stack locally almost of finite presentation
over Spec(A) if and only if the Artin–Lurie criteria (i)–(iv) above hold.

8 A final version of this theorem in the spectral setting will also appear in [Lur5].
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Our proof of Theorem 5.1.1 closely follows the proof of the analogous result in the case where
X is a flat and proper algebraic space in [Lur04, Lur4]. Namely, we will apply Theorem 5.1.5
after first establishing (iii) and (iv), whose proofs require some elaboration.

5.1.1 Left adjoint for the pullback functor. For a flat, proper, and finitely presented morphism
of schemes π : X → S, the pullback functor π∗ : Dqc(S)→ Dqc(X) admits a left adjoint π+ with
π+(F ) � (π∗(F∨))∨ for perfect complexes, and defined in general by writing any F as a filtered
colimit of perfect complexes. In fact, for a morphism of perfect stacks (in the sense of [BZFN10]),
the existence of f+ is equivalent to the property that f∗ preserves perfect complexes, and the
same formula for f+ applies. More generally we have the following proposition.

Proposition 5.1.6. Let X and S be locally noetherian algebraic derived stacks, and let π :
X → S be a qc.qs. morphism of Tor amplitude d <∞ satisfying (CP). Assume that locally S
admits a dualizing complex. Then π∗ : QC(S )→ QC(X ) admits a left adjoint, π+, which maps
QC(X )�0 to QC(X )�−d and preserves almost perfect complexes.

The key is to reduce the claim to the existence of an adjoint on small categories.

Lemma 5.1.7. Let π : X → S be a morphism of Tor amplitude d between noetherian algebraic
derived stacks. Then π∗ : QC(S )→ QC(X ) admits a left adjoint if and only if π∗ : APerf(S )→
APerf(X ) admits a left adjoint.

Proof. If π+ exists, then for any F ∈ APerf(X ), RHomS (π+(F ),−) � RHomX (F, π∗(−)) com-
mutes with filtered colimits in QC(S )�n, because π∗ : QC(S )�n → QC(X )�d+n commutes
with filtered colimits. It follows that π+(F ) ∈ APerf(S ), and thus π+ is a left adjoint to
π∗ : APerf(S )→ APerf(X ).

Conversely, assume that π∗ : APerf(S )→ APerf(X ) admits a left adjoint. Let C ⊂ QC(X )
be the full subcategory of objects such that Map(F, π∗(−)) is corepresentable in QC(S ).
Because π has finite Tor amplitude, Map(F, π∗(−)) commutes with the limit M = lim←− τ�nM
for any M ∈ QC(S ). It follows that F ∈ C if and only if there exists G ∈ QC(S ) such that for
all n,

Map(τ�n+d(F ), π∗(−)) � Map(τ�n(G),−) as functors on QC(S )�n. (5)

For any F ∈ APerf(X ) and n ∈ Z, Theorem A.2.1 implies that Map(F, π∗(−)) �
Map(π+(F ),−) as functors on QC(S )�n, because they agree on DCoh(S )�n and both commute
with filtered colimits. So the criterion (5) implies that APerf(F ) ⊂ C. C is closed under colimits
and contains DCoh(X )�n for all n, so Theorem A.2.1 implies that QC(X )�n ⊂ C for all n.

Finally, given a tower · · · → F2 → F1 → F0 in C such that τ�k(Fi) is eventually constant for
any k as i→∞, the corresponding tower · · · → G2 → G1 → G0 of corepresenting objects Gi =
π+(Fi) has the same property because π∗ has finite Tor amplitude. Then G := limn Gn ∈ QC(S )
satisfies the criterion (5) for F = limn Fn. Writing any F ∈ QC(S ) as F � limn τ�n(F ) shows
that C = QC(S ). �

Lemma 5.1.8 (Base change for p+). Suppose we are given a cartesian square of prestacks

X ′

p′
��

q′
�� X

p

��
S ′

q
�� S
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such that q is relatively representable by qc.qs. algebraic derived stacks satisfying (CD). Assume
that p∗ : QC(S )→ QC(X ) admits a left adjoint p+ and likewise for (p′)∗. Then the canonical
base-change morphism is an isomorphism of functors

(p′)+(q′)∗ �−→ q∗p+.

Proof. The base-change isomorphism between these functors is induced by the base-change
isomorphism of their right adjoints, p∗q∗

�−→ (q′)∗(p′)∗ provided by Proposition A.1.5. �

Proof of Proposition 5.1.6. Let U• → S be an fppf hypercover of S by derived schemes,
and let X• →X be the base change along π : X → S . If, for each n, the functor
π∗

n : QC(Un)→ QC(Xn) admits a left adjoint (πn)+, then Lemma 5.1.8 implies that apply-
ing the functors (πn)+ levelwise defines a functor (π•)+ : Tot{QC(X•)} → Tot{QC(U•)}. It is
straightforward to check that (π•)+ is left adjoint to (π•)∗, which corresponds to π∗ under the
equivalences QC(X ) � Tot{QC(X•)} and QC(S ) � Tot{QC(U•)}. We may assume that Un is
a union of affine schemes, for which the existence of a left adjoint (πn)+ is equivalent to the exis-
tence of a left adjoint for (πn)∗ over each of the affine schemes comprising Un. Furthermore, if S
locally admits a dualizing complex, then we can arrange that each affine scheme appearing in Un

admits a dualizing complex by [Lur04, Theorem 3.6.8] (see also [Lur4, Theorem 4.3.14]). Thus,
we have reduced to the case where S = Spec(R) for some noetherian simplicial commutative
ring R which admits a dualizing complex.

By Lemma 5.1.7 it suffices to show that the functor h(•) = Ω∞ RHomX (F, π∗(−)) is corepre-
sentable for any F ∈ APerf(X ). We use [Lur4, Theorem 4.4.2] which gives five conditions which
guarantee that h(•) is corepresentable by an almost perfect complex.

(i) That h(0) is contractible, which is immediate, and h maps pushout squares to pullback
squares as π∗ is an exact functor of stable ∞-categories and RHomX (F, •) takes pushout
squares to pullback squares.

(ii) The canonical map h(M) → lim←−h(τ�nM) is an equivalence – because π has finite Tor
dimension, π∗ lim←− τ�nM � lim←−π∗τ�nM , and RHom(F, •) preserves limits.

(iii) h commutes with filtered colimits in QC(R)cn�n – the functor π∗ commutes with colimits
and maps QC(R)cn�n to QC(X )cn�n+d for some d, and RHom(F, •) commutes with filtered
colimits in QC(X )cn�n+d because F is almost perfect.

