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THE TOPOLOGICAL EXTENSION OF A PRODUCT

BY
S. BROVERMAN®

1. Introduction. If E is a topological space, then according to Mrowka in [7], a
space X is E-completely regular if X can be embedded as a subspace of a topological
product of copies of E, and X is E-compact if X can be embedded as a closed sub-
space of a product of copies of E. The following is [7, Theorem 4.14].

1.1 THEOREM. For every E-completely regular space X there exists a superspace
BeX of X in which X is dense, such that fpX is E-compact and every continuous
Sfunction f: X—E admits a continuous extension f B :fgX—E.

According to Herrlich and van der Slot in [6], and Woods in [11], if &# is a
topological property such that:

i) all compact Hausdorff spaces satisfy &;
ii) & is closed hereditary; and

iii) & is preserved under the formation of topological products, then every
completely regular Hausdorff space X has a maximal &- extension; i.e. for every
c.r.H. (completely regular Hausdorff) space X there exists a superspace £X such
that X is dense in X, 2X satisfies £, and every continuous map f: X— Y where
Y satisfies &, admits a continuous extension fZ: #X— Y. Furthermore X <
PX < BX where fX is the Stone-Cech compactification of X.

In this paper we characterize, for certain extension properties &, and for
E={0, 1}, the two point discrete space, those spaces X X Y for which the relations
PAXY)=PXx PY and fz(X X Y)=LzX X fzY hold. Some results for infinite
products are also obtained. In particular we show that for a large family of exten-
sion properties &, P(XX Y)=PXx PY iff XX Y is pseudocompact. In section
2it is shown that for E={0, 1}, Bz(I [.X.) =I1.8z(X,) iff T].X, is pseudocompact.
Also an example is given (assuming the continuum hypothesis) of an extension
property & such that Z(Xx Y)=ZXx Y iff Xx Y is pseudocompact but the
pseudocompactness of T],X, does not imply Z(][.X,)=][.2X..

The following two theorems are relied on for many of the results of this paper.
The first is [3, Theorem 2.1] due to Frolik, and the second is [5, Theorem 1] due
to Glicksberg.
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1.2 THEOREM. The following conditions on infinite c.r.H. spaces X and Y are
equivalent.

1) The topological product X X Y is pseudocompact.
2) B(XX Y)=PXxXBY, ie. every bounded continuous real-valued function on
XX Y admits a continuous extension to fXX Y.

1.3 THEOREM. Let {X,},.4 be aset of c.r.H. spaces and suppose ||
for every oy € A. Then the following are equivalent.
1) The topological product T]X, is pseudocompact.

2) ﬁ(]_—IaSAXa)= ].—IaEAnga'

All spaces discussed are assumed to be c.r.H. The notation will be that of [4]
except that by stating that a space is 0-dimensional, it is meant that the space has a
base of clopen sets. Also, N will denote the set of natural numbers.

« 5ﬂ,,nX o IS infinite

2. The result for g, If E=2={0, 1}, the two point discrete space, then the
E-completely regular spaces are the c.r.H. 0-dimensional spaces, and the E-compact
spaces are the compact Hausdorff O-dimensional spaces. For notational conven-
ience, $,X will be denoted by X for a O-dimensional space X. Note that B,X is
the Stone space of the Boolean algebra of clopen subsets of X.

In this section it is shown that Theorems 1.2 and 1.3 in the introduction remain
valid, in the case of O-dimensional spaces, with § replaced by f§,. The following
is [3, Lemma 1.2] of Frolik, which will be required, and is stated without proof.

2.1 LeMMA. Let X and Y be infinite spaces. If the topological product XX Y is
not pseudocompact then there exists a locally finite sequence {U, X V,} of non-empty
canonical open subsets of X X Y such that the sequences {U,} and {V,} are disjoint
in X and Y respectively.

2.2 THEOREM. The following conditions on infinite O-dimensional spaces X and Y
are equivalent.

1) The topological product X X Y is pseudocompact.

