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1. Introduction

Let M be a flat Riemannian manifold of dimension n and assume that E ¼ p1ðMÞ

denotes its fundamental group. Then E is a torsion-free group fitting into an exten-

sion Zn
$!E�F where Zn is maximal Abelian in E and F is a finite group. Equiva-

lently, E is a uniform discrete subgroup of Rn
�OðnÞ, acting freely on the

Euclidean space Rn. We refer to F as the holonomy group ofM ¼ EnRn and E is said

to be a Bieberbach group. The holonomy group F acts on Zn by conjugation in E,

defining a faithful representation T:F ! Glðn;ZÞ. The outer automorphism group

OutðEÞ of E has an important geometric meaning as it is isomorphic to the group

of affine diffeomorphisms of M modulo those isotopic to the identity ([4]).

In [13], a necessary and sufficient condition is presented for the outer auto-

morphism group of a Bieberbach group E to be infinite. More precisely, OutðEÞ

is infinite if and only if the decomposition over Q of the associated holonomy

representation T:F ! Glðn;ZÞ has at least two components of the same isomor-

phism type or there is a Q-irreducible component which is reducible over R. Essen-

tially, the proof reduces to analyzing when the normalizer of a finite group of

integral matrices is infinite.
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In [14], Tits proved that a finitely generated linear group is either virtually solvable

or it contains a noncyclic free subgroup. This motivates, for a faithful representation

T:F ! Glðn;ZÞ of a finite group F, to investigate further the normalizer of TðF Þ in

Glðn;ZÞ and to refine the result quoted above. In fact, in this paper we present a

necessary and sufficient condition, again in terms of (the decomposition over Q

of) the representation T, for the normalizer of TðF Þ in Glðn;ZÞ to be polycyclic-

by-finite or alternatively, to contain a non-Abelian free group.

This result has nice and straightforward implications towards understanding the

(outer) automorphism group of a Bieberbach group E. An equivalent condition,

in terms of the associated holonomy representation, for AutðEÞ and OutðEÞ to be

polycyclic-by-finite (or on the other hand, to admit a noncyclic free subgroup), is

obtained. As an application of our approach, we focus on Bieberbach groups with

a dicyclic holonomy group, discuss their (outer) automorphism group and classify

the dicyclic groups which occur as holonomy group of a Bieberbach group posses-

sing only finitely many outer automorphisms.

2. The Normalizer of a Finite Group of Integral Matrices

Let us start with some notational remarks used throughout this paper. If G is a

group, then InnðGÞ denotes the group of inner automorphisms of G, AutðGÞ is the

group of automorphisms of G and OutðGÞ ¼ AutðGÞ=InnðGÞ is the outer automorph-

ism group of G. If X is a subset in G, then CGX denotes the centralizer of X in G and

NGX is the normalizer of X in G. In case A is an algebra and X � A, then CAX is a

subalgebra of A, referred to as the commuting algebra of X in A.

Recall that each semisimple finite-dimensional Q-algebra A has a Wedderburn

decomposition A ¼
Lk

i¼1 Ai ðk 2 NÞ into simple algebras Ai. Each component Ai

can be identified with a full ðfi � fiÞ-matrix ring Mfi ðDiÞ over a finite-dimensional

division algebra Di over Q ð14 i4 kÞ. A unital subring L of A is a Z-order if it is

a finitely generated Z-module such that QL ¼ A.

Let T0:F ! Glðn;QÞ be a Q-irreducible representation of a finite group F. Then

T0 decomposes as a direct sum of absolutely irreducible constituents and in this

decomposition, all components occur with equal multiplicity. The multiplicity of

such a component is by definition the Schur index mQðT0Þ of T0 over Q. Equiva-

lently, if D is the commuting algebra of T0ðF Þ in MnðQÞ, then mQðT0Þ
2 is equal to

the dimension of D over its center ZðDÞ (which is a number field).

Now let T:F ! Glðn;ZÞ be a faithful representation of a finite group F. In [13],

the following necessary and sufficient condition was obtained for the finiteness of

the normalizer of TðF Þ in Glðn;ZÞ. It depends on how T decomposes when the coef-

ficient domain is enlarged from Z to Q, and then to R.

THEOREM 2.1. Let T:F ! Glðn;ZÞ be a faithful representation of a finite group F.