(iv) There exists an integer n � 0 such that h(M) is n-truncated for every discrete R-module,
M – π∗(QC(R)♥) ⊂ QC(X )cn�d, so Hi(RHom(F, π∗(M))) = 0 for i > d−min{j|Hj(F )
�= 0}.

The fifth condition requires that, for any coherent R-module, M , the module π0h(M)
is finitely generated as a module over π0R. We rewrite h(M) � Ω∞π∗H, where H :=
RHom

⊗QC(X )

X (F, π∗M) ∈ DAPerf(X ) by Lemma 2.3.2. In particular, π∗H ∈ DAPerf(R) by
property (CP), and Hiπ∗H is a coherent π0R-module for all i. �

5.1.2 Cotangent complex of the mapping stack.

Definition 5.1.9. Let X be a stack over a noetherian affine derived scheme, Spec(R). We
introduce the following property.

(L)R: The pullback functor f∗ : QC(Spec(R))→ QC(X ) admits a left adjoint f+.

We say that a morphism of stacks f : X → S satisfies (L) if, for any noetherian affine derived
scheme Spec(R)→ S , the base change X ×S Spec(R)→ Spec(R) satisfies (L)R.
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Proposition 5.1.10. Let S be an affine derived scheme, and let X and Y be derived
S-stacks such that π : X → S satisfies (L) and has finite Tor amplitude. If Y admits a cotangent
complex then so does Map

S
(X , Y ). For any map η : Spec(A)→ Map

S
(X , Y ) classifying a map

f : XA → Y over S, we have

η∗(LMap
S
(X ,Y )/S) � (πA)+f∗LY /S .

First we observe that the formation of the split square-zero extension A⊕M is compatible
with pullback in the sense that for any map of rings A→ B, corresponding to a map Spec(B)→
Spec(A), we have B ⊗A (A⊕M) � B ⊕ (B ⊗A M). This motivates the definition of the trivial
square-zero extension X [F ] for any functor X and any F ∈ QC(X )cn by the fiber square

Spec(A⊕ a∗F ) ��

��

X [F ]

��
Spec(A)

a �� X

(6)

In other words,

X [F ](A) := {a ∈X (A) and a section of Spec(A⊕ a∗F )→ Spec(A)} ,

where the space of sections of Spec(A⊕ a∗F )→ Spec(A) can further be identified with
Ω∞R HomA(LA, a∗F ).

Lemma 5.1.11. Let S = Spec(A), and let X , Y : SCRA → S be functors such that Y admits a
cotangent complex. Then, for any map f : X → Y over S, there is a canonical isomorphism

MapS(X [F ], Y )×MapS(X ,Y ) {f} � Ω∞R HomX (f∗LY /S , F )

as functors QC(X )cn → S.

Proof. Let Aff /X [F ] denote the∞-category of affine schemes along with a morphism to X [F ].
By the ∞-categorical Yoneda lemma, we have

X [F ] = colim
T∈Aff /X [F ]

T.

By the canonical fiber square (6), we have a functor Aff /X → Aff /X [F ] mapping T → T ×X

X [F ] � T [F |T ]. This functor is cofinal because any morphism T →X [F ] factors canonically
through T ×X X [F ]→X [F ], and this factorization is initial in the category of factorizations
T → T ′[F |T ′ ]→X [F ] for varying T ′. Thus, we can write X [F ] as a colimit over Aff /X :

X [F ] = colim
η:T→X

T [η∗F ].

Hence, on mapping spaces of presheaves we have

MapS(X [F ], Y ) = lim
(Aff /X )op

η:T→X

Y (T [η∗F ]),

whereas
MapS(X , Y ) = lim

(Aff /X )op

η:T→X

Y (T ).

Taking fibers commutes with limits,

MapS(X [F ], Y )×MapS(X ,Y ) {f} � lim
(Aff /X )op

η:T→X

Ω∞R HomT (η∗f∗LY /S , η∗F ),
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where we have used the defining property of LY /S as corepresenting the fiber of the map
Y (T [−])→ Y (T ) for affine schemes T . This last expression is essentially the definition of
Ω∞R HomQC(X )(f∗LY /S , F ). �

Proof of Proposition 5.1.10. Let η ∈M(A) correspond to an affine derived scheme Spec(A) over
S, together with a map f : XA → Y over S. Let M ∈ QC(A)cn. Then by definition M(A⊕M) =
MapS(XA⊕M , Y ). If πA : XA → Spec(A) is the structure morphism, then XA⊕M �XA[π∗

AM ]
over Spec(A), by the construction of the trivial square-zero extension of functors. Hence, by
Lemma 5.1.11 we have a canonical isomorphism

M(A⊕M)×M(A) {f} � Ω∞R Hom(f∗LY /S , π∗
AM).

By hypothesis (L), the functor π∗
A has a left adjoint (πA)+, hence we can define LM/S |Spec(A) :=

(πA)+f∗LY /S . For any map of rings φ : A→ B, we have the pullback square

XB

��

φ′
�� XA

f
��

��

Y

Spec(B)
φ

�� Spec(A)

By Lemma 5.1.8, we have a natural isomorphism φ∗(πA)+f∗LY /S � (πB)+(φ′ ◦ f)∗LY /S . Hence,
the assignment Spec(A)/M → (πA)+f∗LY /S determines an object of LM/S ∈ QC(M). �

5.1.3 Integrability via the Tannakian formalism. We recall the following version of Tannaka
duality in the setting of spectral algebraic geometry, which is a refinement of Lurie’s Tannaka
duality theorem [Lur2, Theorem 3.4.2]:

Theorem 5.1.12 (Theorem 5.1 and Lemma 3.13 of [BHL17]). Let Y be a noetherian algebraic
spectral stack with quasi-affine diagonal. Then, for any prestack S over CAlgcn, the association
f → f∗ gives an equivalence of ∞-categories

Map(S , Y )→ Func
⊗(APerf(Y )cn, APerf(S )cn),

where the latter denotes symmetric monoidal functors of symmetric monoidal∞-categories which
preserve finite colimits.

Integrability of the mapping stack functor will follow from the following slightly more general
fact.