2) Bo(XX Y)=BoX X B, Y, that is every continuous {0, 1}-valued function on X X Y
admits a continuous extension to f,X X B,Y.

Proof. 1) implies 2). This implication easily follows from [3, Lemma 1.4].
However a proofis given here, the techniques of which will be required in the proof
of the theorem in the infinite product case.

If i:X—X is the identity map, then there is an extension i*: X—p,X. Let
f:X—{0, 1} be a continuous map. Then there exist continuous extensions f*: fX—
{0, 1} and f°:8,X—~>{0, 1}. Clearly f* = fooi’. If p e f,X, then f*(i’<(p)) =

fOo iﬂ(iﬂé—(p))=f°(p), and thus f” is constant on iB<——(p) for all p € foX. If i%:
BX—B,X and i§ : B Y—B,Y (where iy, iy are the identity maps on X and Y respec-
tively) then h=i%Xiy:fXxfY—>f,XXB,Y is a quotient map. Let f:Xx ¥Y—
{0, 1} be continuous. By hypothesis f has an extension f*:8Xx 8Y—{0, 1}. Let
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z=(p, q) € BoX X B, Y. Suppose (p1, q1), (Ps, a) € h<—(2)=i%<(p) X i%<—(g). Since
BX x {g,} is homeomorphic to fX, f° # must be constant on i5<—( P) % {g.} as remarked
above. Thus f” (P q1)=f” (P2, qy). Similarly, f ? is constant on {p2}xi§7<—(q) and
fﬂ(pz, q1)=f”(p2,q2), and thus fﬂ is constant on A<—(z) for all z € S, XX f,Y. So
fO:BX % B Y—{0, 1} defined by f(p, 9)=f"(i%<(p)xi%<(q)) is well-defined.
In addition f° is continuous as 4 is a quotient map. Clearly f°is an extension of f.

2) implies 1). Suppose X'X Y is not pseudocompact. By 2.1 above there is a
locally finite sequence {U,X ¥V, } of canonical open subsets of X'x Y such that
{U,} and {V,} are pairwise disjoint sequences. Since X and Y are O-dimensional,
U, and V,, can be taken to be clopen for all n. Let U=,y U, X V,. Clearly U
is open. U'is also closed since {U,, X V,,} is a locally finite sequence and each U, X V,,
is clopen.

BoX X B,Y is pseudocompact, so the sequence {cl; xU,Xcls y¥,} must have a
cluster point (p, q) in BoX X f,Y. Let V=(Xx Y)—U. Suppose AX B is a nbhd.
of (p, g) in B, X X B, Y. Then there are n,, n, € N such that n, %n,and 4 N Un,#9,
BnV,#z for i=1,2. Let x,eANU,, y;€BNV, for i=1,2. Then
(x1, ys) € AXB. But (x4, y,) ¢ U, for if (xy, y,) € U, then there is an n € N such
that (x;, y.) € U,xV,. Hence x, €U, NU,, €V, NV,. Thus ny=n=n,
which is a contradiction to the assumption n;#n,. So (x;, y,) ¢ U, and hence
(P> 9) € clg,xxp,7 V-

Since U is clopen in X'X Y, the function f: X x Y—{0, 1} defined by f(U)={0},
f(V)={1} is continuous. But (p,q) e (clU) N (cl V), hence f cannot extend
continuously to (p, g). Thus By(Xx Y)#pX X B, Y contradicting 2). Therefore
X x Y is pseudocompact. [

We are now in a position to prove the following theorem.

2.3 THEOREM. Let {X,},.4 be a set of O-dimensional spaces and suppose that
1L va Xa IS infinite for every «y € A. Then the following are equivalent.

1) The topological product 1], 4X, is pseudocompact.

2) ﬁO(HaeAXa)=HaeAﬂOXa'

Proof. 2) implies 1). In view of 2.2, the proof of this implication is identical to
that given by Glicksberg in [5, Theorem 1] for the f case.