Then NGlðn;ZÞTðF Þ is finite if and only if in the Q-decomposition of T, all Q-irreducible

components have multiplicity one and are also R-irreducible.
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An alternative proof of this theorem can be deduced from [3], using the language

of Z-orders. Essential in this context is a result due to Siegel ([12]) and Brown ([1]),

providing a criterion for the unit group of a Z-order in a finite-dimensional division

algebra over Q to be finite. More generally, it follows that the unit group of a

Z-order in a semisimple finite-dimensional Q-algebra A is finite if and only if each

Wedderburn component of A is either the rationals, an imaginary quadratic exten-

sion of Q or definite quaternions over Q.

An analogue approach will now be used to study when, for a faithful representa-

tion T:F ! Glðn;ZÞ of a finite group F, the normalizer of TðF Þ in Glðn;ZÞ is vir-

tually solvable. In this perspective, the following theorem of H. Zassenhaus ([16])

will be of key importance:

THEOREM 2.2. The unit group of a Z-order in a semisimple finite-dimensional

Q-algebra A is virtually solvable if and only if the Wedderburn components of A are

number fields or definite quaternions over Q.

For any representation T:F ! Glðn;ZÞ of a finite group F, it is known that the

normalizer NGlðn;ZÞTðF Þ is finitely generated. Therefore, one can apply a theorem

of J. Tits ([14]) to conclude that this normalizer is either virtually solvable or has

a non-Abelian free subgroup. In fact, since one is working with integral matrices,

in the first case, NGlðn;ZÞTðF Þ is known to be polycyclic-by-finite. The following the-

orem (which extends Theorem 2.1) establishes a criterion to decide which one of the

two alternatives occurs for NGlðn;ZÞTðF Þ:

THEOREM 2.3. Assume that T:F ! Glðn;ZÞ is a faithful representation of a finite

group F. Then NGlðn;ZÞTðF Þ is polycyclic-by-finite if and only if in the Q-decomposition

of T, all components occur with multiplicity one and the Schur index over Q of each

R-reducible component is equal to one.

Proof. Obviously, because F is finite, the centralizer CGlðn;ZÞTðF Þ is of finite index

in NGlðn;ZÞTðF Þ and it is, hence, sufficient to prove the statement for CGlðn;ZÞTðF Þ.

This is exactly the unit group of the commuting ring of TðF Þ in MnðZÞ. Moreover,

CMnðZÞTðF Þ is a Z-order in the semisimple finite-dimensional Q-algebra CMnðQÞTðF Þ.

For a suitable basis of Qn, T decomposes into a direct sum of Q-irreducible com-

ponents Ti. Without loss of generality, one can assume that in this decomposition,

equivalent components are identical, write fi for the multiplicity of Ti and hence

T ¼
Lk

i¼1 fiTi ðk 2 NÞ. The Wedderburn decomposition of CMnðQÞTðF Þ is then

CMnðQÞTðF Þ ffi
Mk

i¼1

Mfi ðDiÞ

where Di can be chosen as the commuting algebra of TiðF Þ ð14 i4 kÞ.

Because of Theorem 2.2, if fI > 1 for some i ð14 i4 kÞ, then CGlðn;ZÞTðF Þ contains

a non-Abelian free group. Therefore, assume that all components in the Q-decom-

position of T have multiplicity one (for all i, 14 i4 k, fi ¼ 1). Then the commuting
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algebras Di of the Q-irreducible components Ti of T are exactly the Wedderburn

components of CMn ðQÞTðF Þ. In case Ti is R-reducible, realize that Di is a number

field if and only if mQðTiÞ ¼ 1. Moreover, if Ti is R-irreducible, then its commuting

algebra Di is either Q, an imaginary quadratic extension of Q or a definite quater-

nion algebra over Q. Applying Theorem 2.2 now finishes the proof.

3. Finite Groups with Schur Index One Over Q

Let us devote special attention to finite groups F having Schur index equal to one for

all Q-irreducible representations of F. In that case, for a faithful representation

T:F ! Glðn;ZÞ; NGlðn;ZÞTðF Þ is polycyclic-by-finite if and only if all Q-irreducible

components of T occur with multiplicity one (Theorem 2.3).