Proposition 5.1.13. Let X be a noetherian algebraic derived stack over a noetherian affine
derived scheme S, and let X̂ be the formal completion of X along a closed substack. If
APerf(X )→ APerf(X̂ ) is an equivalence of ∞-categories, then for any locally noetherian
algebraic derived S-stack Y with quasi-affine diagonal, the canonical functor

MapS(X , Y )→ MapS(X̂ , Y )

is an equivalence of ∞-groupoids.

Proof. If we write Y as a union of quasi-compact open substacks Y =
⋃

α Yα, then both mapping
∞-groupoids are filtered unions of the mapping groupoids into Yα, so it suffices to replace Y
with Yα and assume that Y is noetherian. Also note that it suffices to prove the claim for both
Map(X , Y ) and Map(X , S), so we may restrict to the absolute case.
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Step 1: the spectral version. Consider the variant of the statement of Proposition 5.1.13 in
which the phrase ‘derived stack’ is replaced with ‘spectral stack’. Then the restriction func-
tor APerf(X )→ APerf(X̂ ) is a t-exact equivalence and therefore induces an equivalence of
symmetric monoidal ∞-categories APerf(X )cn � APerf(X̂ )cn. So Theorem 5.1.12 immediately
implies that Map(X , Y )→ Map(X̂ , Y ) is an equivalence of ∞-categories.

Step 2: the classical version. The ∞-category Shv(Ringop) of étale sheaves on the category of
classical affine schemes admits two fully faithful left Kan extension functors

Shv(SCRop) Shv(Ringop)
LKE∞��

LKSCR�� Shv(CAlgcn,op).

These functors commute with the formation of APerf(−), the underlying topological space,
and formal completions; indeed, these claims reduce immediately to the case of representable
functors (i.e. affine schemes) where they are evident. The left Kan extension functors also preserve
Noetherian algebraic stacks. Finally, a derived stack or spectral stack is quasi-affine if and only if
its underlying classical stack is quasi-affine, and it follows that a stack has quasi-affine diagonal
if and only if its left Kan extension does.

In particular, if X and Y are classical stacks, and X sp and Y sp the associated spec-
tral stacks, then the condition that APerf(X )→ APerf(X̂ ) is an equivalence implies that
APerf(X sp)→ APerf(X̂ sp) is an equivalence, so the fact that

MapShv(Ringop)(X , Y )→ MapShv(Ringop)(X̂ , Y )

is an equivalence follows from the full faithfulness of the left Kan extension.

Step 3: the derived version. Now let X ◦ and Y be noetherian algebraic derived stacks, and
assume Y has quasi-affine diagonal, X ◦ is the left Kan extension LKSCR of a classical algebraic
stack, and APerf(X ◦)→ APerf(X̂ ◦) is an equivalence. We will show that for any algebraic
derived stack X admitting a surjective closed immersion X ◦ →X , Map(X , Y )→ Map(X̂ , Y )
is an equivalence. This will complete the proof, because any X satisfying the hypotheses of the
proposition admits a canonical surjective closed immersion from X ◦ = X cl, and APerf(X ◦)→
APerf(X̂ ◦) is an equivalence by Lemma 2.3.4.

Let C ⊂ Shv(SCRop)X ◦/ be the largest full subcategory consisting of algebraic derived stacks
X admitting a surjective closed immersion X ◦ →X , and let C′ ⊂ C be the full subcategory of
stacks such that Map(X , Y )→ Map(X̂ , Y ) is an equivalence. Note that Lemma 2.3.4 implies
that APerf(X )→ APerf(X̂ ) is an equivalence for any X ∈ C.

For the initial object X ◦ ∈ C, X̂ ◦ is the left Kan extension of the formal completion of the
underlying classical stack X ◦|Ringop , so it suffices by adjunction to replace Y with Y cl. Note
also that we have APerf(X ◦|Ringop)→ APerf( ̂X ◦|Ringop) is an equivalence of ∞-categories, so
X ◦ ∈ C′ by Step 2.

If X ∈ C′ and F ∈ APerf(X )cn, then we claim that X [F ] ∈ C′ as well. Indeed, it suffices to
show that the map Map(X [F ], Y )→ Map(X̂ [F ], Y ) induces an equivalence on the fibers over
each point {f} ∈ Map(X , Y ) � Map(X̂ , Y ). Given a map f : X → Y , Lemma 5.1.11 identifies
the map of fibers over {f} with the restriction map

Ω∞ RHomX (f∗(LY ), F )→ Ω∞ RHom
X̂

(f̂∗(LY ), F |
X̂

),

where f̂ denotes the composition of f with the inclusion X̂ →X . This restriction map is an
equivalence because X ∈ C′.
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Now let X ∈ C be a k-truncated derived stack, and let X ′ = τ�k−1(X) be the (k − 1)-
truncation of X . Recall that in the affine case, if A ∈ SCR is k-truncated, A′ = τ�k−1(A), and
M = πk(A)[k + 1], then we have a canonical identification

A = A′ ×0,A′⊕M,η A′,

where η : A′ → A′ ⊕M is induced by the fiber sequence of A-modules πk(A)[k]→ A→ A′. The
formation of this fiber square commutes with smooth extensions of A, so applying it to a smooth
hypercover of X by affine derived schemes gives a canonical commutative diagram of derived
stacks realizing X as a square-zero extension of X ′:

X ′[πk(OX )[k + 1]]
0 ��

η

��

X ′

��
X ′ �� X

(7)

We claim that this diagram, as well as its formal completion, is a pushout square in
the ∞-category of stacks which are hypersheaves for the smooth topology and are infinitesi-
mally cohesive. Indeed, by hyperdescent it suffices to prove this claim after base change along
a smooth map Spec(A)→X (or Spec(A)→ X̂ ), at which point this follows immediately
from the definition of infinitesimally cohesive. Therefore, if X ′ ∈ C′, we have already shown
X ′[πk(OX )[k + 1]] ∈ C′, and hence X ∈ C′ by the above pushout square.

By induction we now see that any k-truncated X ∈ C also lies in C′. Finally, an arbitrary
X ∈ C is the colimit of the truncations X ◦ → τ�1(X )→ τ�2(X )→ · · · in the category of
hypersheaves for the smooth topology which are nilcomplete, and the same is true for the formal
completions. It follows that any X ∈ C lies in C′. �

5.1.4 Analysis of the Weil restriction.

Proposition 5.1.14. Let π : X → S be a flat morphism of algebraic derived stacks satisfy-
ing property (L), with S noetherian, and let F →X be a quasi-affine (respectively, affine)
morphism. Then the Weil restriction

π∗(F/X ) := Map
S

(X , F )×Map
S

(X ,X ) {id}
is a quasi-affine (respectively, affine) stack over S .