1) implies 2). As in 2.2, there is a map i?:pX,—~B,X, for each a € A. Let h=
TTcait: TTacuBX~TTacaBoX, Suppose f:T[X,—{0, 1} is a continuous map.
By hypothesis and 1.3 there is a continuous extension f*:J[fX,—~{0, 1}. Let
(Pa)aeA € Hﬁon' Then he((pa)a)=HaeAis<_(pa)' Suppose (qa)aeA’ (q;)aeA €
h<—((p,).)- Then i':(qa)=if(q;)=pa forall« € A. Fix oy € A. As in 2.2f” is constant
on [i5<(Pu )] % T L, {9a}- Thus f*(()0)=f" (g, X TTee,92))- By induction on the
number of coordinates, it is easily seen that for any finite number of coordinates
Ogyevns Oy € A,fp((qa),,)=f”(q;lx o+« Xqy XTTarags)- Since the points of form

i=1 n

i=l...,
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on the right of this equation form a net in ] ] 5X,, converging to(g,),., by continuity
of f” we must have f’3 ((q,,',),)=fﬂ ((92))- Thus f* is constant on h<—(z) for every
z € TIBoX, If fO: TIBoX.—(0, 1} is defined by f2((p))=/"(h((po).), then f°
is well-defined. In addition, f° is continuous as / is a quotient map. Clearly f° is
an extension of f. [

As is shown by Pierce in [8, p. 375], there is nothing to be gained by trying to
replace pseudocompactness with a O-dimensional analogue in 2.2 and 2.3.

If E is any compact Hausdorff space, then a simple modification of the proof
of 1) implies 2) in 2.2 and 2.3 shows that the implication remains correct if f, is
replaced by 5, and O-dimensionality is replaced by E-complete regularity.

3. Further results. In this section extension properties of the type mentioned in
the introduction are dealt with. Recall that if & is an extension property then
X © ZX < pX. Note that if & and 2 are extension properties such that & is
contained in 2 (i.e. every space which satisfies & also satisfies 2) then X < 2X <
PX < BX. As an example, if & = compactness and 2 = realcompactness, then
PX=pX, 2X=»X and X < vX < BX.

The following result which is mentioned by Comfort in [2] has some interesting
consequences.

3.1 PROPOSITION. Suppose & and 2 are extension properties such that P is
contained in 2. If for two spaces X and Y, P(XX Y)=PXX PY, then 2(Xx Y)=
2Xx2Y. (By Z(XxY)=PXxPY it is meant that every continuous map from
XX Y to a space satisfying & admits an extension to PXxX PY. Equivalently,
it means there is a homeomorphism between P (XX Y) and PXX PY which fixes
XX Y pointwise.)

Proof. Let f: XX Y—Z be a continuous map where Z satisfies 2. Let f,=
S| Xx{y} for each y € Y. Since PZ satisfies 2, there is an extension f7: X x
PY—PZ by hypothesis. Since X% {y} is homeomorphic to X for every y € ¥,
every f, has an extension f7: 2XX {y}—Z. It is clear by continuity of maps that
fZ| 2xx{y}=f/ forallye Y.

Thus f?(2X x Y) < Z. By a repetition of this argument for points in 2X, it is
seen that f7(2Xx 2Y) < Z. Thus every continuous map f:X X Y—>Z where Z
satisfies 2, admits a continuous extension to 2Xx.2Y. That is 2(Xx Y)=
2xx2y. O

One consequence of this proposition is the following:

3.2 THEOREM. Let & be an extension property contained in pseudocompactness.
Then the following are equivalent for infinite spaces X and Y.

1) X'x Y is pseudocompact.

2) PXXY)=PXXPY.
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Proof. 1) implies 2). If Xx Y is pseudocompact, then by 1.2 (XX Y)=
pXxBY. Since B is the extension related to the property of compactness, and
every compact space satisfies & (i.e. X = ZX < fX), we can invoke 3.1 to get
PXXY)=PXXPY.