In fact, if F is an Abelian finite group, then for all Q-irreducible representations T

of F, mQðTÞ ¼ 1. More generally, for a finite nilpotent group F and a Q-irreducible

representation T:F ! Glðn;QÞ, it is known that mQðTÞ4 2. In particular, for the

generalized quaternion groups Q2a ,

Q2a ¼ ha; b j a2
a�1

¼ 1; b2 ¼ a2
a�2
; b�1ab ¼ a�1i; a5 3;

for each faithful Q-irreducible representation T of Q2a , mQðTÞ ¼ 2. Conversely, if

mQðTÞ ¼ 2 for a Q-irreducible representation T:F ! Glðn;QÞ of a finite nilpotent

group F, then the Sylow 2-subgroup of F is a generalized quaternion group ([10]).

In particular, note that if F is a p-group with p 6¼ 2, then mQðTÞ is always equal to

one.

If F is a finite solvable group such that all its Sylow subgroups are elementary

Abelian, then mQðTÞ ¼ 1 for all Q-irreducible representations T of F ([10]). More-

over, also for all dihedral groups D2n (of order 2n), mQðTÞ ¼ 1 for all Q-irreducible

representation T of D2n ([11]). Another interesting class of solvable groups are the
dicyclic groups:

Q4m ¼ ha; b j a2m ¼ 1; b2 ¼ am; b�1ab ¼ a�1i; m5 2:

As for the generalized quaternion groups, for each faithful Q-irreducible representa-

tion T of Q4m, mQðTÞ ¼ 2. We come back to this specific class of finite solvable

groups in the final section of this paper.

Let us apply the above observations to all finite groups of order <16. First note

the following fact ([16]):

LEMMA 3.1. Let F be a finite group and T a Q-irreducible representation of F. Then

mQðTÞ divides the exponent of F and mQðTÞ
2 divides the order of F. Moreover, if 2r

divides mQðTÞ, then 2rþ1 divides the exponent of F.

Of course, for all finite groups of order 2, 3, 4, 5, 7, 9, 11 and 13, the Schur index is

always equal to one. Because of the above lemma, this also holds for all finite groups

of order 6, 10, 14 and 15. The only non-Abelian groups of order 8 are D8 (with Schur
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index always 1) and Q8 (which can have Schur index 2). The non-Abelian groups of

order 12 are D12 (always having Schur index 1), Q12 (possibly with Schur index 2)

and the alternating group A4. The Schur index of A4 is always equal to one because
of Lemma 3.1 (note that its exponent is 6).

4. The (Outer) Automorphism Group of a Bieberbach Group

Write T:F ! Glðn;ZÞ for the induced faithful representation of the holonomy group

F of a Bieberbach group E. In [4], a commutative diagram was developed to describe

AutðEÞ (and OutðEÞ), taking off from a crucial group action of NGlðn;ZÞTðF Þ on the

cohomology group H2ðF;Zn
Þ. If a denotes the 2-cohomology class corresponding

to the given extension Zn
$!E�F and Na is the stabilizer of a under this action,

then

Z1ðF;Zn
Þ $!AutðEÞ�Na and H1ðF;Zn

Þ $!OutðEÞ�Q ¼ Na=F

are exact. From this, it can be easily deduced that OutðEÞ is finite if and only if

NGlðn;ZÞTðF Þ is finite and, hence, Theorem 2.1 also provides a necessary and sufficient

condition for the outer automorphism group of a Bieberbach group to be finite ([13,

Thm. A]).

This observation can now be generalized as follows:

THEOREM 4.1. Let E be a Bieberbach group with holonomy group F ðand associated

representation T:F ! Glðn;ZÞÞ. Then OutðEÞ is polycyclic-by-finite if and only if in

the Q-decomposition of T, all components have multiplicity one and the Schur index

over Q of each R-reducible component is equal to one.

Proof. It is sufficient to realize that OutðEÞ, Na and NGlðn;ZÞTðF Þ are all polycyclic-

by-finite if and only if one of them is polycyclic-by-finite. Theorem 2.3 finishes the

proof. &

Remark 4:2: Of course, because a Bieberbach group E is itself polycyclic-by-

finite, AutðEÞ is polycyclic-by-finite if and only if OutðEÞ is polycyclic-by-finite. And

since AutðEÞ and OutðEÞ are finitely presented linear groups ([15]), Tits’ alternative

implies that in the other case, AutðEÞ and OutðEÞ contain a non-Abelian free group.