Before establishing this, let us note the following proposition.

Proposition 5.1.15. Let π : X → S be a flat morphism satisfying property (L) between qc.qs.
algebraic derived stacks. Then the pullback functor π∗ : CAlg(QC(S )♥)→ CAlg(QC(X )♥)
admits a left adjoint π†.

Proof. The proof of [Lur4, Proposition 3.3.2] can be modified to this context: any quasi-coherent
sheaf of algebras A ∈ CAlg(QC(X )♥) is a colimit (in fact a coequalizer) of free algebras
SymX (E) for some E ∈ QC(X )♥, so it suffices to show that π†(SymX (E) exists. Note that π∗

admits a left adjoint π+ : QC(X )→ QC(S ) which preserves connective complexes because π
is flat; this follows from the case where S is affine using Lemma 5.1.8 as in the first paragraph
of the proof of Proposition 5.1.6. Then the pullback functor π∗ : QC(S )♥ → QC(X )♥ admits
a left adjoint H0(π+(−)), and one can check that π†(SymX (E)) � SymS (H0(π+(E))) using the
universal property of a free algebra. �
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Proof of Proposition 5.1.14. The claim is local for the smooth topology, so we may assume
that S = Spec(A) is affine. As we will see in the proof of Theorem 5.1.1 below, the func-
tor π∗(F/X ) is infinitesimally cohesive, nilcomplete, and admits a cotangent complex, so by
[TV08, Theorem C.0.9] it suffices to check algebraicity of its restriction to the full subcategory
Ringπ0(A) ⊂ SCRA of discrete objects, and restricting to Ringπ0(A) also suffices to check that it
is affine or quasi-affine. For any R ∈ SCRA, we have

π∗(F/X )(R) � MapX (X ×S Spec(R), F ).

Because π is flat, X ×S Spec(R) is classical for any discrete R, so the canonical map of functors
π∗(F cl/X)→ π∗(F/X) is an isomorphism after restricting to Ringπ0(A).

So we have reduced to the analogous claim when X , S, and F are classical stacks, and we
work in the category of classical stacks for the remainder of the proof. If F � SpecX (A) for
some quasi-coherent sheaf of algebras over X , then one can check directly from the functor
of points that π∗(F/X ) � SpecS(π†(A)), where π† : CAlg(QC(X )♥)→ CAlg(QC(S )♥) is the
left adjoint to π∗ provided by Proposition 5.1.15.

If F is quasi-affine, we have an open immersion F ⊂ Y = SpecX (A), and the resulting map
π∗(F/X )→ π∗(Y /X ) is a monomorphism. Given a map Spec(R)→ π∗(Y /X ), classifying
a map f : XR → Y over X , a composition Spec(R′)→ Spec(R)→ π∗(Y /X ) lifts (uniquely)
to π∗(F/X ) if and only if the canonical map XR′ →XR factors through the open substack
f−1(F ) ⊂XR. Thus, Spec(R)×π∗(Y /X ) π∗(F/X ) is the subfunctor classified by the comple-
ment of the image of XR \ f−1(F ) under XR → Spec(R), which is an open subscheme by
Proposition 2.4.5. �

5.1.5 Proof of Theorem 5.1.1. By Theorem 5.1.5 it suffices to check that M := Map
S

(X , Y )

in the slice category Fun(SCR, Ŝ)/S is a derived stack which satisfies the Artin–Lurie criteria.
The proof of the second claim in [Lur4, Proposition 3.3.5] applies verbatim in the context of
simplicial commutative algebras to show that M is a sheaf for the smooth topology. So to verify
that M → S is representable by derived algebraic stacks, we may restrict to the situation where
S = S = Spec(A) for a derived G-ring A which admits a dualizing complex.

Realize X as a colimit of a simplicial diagram X•, where each Xi = Spec(Ri) is an affine
derived scheme which is smooth over X . Because Y satisfies smooth descent, Map

S
(X , Y ) =

Tot{Map
S

(X•, Y )} in the∞-category Fun(SCRA, S). The subcategory of infinitesimally cohesive
and nilcomplete functors is closed under small limits [Lur4, Remark 2.1.11], so it suffices to prove
the claim for Xi which is [Lur4, Proposition 3.3.6(2,3)], whose proof applies verbatim for stacks
over SCR.

For a cosimplicial space X• which is levelwise k-truncated, the map Tot{X•} → Totk+1{X•}
is (−1)-truncated, which implies that Tot{−} commutes with filtered colimits of cosimplicial
spaces which are levelwise k-truncated for some fixed k. For any A′ ∈ SCRA, we have

M (A′) = Tot{Y (A′ ⊗A R•)}.
If A′ is k-truncated, then A′ ⊗A Ri is levelwise (k + d)-truncated, where d is the Tor amplitude
of the maps A→ Ri, and Y (A′ ⊗A Ri) is (n + d + k)-truncated by [Lur04, Corollary 5.3.8]. It
follows that if Y (−) commutes with filtered colimits of k-truncated objects for any k, then so
does M (A′). These observations also show that M (A′) is (n + d)-truncated when A′ is discrete.

We have verified the Artin–Lurie criteria (i), (ii), (iii)(b), so it remains to show (iii)(a)
and (iv), but we have verified these above: Propositions 5.1.10 and 5.1.6 imply that M admits
a (−1− n)-connective almost perfect cotangent complex. For integrability, consider a discrete
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complete local noetherian ring R over A, and let X̂R be the formal completion of XR along
the closed subset defined by the maximal ideal of R. Proposition 5.1.13 applied to the formal
completion of X ×S Spec(R) along the closed substack defined by the maximal ideal m ⊂ R
implies the integrability of M .

5.2 Algebraicity of the stack of coherent sheaves
Pridham [Pri12a] uses a modified version of the Artin–Lurie criteria above [Pri12b] to give
a simplified algebraicity criterion for substacks of the stack of quasi-coherent complexes on a
derived algebraic stack. We apply this criterion below.

Given an∞-category C, we let C
∼= denote the largest∞-subcategory whose homomorphisms

are invertible, that is, the largest Kan subcomplex of the quasi-category C. This is referred to as
the ‘core’ and denoted by W(−) in [Pri12a].

Definition 5.2.1. For a flat and almost finitely presented morphism of algebraic derived stacks
X → Spec(R), let CohX /R : SCRR → S be the functor which maps A ∈ SCRR to the full
∞-subgroupoid of (APerf(XA)cn)∼= whose objects are flat over A.