2) implies 1). If (XX Y)=ZX x #Y then by hypothesis ZXx ZY is pseudo-
compact. Hence by 1.2 f(PXX PY)=B(PX)X (P Y)=pX %X BY. But B(PX X
PY)=Pp(P(Xx Y)=p(XxY). Hence P(XXxY)=pXxpY. Again, by 1.2.
X 'x Y must be pseudocompact. [1

It also follows by a proof similar to that of 3.1, that, if & is any extension prop-
erty, then Z(XX Y)=2Xx ZY iff Xx Y is C*-embedded in XX ZY.

It is clear by the method of proof that 3.1 remains true for any finite product of
spaces. Thus 3.2 is true for any finite product of spaces. Moreover if {X,},., is
any family of spaces such that [ [, X, is infinite fo every o, € 4, then the implica-
tion 2) implies 1) in 3.2 with X' X Y replaced by ],.4X,, can be proved in a manner
identical to that given in 3.2. However, as the following example shows, the
implication 1) implies 2) in 3.2 (and hence the result of 3.1) is not true in general
for arbitrary products.

3.3. ExampLE. Under the assumption of the continuum hypothesis, Rudin in
[9, Theorem 4.2] has shown that SN—N has 2° P-points (a point x € X is a P-
point of X if every G; containing x is a nbhd. of x). If we denote by A4 the set of
P-points of BN—N, then for every p € A, BN—{p} is pseudocompact and locally
compact (this follows from [4, 6]]). Thus by [5, Theorem 4] JTT,..(BN—{p}) is
pseudocompact. Let & be the property of X,-boundedness (A space X is ;-
bounded if every countable subset of X has compact closure in X). & is easily
checked to be an extension property. Woods has shown in [10, Theorem 1.3] that
the N,-bounded extension of a space X is the set of points of fX in the fX-closure
of some countable subset of X. So it is clear that the 8,-bounded extension of
BN—{p} is BN. Thus [T, 4 P(BN—{p))=T11,c4N. We will show that the point
(x,)pes € I1,enBN defined by x,=p, is not in the closure of any countable subset
of TLyea(BN—{p}). Hence Z([L,eaBN—(p}) € TLoeabN=TTL,esP(EN—{p)).
Since every X,-bounded space is countably compact, hence pseudocompact, this
will show that 1) implies 2) of 3.2 is false for arbitary products. We shall require
some preliminary remarks.

In the space SN, the points of SN—N are the free ultrafilters of subsets of N
(see [4, chapter 6] for a detailed construction of fX in terms of z-ultrafilters). In
what follows, a free ultrafilter & of subsets of N will be referred to both as an
ultrafilter on N and as a point of SN—N.

Let {x,},.y be a sequence in a space X, and letZ be a free ultrafilter on N. Accord-
ing to Bernstein in [1], a point x € X is a Z-limit point of the sequence {x,} if given
a nbhd. U of x, the set {n [ X, € U} is a member of the ultrafilter 2. It is straight
forward to check that if f: X—Y is a continuous map and x is the Z-limit in X of

2
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{X.}nen» then f(x) is the D-limit in ¥ of {f(x,)},.n. (We speak of x being the
Z-limit of {x,} because, as is easily checked, in a Hausdorff space Z-limits are
unique when they exist.) If x e cl x ({x,,} neny) — ({X} ne) fOr a space X and a sequence
{x,} € X, then there exists a free ultrafilter & on N such that x is the Z-limit of
{X,}nen (We can take the sets By={ne N | x, € U} where U is a nbhd. of x, as the
base for a free ultrafilter on N). Suppose that & is a free ultrafilter on V. Then there
are at most ¢=2" points x in SN— N such that x is the Z-limit of some sequence
from N. This is true since there are 2™ sequences of elements of N and Z-limits are
unique in the Hausdorff space SN.