Before illustrating Theorem 4.1, note that it is only from dimension 5 onwards

that Bieberbach groups with infinite but polycyclic-by-finite outer automorphism

group can occur ([2]).

EXAMPLE 4.3. Consider the following Bieberbach group E:

E ¼ha; b; c; d; e; a j

aa ¼ d�1a; ab ¼ aa; ac ¼ ba; ad ¼ ca; ae ¼ ea; a8 ¼ ei
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fitting into the extension Z5$!E�Z8. In the presentation above, trivial commu-

tators were omitted (e.g. the generators a; b; c; d; e all commute). The same conven-

tion will be used throughout this paper.

The corresponding holonomy representation is

T:Z8 ! Glð5;ZÞ: a 7!

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
�1 0 0 0 0
0 0 0 0 1

0
BBBB@

1
CCCCA;

decomposing over Q into a one-dimensional component and an irreducible compo-

nent of degree 4 which is however R-reducible ([2, p. 232]). It follows that OutðEÞ is

infinite (Theorem 2.1) but polycyclic-by-finite (Theorem 4.1).

In fact, taking off from the calculation of the normalizer of the 4-dimensional

component of T ([2, p. 338]), one can compute that Z4$!AutðEÞ�Z8 � Z and

OutðEÞ ffi Z, generated by the outer automorphism corresponding to the following

E-automorphism:

a 7! abd�1; b 7! abc; c 7! bcd; d 7! a�1bcd; e 7! e; a 7! a:

Referring to Theorem 4.1, a non-Abelian free group of (outer) automorphisms of a

Bieberbach group can arise in two possible ways. Here we illustrate how this happens

when there is a component in the Q-decomposition of the holonomy representation

which occurs more than once. The case of a multiplicity-free holonomy represen-

tation with an R-reducible component with Schur index >1 will be illustrated in

Example 5.8.

EXAMPLE 4.4. Of course, the easiest example of a Bieberbach group with a non-

abelian free group of (outer) automorphisms is Z2, the fundamental group of the

2-torus. The classical non-Abelian free subgroup of Glð2;ZÞ is the group generated

by 1 2
0 1

� �
and 1 0

2 1

� �
.

Let us discuss another example. Consider the following three-dimensional Bieber-

bach group E ([2, p. 62]):

E ¼ ha; b; c; a j aa ¼ a�1a; ab ¼ ba; ac ¼ c�1a; a2 ¼ bi

fitting into Z3$!E�Z2. The holonomy group Z2 acts faithfully on Z3 as follows:

T:Z2 ! Glð3;ZÞ: a 7!TðaÞ ¼
�1 0 0
0 1 0
0 0 �1

0
@

1
A

and, hence, T has a component of multiplicity 2. Because of Theorem 4.1, this guar-

antees the existence of a non-Abelian free group of (outer) automorphisms. And

indeed, observe that
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s1:

a 7!a
b 7!b
c 7!a2c
a 7!a

8>><
>>:

and s2:

a 7!ac2

b 7!b
c 7!c
a 7!a

8>><
>>:

generate a non-Abelian free subgroup of AutðEÞ (and the induced outer automor-

phisms define a non-cyclic free subgroup of OutðEÞ).

5. Dicyclic Groups of Integral Matrices

In this section, we illustrate and apply the results presented above for dicyclic groups of

integral matrices and deduce some interesting results concerning the (outer) automorph-

ism group of Bieberbach groups with a finite group of this type as holonomy group.

5.1. THE IRREDUCIBLE COMPLEX REPRESENTATIONS OF A DICYCLIC GROUP

Let us first discuss all possible, inequivalent C-irreducible representations of a di-

cyclic group

Q4m ¼ ha; b j a2m ¼ 1; b2 ¼ am; b�1ab ¼ a�1i; m5 2

and meanwhile fix some notations used throughout this section.

There are four one-dimensional representations given by

– if m is odd:

w1:
a 7!1
b 7!1

�
; w2:

a 7!1
b 7! � 1

�
; w3:

a 7! � 1
b 7!i

�
and w4:

a 7! � 1
b 7! � i

�
:

– if m is even, then a 7! � 1, b 7! � 1.