Theorem 5.2.2. Let R be a derived G-ring which admits a dualizing complex, and let π : X →
Spec(R) be a flat and formally proper morphism of derived algebraic stacks. Then CohX /R is a
derived algebraic stack with affine diagonal.

We first note the following lemma, which identifies CohX /R(A) with the full∞-subgroupoid
of (QC(XA)cn)∼= consisting of complexes whose restriction to Xπ0(A) is flat and finitely presented
(in the classical sense).

Lemma 5.2.3. Let π : X → Spec(A) be a flat morphism of algebraic spectral stacks which is
finitely presented on underlying classical stacks, and let π0(A)→ A′ be a surjection of (discrete)
rings with nilpotent kernel. Then E ∈ QC(X )cn is flat over A and almost perfect if and only
if E ⊗A A′ ∈ QC(X ×Spec(A) Spec(A′))cn is flat over A′ (hence discrete) and classically finitely
presented.

Proof. The claim is local, so we may assume X = Spec(B) for some E∞-algebra B over A,
and let B′ := B ⊗A A′. By [Lur17, Theorem 7.2.2.15], E is flat as an A-module if and only
if E ⊗A N is discrete whenever N ∈ (A-mod)♥. The hypotheses imply (A-mod)♥ is generated
under extensions by objects of the form i∗(M) where i : Spec(A′)→ Spec(A), and the projection
formula implies M ⊗A i∗(−) � i∗(i∗(M)⊗A′ (−)), so M is flat if and only if i∗(M) = M ⊗B B′

is flat.
Now assume E ∈ B-mod is flat over A, the map of (discrete) rings A′ → B′ is finitely pre-

sented, and E ⊗B B′ is a flat and finitely presented discrete B′-module. By classical noetherian
approximation [Sta19, Tag 02JO], both B′ and E ⊗B B′ arise via base change from the same
data over a finitely generated subring A′′ ⊂ A′, so E ⊗B B′ is almost perfect.

We have already shown in the proof of Proposition 3.1.5 that the functor APerf(−) is nil-
complete (without noetherian hypotheses), so it suffices to assume that πi(A) = 0 and hence
πi(B) = 0 for i� 0. Then B can be obtained from B′ from a finite sequence of square-zero
extensions, so it suffices to assume B → B′ is a square-zero extension. In this case Spec(B) is
obtained as a pushout along two maps Spec(B′ ⊕M)→ Spec(B′) (see [Lur17, Remark 7.4.1.7]).
It follows from [Lur1, Proposition 7.7] that E is almost perfect if and only if E ⊗B B′ is almost
perfect, which completes the proof. �
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Proof of Theorem 5.2.2. Consider the functor F : SCRR → Ŝ which assigns A → QC(XA)∼=, and
the functor M : Ringπ0(R) → Cat∞ which assigns

A →
{

finitely presented and A-flat objects
in QC(X ×Spec(π0(R)) Spec(A))♥

}
.

We note that Lemma 5.2.3 implies that M is open in the functor F in the sense of [Pri12a,
Definition 3.8]. Also by Lemma 5.2.3, the functor CohX /R defined above is the full subfunc-
tor of F consisting of objects in F (A) whose restriction to F (π0(A)) is weakly equivalent in
QC(Xπ0(A)) to an object of M(π0(A)). [Pri12a, Theorem 4.12] gives criteria for the resulting
functor to be an algebraic derived 1-stack, which we now verify.

Condition (0) is the fact that one can check whether a complex in QC(XA)cn is flat and
almost perfect étale locally over A.

Condition (1), that for any A ∈ Ringπ0(R) and E ∈M(A) the functor Hi RHomXA
(E, E ⊗A

(−)) commutes with filtered colimits in (A-mod)♥, is immediate from the fact that E is A-flat
and almost perfect.

Condition (2), that for all finitely generated A ∈ Ringπ0(R) and all E ∈M(A),
Hi RHomXA

(E, E) are finitely generated A-modules for all i, follows from the fact that
RHom

⊗QC(XA)

XA
(E, E) ∈ DAPerf(XA) by Lemma 2.3.2 and from property (CP)A, which holds

by Theorem 2.4.3.
Condition (3) states that the functor of components of M preserves filtered colimits in

Ringπ0(R). This holds because by classical noetherian approximation if A = lim−→α
Aα is a filtered

colimit, then any flat and finitely presented object in QC(XA)♥ is the pullback of a finitely
presented object in some QC(XAα)♥, and by [Sta19, Tag 02JO] one can increase α so that the
object in QC(XAα)♥ is flat and finitely presented.

Finally, because M(A) is a 1-category for any A ∈ Ringπ0(R), that is, flat and almost perfect
objects in QC(XA) have no negative Exts, condition (4) amounts to the claim that for any
complete local discrete noetherian π0(R)-algebra A with maximal ideal m, M(A) is the homotopy
inverse limit of the categories M(A/mk). This follows from the definition of a formally proper
morphism (Definition 1.1.3) and the fact that if E ∈ QC(XA)♥ is such that E ⊗A (A/mk) is
(A/mk)-flat for all k � 1, then E is flat over A.

This completes the proof that CohX /R is an algebraic derived 1-stack locally almost of
finite presentation over R. To show that CohX /R has affine diagonal, it suffices to show this for
the underlying classical stack on Ringπ0(R). This stack agrees with the moduli functor MA of
[AHH18, Definition 7.8] associated to the locally noetherian π0(R)-linear abelian category A =
QC(Xπ0(R))♥. By definition MA (A) is the groupoid of A-flat and finitely presented A-module
objects in A . By [AHH18, Lemma 7.19], if MA is algebraic and locally of finite presentation
over π0(R), then it must have affine diagonal. �

Remark 5.2.4. Theorem 5.2.2 shows the algebraicity of CohX /R for certain algebraic stacks X .
The algebraicity of CohX /R has also been shown for certain non-algebraic stacks X in [PS21,
Propositions 2.33,2.34], where X is either the de Rham or Dolbeault stack for a smooth and
proper scheme over C.
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Appendix A. Quasi-coherent complexes on prestacks

Suppose that R• is a simplicial commutative ring. The normalized chain complex N(R•) obtains
the structure of a differential graded algebra via the Eilenberg–Zilber product, and the category
of R•-modules, C = R•-mod, is the stable symmetric monoidal∞-category of left N(R•)-modules
in chain complexes (see [TV08, § 2.2.1]). Furthermore,

(i) C�0 is the unstable ∞-category of N(R•)-modules in homologically non-negative degrees –
that is, the Dold–Kan correspondence provides an equivalence of C�0 with the ∞-category
of simplicial R-modules;

(ii) C is equivalent to the ∞-category of modules over the E∞-algebra EndC(R•) associated
to R•;

(iii) if E, F ∈ R•-mod, then, in our notation, MapR(E, F ) is the simplicial set of maps from a
(cofibrant replacement of) E to a (fibrant replacement) of F , RHomR(E, F ) is the N(R•)-
module with (RHomR(E, F ))i the degree i morphisms from (a replacement of) N(E) to
(a replacement of) N(F ), and HomR(E, F ) = Ext0R(E, F ) denotes maps in the derived
category of N(R•)-modules.