Suppose, then, that the point (x,),c 4 € [ [,c4fN defined by x,=p is in the closure
of some countable subset of J[,..(BN—{p}). Let this countable set be {X,},cn-
Then there exists a free ultrafilter & on N such that (x,),., is the Z-limit of
{*,}nen- By the continuity of the projection map we must have for each pe 4,
p is the Z-limit in SN of the sequence {II (x,)},cy (Where IL :T],..AN—fN is
the p-th projection map). But we know that there are at most ¢ points ¢ in SN—N
such that g is the Z-limit of a sequence in N. Since 4 has cardinality 2° we can find
a point p, € 4 such that p, is not the Z-limit of any sequence in N. As p, is a P-
point of BN—N, and {Hj,o(xn)}"e v is a countable set not containing p,, there exists
anbhd. U of p, in BN such that U N (BN—N) N {11, (x,)},cy= .Let us define
a sequence {y,} ey in N by

y.=1 if I, (x,)eN—N

ya = 1L, (x,) otherwise.

Let ¥ be a nbhd. of p, in N. Then ¥ N\ U N (BN—{1}) is a nbhd in SN of p,.
Since p, is the Z-limit of {II, (x,)},cy, the set S={n|IL, (x)eV N UN
BN—{1}}eZ.But S< {n Iy,, €V}, hence {n|y, € V} €D (as an ultrafilter of
sets is directed by definition). Thus p, is the Z-limit point of {y,},.x, a sequence in
N. This contradicts the way in which p, was chosen. Thus (x,),., cannot be in the
closure of any countable subset of | [,.,(N—{p}), and the example is completed.

Note that if [[,pX, is pseudocompact and [B[<c, then P(]],.pXn)=
T2 (X,) where £ is X,-boundedness. This is true because any product of ¢
separable spaces is separable.

3.2 showed that for many extension properties the functor & commutes over
finite products iff the product is pseudocompact. The following result shows
exactly which extension property functors & commute under these conditions.

3.4. PROPOSITION. Let & be an extension property. The following statements are

equivalent.
) PXXY)=PXX PYiff Xx Yis pseudocompact.
2) & is contained in pseudocompactness.

Proof. 2) implies 1). This is the statement of 3.2.
1) implies 2). If £ is not contained in pseudocompactness then N satisfies 2.
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Thus P(NXN)=NXN=PNx PN, but NxN is not pseudocompact. This
contradicts 1). O

Woods in [11] describes O-dimensional extension properties. If 2 is an extension
property then the property &, defined by “X has &, iff X has & and is O-dimen-
sional” is an extension property in the category of O-dimensional spaces and
continuous maps. Every O-dimensional space X has an extension Z X such that
X < Z,X < ByX. Furthermore ZX satisfies &, and any continuous map from
X to a space with & admits an extension to ZX. In view of 2.2 it is clear that 3.1,
3.2 and 3.4 remain true for O-dimensional spaces X and Y and O-dimensional
extension properties of the form Z,. It is worth pointing out here that ZX# P X
in general for O-dimensional spaces X. If X is the space A; of [4, 16 M] then
BX#PoX.

By the above remarks it is clear that if X and Y are O-dimensional spaces and
Z is an extension property contained in pseudocompactness then (XX Y)=
PXX PYff Py(XX Y)=PXx P,Y. The following unanswered question arises.
Is it true for any extension property & that Z(XX Y)=2XX PY iff (X% Y)=
P XX P, Y?

Woods in [11] introduces the concept of &-pseudocompactness. A space X is
P-pseudocompact if ZX=pX. The property pseudocompactness is precisely
P-pseudocompactness where & = realcompactness. In general however, XX Y
being P-pseudocompact does not imply P(Xx Y)=PXX PY. Let P=N,-
boundedness. Then N is Z-pseudocompact and so in N x N. However Z(NX N)=
B(NXN)#LNX N=PNx PN.
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