Next, we consider absolutely irreducible representations of degree 2. Put o ¼ epi=m, a

primitive 2mth root of unity. Let r be an arbitrary integer and define representations

rr of Q4m by setting:

rr: a 7!
wr 0
0 w�r

 �
and b 7!

0 ð�1Þr

1 0

 �
:

Obviously, rr and r2m�r are equivalent and since r0 and rm are reducible over C, we

may assume that 0 < r < m (the remaining representations are indeed irreducible

over C and pairwise not equivalent).

In fact, the representations of degree 1 and 2 as given above, are the only C-irre-

ducible representations of Q4m (up to equivalence). Indeed, the sum of the squares of

their degrees is equal to 4� 1þ ðm � 1Þ � 4 ¼ 4m, which is exactly the order of Q4m.

Also note that rr is faithful if and only if r and 2m are relative prime. Hence, there

are, up to equivalence, exactly jð2mÞ=2 faithful irreducible representations of Q4m
over C (where j denotes the Euler phi function).
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From the above classification of all C-irreducible representations, all possible

Q-irreducible representations of Q4m can be deduced. If m is even, then all one-

dimensional representations are suitable. If m is odd however, then w1, w2 and
w3 � w4 are the only irreducible representations of Q4m over Q which can be obtained
from the absolutely irreducible representations of degree 1. Of course, the Schur

index over Q is always equal to one in these cases.

The Galois group of the 2mth cyclotomic field QðoÞ over Q (which is of order

jð2mÞ) permutes the faithful representations rr transitively and their Schur index

is 2. Therefore, there exists a unique faithful irreducible representation r of Q4m
defined over Q, which is equivalent to

L
2rr where 0 < r < m and r is relative prime

to 2m. Note that the degree of r is 2 � 2ðjð2mÞ=2Þ ¼ 2jð2mÞ.

5.2. BIEBERBACH GROUPS WITH A DICYCLIC GROUP AS HOLONOMY

With the knowledgde established above, one easily deduces the following:

PROPOSITION 5.1. Let T:Q4m ! Glðn;ZÞ be a representation of a dicyclic group

Q4m with m > 3. If a Q-irreducible component of T is faithful, then NGlðn;ZÞTðF Þ

contains a non-Abelian free group.

Proof. It is only possible that r (as defined above) is R-irreducible if and only if
2jð2mÞ ¼ 4 and jð2mÞ ¼ 2 if and only if m ¼ 2 or m ¼ 3. Because of Theorem 2.3

(and Tits’ alternative), this finishes the proof since mQðrÞ ¼ 2. &

Hence,

COROLLARY 5.2. For all faithful representations T:Q2m ! Glðn;ZÞ of a genera-

lized quaternion group Q2m with m > 3, NGlðn;ZÞTðF Þ contains a non-Abelian free

group.

Proof. Since a2
m�2

is an element of the kernel of all C-irreducible representations

of degree 1 and also of all nonfaithful representations rr (r is even), each faithful

representation T:Q2m ! Glðn;QÞ must have the unique faithful Q-irreducible

representation r of Q2m as component (and then apply Proposition 5.1). &

Remark 5:3: The above result does not hold for all Q4m with m > 3 (or the

occurence of r in the Q-decomposition of Q4m is essential in Proposition 5.1). For

instance, take the representation T ¼ T1 � T2:Q24 ! Glð6;ZÞ where

� T1: a 7!
0 �1

1 �1

 �
and b 7!

0 �1

�1 0

 �
ð½2; p � 59�Þ;

� T2: a 7!

0 0 1 0

0 0 0 �1

�1 0 0 0

0 1 0 0

0
BBB@

1
CCCA and b 7!

0 0 0 1

0 0 1 0

0 �1 0 0

�1 0 0 0

0
BBB@

1
CCCA ð½2; p � 245�Þ:
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Since the kernel of T1 is generated by a3 and the kernel of T2 by a4, it follows that T

is faithful. Also note that T1 and T2 are both R-irreducible. Hence, the normalizer of

TðQ24Þ in Glð6;ZÞ is even a finite group (Theorem 2.1).

The situation for Q8 and Q12 is rather specific:

LEMMA 5.4. All Q-irreducible representations of Q8 and Q12 are R-irreducible.