For any functor F : SCR→ CAlg(Ĉat∞), where the latter denotes the ∞-category of (not
necessarily small) symmetric monoidal ∞-categories, and any prestack X ∈ Fun(SCR, Ŝ), one
can define F(X ) as the right Kan extension of F along the Yoneda embedding SCR ↪→
Fun(SCR, Ŝ)op (see [Lur2, § 2.7] for a detailed discussion). This means that

F(X ) = lim←−
η∈X (R)

F(R),

that is, an object E ∈ F(X ) is the coherent assignment to each pair of an R ∈ SCR and an
R-point η : Spec(R)→X of an object Eη ∈ F(R). Because the forgetful functor CAlg(Ĉat∞)→
Ĉat∞ preserves limits, the ∞-category underlying F(X ) is the limit of the ∞-categories
underlying F(R) above.

Applying this to the functor F : R• → R•-mod defines the symmetric monoidal stable
∞-category QC(X ) of quasi-coherent complexes on X [Lur2, Definition 2.7.8], that is, a
quasi-coherent complex F ∈ QC(X ) is the coherent assignment to each pair (R, η ∈X (R))
of an R-module Fη ∈ R-mod. We also define several other categories associated to functors
SCR→ CAlg(Ĉat∞) or SCR→ Ĉat∞:

– Cohn(X ), associated to the∞-category of compact objects in the∞-category of connective,
n-truncated R-modules.
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– Coh(X ), special notation for Coh0(X ), associated to the compact objects of the abelian
category (R-mod)♥ = (π0(R)-mod)♥, that is, the ordinary category of finitely presented
π0(R)-modules.

– APerf(X ) ⊂ QC(X ), associated to the symmetric monoidal stable∞-category APerf(R) ⊂
R-mod of almost perfect complexes. APerf(R) consists precisely of those R-modules M such
that τ<
M ∈ (R-mod)<
 is compact for each  ∈ Z.

– Perf(X ) ⊂ QC(X ), associated to the symmetric monoidal stable∞-subcategory Perf(R) ⊂
R-mod of perfect complexes. Perf(R) is the smallest subcategory of R-mod closed under
cones, shifts, and retracts and containing R. By [Lur2, Proposition 2.7.28], Perf(X ) ⊂
QC(X ) consists precisely of the dualizable objects with respect to the symmetric monoidal
structure on QC(X ).

The functor SCR→ CAlg(Ĉat∞) which maps R → R-mod factors through the canonical
functor SCR→ CAlgcn which maps R → EndR-mod(R). It follows that if X : SCR→ Ŝ is a
derived prestack, and X sp is the spectral algebraic stack obtained by left Kan extension along the
functor SCR→ CAlgcn, then QC(X sp) � QC(X ), where the former denotes the construction
of QC(−) for spectral prestacks. The same is true for all of the categories discussed above.

Definition A.0.1. We say that X ∈ Fun(SCR, Ŝ) is a locally noetherian prestack if it is left
Kan extended, up to sheafification, from a functor on noetherian [Lur04, Definition 2.5.9]
simplicial commutative algebras X N ∈ Fun(SCRnoeth, S). In this case QC(X ) � QC(X N ),
where the latter denotes the right Kan extension of R-mod along the Yoneda embedding
SCRnoeth ↪→ Fun(SCRnoeth, Ŝ)op, and the same holds for all of the other categories considered
above.

In particular, for a noetherian ring R ∈ SCRnoeth, E ∈ R-mod is almost perfect if and only if
Hi(E) ∈ QC(R-mod)♥ is coherent for all i and Hi(E) = 0 for i� 0 [Lur17, Proposition 7.2.4.17].
So we could alternatively define APerf(X ) = APerf(X N ) as the right Kan extension of this
functor SCRnoeth → CAlg(Cat∞) for a locally noetherian X . This motivates the definition of
the full stable subcategories of QC(X N ):

– DAPerf(X ) ⊂ QC(X N ), consisting of objects such that, for any pair (R, η ∈X N (R)),
Hi(Fη) ∈ QC(R-mod)♥ is coherent for all i and Hi(F ) = 0 for i� 0.

– DCoh(X ) ⊂ QC(X N ), consisting of objects such that, for any pair (R, η ∈X N (R)),
Hi(Fη) ∈ QC(R-mod)♥ is coherent for all i and Hi(F ) = 0 for i� 0 and i� 0.

The notation DAPerf is motivated by the fact that when X admits a Grothendieck dualiz-
ing complex, Grothendieck duality provides an anti-equivalence DAPerf(X ) � APerf(X )op.
DCoh(X ) is a version of the ‘bounded derived category of coherent sheaves’ for derived stacks.
Note that in contrast to APerf, DCoh and DAPerf do not inherit pullback functors and symmetric
monoidal structures from QC.

t-structures. When QC(X ) is presentable, which is always the case for algebraic derived
stacks and their formal completions, because presentable categories are closed under small limits,
QC(X ) carries a t-structure whose subcategory of connective objects QC(X )�0 = QC(X )cn

consists of those F such that Fη ∈ (R-mod)�0 is connective for all pairs (R, η ∈X (R)). Although
this definition is formally convenient, using the t-structure is usually only practical when X is
an algebraic stack. If π : U = Spec(R)→X is an fppf atlas then π∗ is t-exact; in particular,
F ∈ QC(X ) is connective (respectively, coconnective) if and only if π∗F is so. Note also that
when X is a locally noetherian prestack, APerf(X ) and DCoh(X ) carry unique t-structures
for which the inclusion into QC(X ) is t-exact.
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One can also consider the Kan extension of R → (R-mod)♥, the usual abelian category of
quasi-coherent sheaves, which we denote by QC♥(X ). In contrast, let QC(X )♥ denote the
symmetric monoidal abelian category given by the heart of the t-structure. Since pullback is
right t-exact, there is a truncation functor(

lim←−
η∈X (R)

R-mod
)♥
−→ lim←−

η∈X (R)

(
(R-mod)♥

)
Fη → H0(Fη)

and one can check that this is a fully faithful embedding. When X is algebraic, it in fact gives
an equivalence QC(X )♥ → QC♥(X ). Note that because (R-mod)♥ � (π0(R)-mod)♥, one can
further identify QC♥(X ) with the category of quasi-coherent sheaves on the classical stack
obtained by restricting X to the category of discrete simplicial commutative rings Ring ⊂ SCR.
Likewise in the locally noetherian case, DCoh(X )♥ � APerf(X )♥ coincides with the ordinary
abelian category of coherent sheaves on underlying classical prestack.

A.1 Quasi-coherent pushforwards and base change
We recall the definition of the pushforward of quasi-coherent sheaves in our context.

Definition A.1.1. Suppose that f : X → Y is an arbitrary map of prestacks such that
QC(X ) and QC(Y ) are presentable. Then f∗ : QC(Y )→ QC(X ) is a colimit-preserving func-
tor between presentable ∞-categories and thus admits a right adjoint [Lur09, Corollary 5.5.2.9],
which we denote by f∗.

Remark A.1.2. It is a priori non-obvious that QC(X ) has anything to do with sheaves of modules
in some ∞-topos, or that the pushforward defined above has anything to do with a pushforward
of sheaves. Nevertheless, this is true if X (respectively, X → Y ) is nice enough. We do not
dwell on this point, but the interested reader may consult [Lur2, Proposition 2.7.18] for the case
of X a Deligne–Mumford stack and the étale ∞-topos.

One might expect that f∗ as defined above is well behaved for stacks which arise ‘in nature’,
but in general this is quite false. Take

f : X = BZ/p→ Spec(Fp).

Then the functor f∗ will not preserve filtered colimits, will not be compatible with arbitrary base
change, and will generally not be pleasant. Nevertheless, one has the following positive result.

Lemma A.1.3. Suppose that f : X → Y is a morphism of spectral (or derived) prestacks which
is a relative qc.qs. algebraic stack.

– Let i : Y ′ → Y be a relatively algebraic morphism of finite Tor amplitude (e.g. a flat mor-
phism), and let f ′ : X ′ → Y ′ and i′ : X ′ →X be the base change of f and i, respectively.
For F ∈ QC(X ), the canonical base-change map

i∗(f∗(F ))→ (f ′)∗((i′)∗(F ))

is an isomorphism if either F is homologically bounded above (i.e. F ∈ QC(X )<∞) or if i
is finite and F is arbitrary.

– f∗ preserves filtered colimits (equivalently, infinite sums) in QC(X )<n for each n (i.e. for
uniformly bounded above colimits).

Sketch. It is enough, by the definition of QC as extended from affines and smooth hyperdescent
for QC, to verify this in case where Y = Spec(R) and Y ′ = Spec(R′) are affine. Let p• : U• =
Spec(A•)→X be a presentation of X as the geometric realization, in smooth sheaves, of a
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simplicial diagram of affine schemes along smooth morphisms; such a diagram exists because X
is ∞-quasi-compact.

By smooth hyperdescent for QC, we thus have an equivalence

(p•)∗ : QC(X ) � Tot{QC(U•)} � Tot{A•-mod}.
Under this equivalence f∗ identifies with the cosimplicial diagram of pullbacks (p• ◦ f)∗ mapping
M → A• ⊗R M . Thus, we can compute the right adjoint f∗ in terms of this Čech diagram, namely

f∗(F ) = Tot {(p• ◦ f)∗p∗•F} .

So if p∗•(F ) �M• ∈ Tot{A•-mod}, then f∗(F ) � Tot{M•} ∈ R-mod, where in the latter M• is
regarded as a cosimplicial R-module.

If i is finite and has finite Tor amplitude, we conclude that R′ is perfect as R-module (because
it is almost perfect of finite Tor amplitude). Thus, i∗ commutes with arbitrary homotopy limits
and in particular with the formation of the totalization, so the base-change statement follows
from the case where X is affine.

More generally, note that F ∈ QC(X )<0 if and only if M• ∈ (R-mod)<0 for all •. For such
objects, the resulting spectral sequence of a totalization is a (convergent) third-quadrant spectral
sequence. The formation of this spectral sequence is evidently compatible with filtered colimits
and flat base change; a slight elaboration gives the case of finite Tor dimension base change. �

In order to obtain stronger base-change results, one must consider a restricted class of
morphisms.

Definition A.1.4. We say that a morphism f : X → Y of spectral (or derived) prestacks is of
cohomological dimension at most d if, for any F ∈ QC(X )♥, we have f∗F ∈ QC(X )�−d. (Note
that if X is algebraic this depends only on the induced morphism of underlying classical stacks.)

We say that a morphism f : X → Y of spectral (or derived) prestacks is universally of finite
cohomological dimension (or, satisfies (CD) for short) if there is some d for which this condition
is satisfied for the base change of f along any morphism from an affine Spec(A)→ Y .

Proposition A.1.5. Suppose that f : X → Y is a morphism of prestacks which is relatively
representable by qc.qs. algebraic spectral (or derived) stacks satisfying (CD). Then:

(i) f∗ : QC(X )→ QC(Y ) preserves filtered colimits;
(ii) f∗ and f∗ satisfy the projection formula, that is, the natural morphism f∗(F )⊗G→ f∗(F ⊗

f∗G) is an equivalence for all F, G;
(iii) the formation of f∗ is compatible with arbitrary base change.

First we note an alternative definition of cohomological dimension which is often equivalent
to the one above.

Lemma A.1.6. Let f : X → Y be a morphism of qc.qs. spectral (or derived) algebraic stacks.
Then f is of cohomological dimension at most d if and only if f∗(QC(X )�0) ⊂ QC(Y )�−d.

Proof. This follows from part (ii) of Lemma 2.1.12 and the fact that QC(X ) and QC(Y )
are t-complete: for any F ∈ QC(X )�0, F = lim←− τ�nF and f∗(F ) � lim←− f∗(τ�n(F )), and finite
cohomological dimension implies that τ�k(f∗(τ�n(F ))) is eventually constant in n, for any k. �

Proof of Proposition A.1.6. First let us prove the proposition when Y = Spec(A) is affine. The
claims that f∗ preserves filtered colimits and is compatible with flat base change on Spec(A) can
be checked at the level of homology groups, and the fact that f∗(QC(X )�0) ⊂ A-mod�−d by
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Lemma A.1.6 implies that
Hi ◦ f∗ = Hi ◦ f∗ ◦ τ�i+d.