Proof. The Q-irreducible representations of Q8 are the 1-dimensional repre-

sentations wi (14 i4 4) and the unique faithful representation r1 � r1 of degree 4
(which is R-irreducible, [2, p. 245, 32/01]). For Q12, the Q-irreducible representations

of degree 1 are w1 and w2. For degree 2, first note that w3 � w4 defines a Q-irreducible
representation of Q12, equivalent to the R-irreducible representation given in [2, p.

58, 3/1/1]. Also r2 defines a (nonfaithful) Q-irreducible representation of Q12 and is

equivalent to the R-irreducible representation of [2, p. 59, 4/2/2]. Finally, there is the

unique faithful Q-irreducible representation of Q12, given by r1 � r1, which is also
R-irreducible ([2, p. 239, 30/01/01]). &

Remark 5:5: It follows immediately from Theorem 2.1 that for a faithful repre-

sentation T of Q8, or of Q12, in Glðn;ZÞ, the normalizer of TðQ8Þ, respectively, of

TðQ12Þ, in Glðn;ZÞ is finite if and only if each Q-irreducible component of T has

multiplicity one. If T is not multiplicity-free over Q, then a non-Abelian free sub-

group is contained in this normalizer (Theorem 2.3).

Analogously, a Bieberbach group with Q8 or Q12 as holonomy, has only finitely

many outer automorphisms if and only if the corresponding holonomy representa-

tion is multiplicity-free over Q ([13, Thm. A]). In the other case, its (outer) auto-

morphism group admits a noncyclic free subgroup (Theorem 4.1).

Referring to Theorem 2.3 and to the discussion on the Schur index of representa-

tions of finite groups of small order, we are now able to conclude that

PROPOSITION 5.6. Let T:F ! Glðn;ZÞ be a faithful representation of a finite group

F of order <16. Then NGlðn;ZÞTðF Þ is polycyclic-by-finite if and only if all Q-irreducible

components of T have multiplicity one.

Therefore (applying Theorem 4.1)

COROLLARY 5.7. A Bieberbach group with holonomy group of order <16 has a

polycyclic-by-finite ðouterÞ automorphism group if and only if the corresponding holo-

nomy representation is multiplicity-free over Q.

In this perspective (and because of Corollary 5.2), we devote special attention to

faithful, multiplicity-free representations of Q16.

THE STRUCTURE OF THE (OUTER) AUTOMORPHISM GROUP 97

https://doi.org/10.1023/A:1022698228140 Published online by Cambridge University Press

https://doi.org/10.1023/A:1022698228140


EXAMPLE 5.8. Consider the representation

T:Q16 ! Glð8;ZÞ:

a 7!

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 1 0 0 0 0 0

0 0 0 �1 0 0 0 0

�1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

;

b 7!

0 0 0 �1 0 0 0 0

0 0 �1 0 0 0 0 0

0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 �1 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 �1 0

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

which is equivalent to the unique faithful Q-irreducible representation 2r1 � 2r3 of
Q16 and is hence R-reducible. It follows that NGlð8;ZÞTðQ16Þ contains a non-Abelian

free group (Theorem 2.3).

As in the proof of [8, Thm. 1.6], one can construct an 11-dimensional Bieberbach

group E with Q16 as holonomy group and a multiplicity-free holonomy representa-

tion which is the direct sum of T and a representation of degree 3. It immediately

follows that AutðEÞ and OutðEÞ contain a non-Abelian free subgroup (Theorem 4.1).

5.3. DICYCLIC R1-GROUPS

Finite groups which occur as holonomy group of a Bieberbach group with finite

outer automorphism group are referred to as R1-groups. In fact, Q8 is the only gen-
eralized quaternion group which is an R1-group ([9, Prop. 3.3], see also Corollary
5.2). We now show that Q12 and Q24 also are R1-groups.

EXAMPLE 5.9. Consider the following Bieberbach group E (it was checked that E

is torsion-free by using [5]):

E ¼ha; b; c; d; e; f; a; b j

aa ¼ b�1a; ab ¼ aba; ac ¼ d�1a; ad ¼ cda; ae ¼ ea; af ¼ fa;

ba ¼ c�1d�1b; bb ¼ db; bc ¼ abb; bd ¼ b�1b; be ¼ eb; bf ¼ f�1b;

a6 ¼ e3f2; b2 ¼ e�2f�1a3; b�1ab ¼ ea�1i

fitting into Z6$!E�Q12. The holonomy representation is given by
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T:Q12 ! Glð6;ZÞ:

a 7!

0 1 0 0 0 0

�1 1 0 0 0 0

0 0 0 1 0 0

0 0 �1 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0
BBBBBBBB@

1
CCCCCCCCA
;

b 7!

0 0 1 0 0 0

0 0 1 �1 0 0

�1 0 0 0 0 0

�1 1 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 �1

0
BBBBBBBB@

1
CCCCCCCCA
:

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

Obviously, T is equivalent to ðr1 � r1Þ � w1 � w2 (using the notations introduced

above). Hence, all Q-irreducible components of T have multiplicity one and are also

R-irreducible. If follows that OutðEÞ is finite (Theorem 2.1) and Q12 is an R1-group.

EXAMPLE 5.10. Inspired by Remark 5.3, we define the following Bieberbach

group E (again [5] was used to verify that E is torsion-free):

E ¼ ha; b; c; d; e; f; g; h; a; b j

aa ¼ ba; ab ¼ a�1b�1a; ac ¼ e�1a; ad ¼ fa; ae ¼ ca; af ¼ d�1a;

ba ¼ b�1b; bb ¼ a�1b; bc ¼ f�1b; bd ¼ e�1b; be ¼ db; bf ¼ cb;

ag ¼ ga; ah ¼ ha; bg ¼ gb; bh ¼ g�1h�1b;

a12 ¼ gh2; b2 ¼ g�1h�1a6; b�1ab ¼ a�1i

fitting into an extension Z8
$!E�Q24 and with holonomy representation

T:Q24 ! Glð8;ZÞ which is equivalent to T1 � T2 � w1 � w2 (using the notations

introduced in Remark 5.3). Then T is multiplicity-free over Q and all its Q-irredu-

cible components are also R-irreducible, which implies that OutðEÞ is finite (Theorem

2.1) and hence Q24 is an R1-group.

In fact, there are no other dicyclic groups which occur as holonomy group of a

Bieberbach group with finitely many outer automorphisms.

THEOREM 5.11. Q8, Q12 and Q24 are the only dicyclic R1-groups.

Proof. Suppose that Q4m is an R1-group. Because of Theorem 2.1, observe that

the degree of each Q-irreducible component of the holonomy representation

T:Q4m ! Glðn;ZÞ is at most 4 (otherwise it is R-reducible). Let p be a prime number

and let pa be the highest power of p dividing 2m. Because of [9, Lemma 2.2(a)], it

follows that pa�1ðp� 1Þ divides 4. This implies that 2m divides 120. In other words,
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the proof reduces to showing that Q16, Q20, Q40, Q48, Q60, Q80, Q120 and Q240 are not

R1-groups. Only for Q16, this is already known ([9, Prop. 3.3]).

Note that the only possible absolutely irreducible components of T are the non-

faithful representations rr of Q4m, together with the irreducible representations of

degree 1 (Proposition 5.1). Recall that the kernel of rr is generated by some ak with

k dividing 2m. If k divides m, then rr induces a faithful representation of D2k. In the

other case (i.e. k is not dividing m and hence k is even), rr defines a faithful repre-

sentation of Q2k (or of Z4 if k ¼ 2). For dihedral groups D2n, if n is not dividing

12, then each faithful Q-irreducible representation of D2n is R-reducible ([9, Prop.

5.1]). Similarly, for dicyclic groups, a faithful Q-irreducible representation of Q4n

is R-reducible unless n ¼ 2 or n ¼ 3. We conclude that the only representations rr
of Q4m which can be used to build up T are those whose kernel is generated by some

ak with k dividing 12.

If follows that if 6 divides m, then a12 always is a nontrivial (since m 6¼ 6!) element

of the kernel of the possible rr (and also the one-dimensional representations have

a12 in their kernel). This applies to Q48, Q120 and Q240. For Q20, both r2 and r4 have
kernel generated by a5. Therefore, only representations of degree 1 are allowed. For

Q40, the only possible rr is r5, with kernel generated by a4. Similarly, the admissible

representations rr of Q60 always have a6 in their kernel and for Q80, a
4 always

belongs to the kernel of the possible rr. In all these cases, T can not be faithful.
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