This reduces us to showing these claims for f∗ applied to QC(X )<n for any fixed n, which is
Lemma A.1.3.

Next let us verify (ii). Pick a hypercover U• = Spec(B•)→X , let M• ∈ Tot{B•-mod} �
QC(X ), and let N ∈ QC(Y ) = A-mod. We must verify that the natural map

Tot{M•} ⊗A N −→ Tot {M• ⊗B• (B• ⊗A N)}
is a quasi-isomorphism.

Let C ⊂ A-mod denote the full subcategory consisting of those N ∈ A-mod for which the
preceding map is a quasi-isomorphism for all M•. Note that C is closed under cones, shifts, and
retracts since f∗, f∗, and ⊗ all preserve these operations up to quasi-isomorphism. Next, note
that C is closed under filtered colimits, because all three operations preserve filtered colimits by
(i). Finally, observe that A ∈ C. But the smallest subcategory A-mod containing A and closed
under cones, shifts, and filtered colimits is all of A-mod.

For (iii), it is enough to consider the case of an affine base change (See [DG13,
Proposition 1.3.6] for an argument in the setting of dg algebras which applies verbatim to
E∞-algebras). Suppose that S′ = Spec(A′)→ Spec(A) is arbitrary, and let f ′ : X ′ = X ×Spec(A)

S′ → S′ be the base change of S. We must show that the natural map

A′ ⊗A RΓ(X , F ) −→ RΓ(X ′, F |X ′) = RΓ(X , A′ ⊗A F )

is an equivalence of A′-modules. Note, however, that regarding this as a morphism of A-modules,
this is precisely the equivalence of the projection formula.

Extending to arbitrary bases. We have shown that after base change to an affine Spec(A)×Y X ,
the base-change formula holds for f , and this implies the base-change formula holds for f itself
and arbitrary prestacks Y ′ → Y (again by [DG13, Proposition 1.3.6]). Once we have base change,
(i) follows, because colimits in QC(Y ) can be identified by their restriction to affine derived
schemes over Y . Likewise, the base-change formula for f can be checked after base change to an
arbitrary affine. �
Example A.1.7. We have occasion to apply Proposition A.1.5 to stacks which are not algebraic
when we prove a strong version of the Grothendieck existence theorem, Theorem 4.2.1. There
we consider a fiber square of stacks which is the formal completion of a fiber square of algebraic
stacks along a cocompact closed subset of the base.

In characteristic 0, it turns out that (CD) is very often satisfied.

Proposition A.1.8. Suppose that S is a noetherian characteristic 0 derived scheme, and that
X is a finite type algebraic derived S-stack such that the automorphisms of its geometric points
are affine. Then X satisfies (CD) over S.

Proof. This is proven in slightly more generality in [DG13, Theorem 1.4.2]: One can show that
X has a finite stratification by global quotient stacks, and a straightforward argument shows
that having finite cohomological dimension is stable under open-closed decompositions. It thus
suffices to prove the result for global quotient stacks. This follows by noting that qc.qs. algebraic
spaces have finite cohomological dimension, and that reductive groups (e.g. GLn) are linearly
reductive in characteristic 0. �

In addition, for many morphisms between algebraic derived stacks, satisfying (CD) is
equivalent to having finite cohomological dimension.
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Proposition A.1.9. If f : X → Y is a morphism of qc.qs. algebraic derived (or spectral) stacks
and Y has affine diagonal, then the following assertions are equivalent:

(i) f is universally of cohomological dimension at most d;
(ii) for any flat morphism S = Spec(R)→ Y , the base change fS : XS → S is of cohomological

dimension at most d;
(iii) f is of cohomological dimension at most d;
(iv) f∗ takes QC(X )>0 into QC(Y )>−d.

Proof. Lemma A.1.6 implies that (iii) and (iv) are equivalent. (i) implies (ii) by definition, and
(ii) implies (iii) by flat base change and faithfully flat descent. Finally, the property of being
of cohomological dimension at most d is stable under affine base change, because affine maps
are conservative and t-exact. Thus, because Y is has affine diagonal, (iii) implies that f is of
cohomological dimension at most d after base change to any affine test scheme, which is (i). �

Finally, we note the following proposition.

Proposition A.1.10. Given a morphism f : X → Y of derived (or spectral) stacks, property
(CD) is fppf local over Y .

Proof. (CD) is clearly stable under base change. Conversely, if Y ′ → Y is an fppf algebraic
morphism such that X ×Y Y ′ → Y satisfies (CD), then for any morphism Spec(R)→ Y , one
can find an fppf morphism Spec(R′)→ Spec(R) such that the composition Spec(R′)→ Y lifts
to Y ′. It follows that XR′ → Spec(R′) has cohomological dimension d and thus so does XR →
Spec(R) by fppf descent and flat base change. �

A.2 Enough coherent complexes
We will often use the following compact generation statement.

Theorem A.2.1. If X is a noetherian algebraic derived (or spectral) stack, then the following
assertions hold:

(i) [LMB00] QC(X )♥ is compactly-generated by DCoh(X )♥;
(ii) [DG13] the subcategory QC(X )<0 ⊂ QC(X ) is compactly generated, with compact objects

precisely DCoh(X )<0;
(iii) for each d � 0, the subcategory QC(X )�0,<d ⊂ QC(X ) is compactly generated, with

compact objects precisely DCoh(X )�0,<d.

Proof. See [LMB00, Proposition 15.4] for (i). Since the t-structure on QC(X ) is right t-complete
and compatible with filtered colimits (these properties being flat-local and true for affines) both
(ii) and (iii) reduce to (i) along with the assertion that, for any K ∈ DCoh(X ), the functor
Map(K, •) preserves uniformly left t-bounded filtered colimits. Because any such K is bounded,
we can reduce to showing that for all K ∈ DCoh(X )♥ and all i � 0, Exti(K, •) preserves filtered
colimits in QC(X )♥. This can be verified in the affine case by approximating K by perfect
complexes, and the general case reduces to the affine case via the argument in the proof of
Lemma A.1.3, where we only need to use the first i levels of the hypercover of X . �
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