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A NOTE ON RESONANCE PROBLEMS WITH
NONLINEARITY BOUNDED IN ONE DIRECTION

To Fu MA AND LUIS SANCHEZ

We prove the existence of a solution for a semilinear boundary value problem at
resonance in the first eigenvalue. The nonlinearity is assumed to be bounded below
or above; no further growth restrictions are assumed.

1. STATEMENT OF THE RESULT

Many authors have studied the resonance problem

(1.1) -u" - u = g(x,u) + h(x) in (O.TT), u(0) = 0 = U(TT).

In order to motivate our analysis we recall that the growth restriction

(1.2) limsup^4<3

has been widely used in the hterature together with a Landesman-Lazer condition [8] to
yield a solution of (1.1): see Ahmad [1], and for conditions of the same type with respect
to resonance at higher order eigenvalues, Berestycki and De Figueiredo [2], Iannacci and
Nkashama [7] and the references in this article for an account of work in this direction.

Recently Ha and Song [5] have exploited the boundedness of g(x,u) in one direc-
tion, together with a Landesman-Lazer condition, in order to avoid (1.2), allowing the
nonlinearity to grow like a power in u\ we show that indeed that growth restriction
may be dropped.

Let us give precise statements of our assumptions and results. Let g : (0, n) x R —* M
be an i1-Caratheodory function : this means, as usual, that g is measurable in the
first variable, continuous in the second one and if R > 0 is given sup|u|^R |g(x,w)| is
bounded by some function in l/1(0,7r). Moreover, let us assume that g is bounded below

in the sense that for some function m 6 i1(0,7r) we have

(1.3) \g(x,u)\^m(x), (*>i»)e(0lir)x(-oo,0)
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and

(1.4) g(x,u) ^ -m(x), (x,u) e (O,TT) X ( 0 , + O O ) .

(We need (1.3) because of condition (1.6) to be introduced below. We could sym-
metrically deal with the case of a Caratheodory function bounded from above with the
obvious meaning.) In addition, without loss of generality we take h orthogonal to the
first eigenfunction, fi(x) = sin a;:

(1.5) / h(x)<Pl(x)dx=0
Jo

and the corresponding usual Landesman-Lazer condition (which has a meaning because

(1.6) / g-Wnix) dx < 0 < / g+(x)<p!(x) dx
Jo Jo

where g~(x) := ]imsup3t(a:,u), g+(x) := liminf g(x,u).
u—> — oo «-»+oo

THEOREM 1 . Let g be an L1 -Caratheodory function and h € Z1(0,7r) satisfy
(1.3), (1.4), (1.5) and (1.6). Then (1.1) has at least one solution.

In section 2 we present the proof of Theorem 1 and make some further comments.

2. P R O O F OF THE THEOREM

We shall make use of a well-known result from degree theory which we state here
in a simple form for the convenience of the reader; we refer for example, to Gaines
and Mawhin [6] for a more general version and proof. Let X be a Banach space,
L : D(L) C X -> X a linear operator such that D{L) = Ker (£)©£>!, X = Ker {L)@Xi

and there exists a continuous partial inverse of L, denoted K : X\ —» D\. Let Y be
another Banach space such that D(L) C Y C X and the imbedding D(L) C Y is
compact. Finally, we consider a continuous nonlinear operator N : Y —• X that takes
bounded sets into bounded sets, and the operator equation

(2.1) Lx + Nx=Q, xeD(L).

THEOREM A. Under the above conditions, equation (2.1) has at least one solu-
tion provided the following conditions are satisfied: (t) Tie set of solutions u of the
homotopic family of equations

(2.2) Lx + XNx =0, x£ D(L), A e (0,1)
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is bounded in Y. (ii) If P : X —> Ker (L) denotes the projection along Xi, then tor
any open ball B in Ker (£) with centre at the origin and sufficiently large radius the
Brower degree

deg(PN\Kei(L),B,0)

is defined and is non-zero.

We can now prove Theorem 1. The operator L(u) = u"+u has the above properties
with respect to the spaces

X = L\0,ir)t D{L) = W1'2^,*) n W^O.ir),

Ker(Z) = span{sinx}, Xi = {u G X^O.TT) : / * u(x)smxdx = 0}, £>i = Xj. nD(L),

Y = C71([O,7r]). Accordingly, we consider the family of equations

( u" + u+\g{x,u) = Xh XG(0,TT)

\ u(0) = 0 = u{ir) 0 < A < 1,

which is of the type (2.2) if we take N as the Nemytski operator generated by g(x,u) —

h(x).

For Theorem A we must check conditions (i) and («). Since P^V|Ker(L) in this
case can be identified with the mapping ip : R —> R given by

ip(a) = / g(x,asinx)smxdx
Jo

and from (1.6) and Fatou's Lemma we obtain

limsup / g(x,asinx)sinxdx < 0 < liminf / g(x,asinx)smxdx
a-*-oo Jo a~*+°° Jo

the assertion (it) readily follows. Therefore it remains to check (i). First we note that
for any u that solves (2.3) for some A we have, by (1.5)

/
g(x,u) sin xdx = 0

and, using (1.3)-(1.4) :

(2.4) / \g{x,u)\sinxdx ^ 2 / m(x) sins dx = C\.

Jo Jo
(Hereafter C\ , Ci,... will denote constants not depending on u or A.)
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Now let us decompose u in the form u(x) = osinz -f- w(x) where a £ K and
w £ Z>i. Then w(x) is the only solution in Z?i of

w" + w = —Xg(x,u) + \h

w(0) = 0 = w(ir)

and it follows that (denoting by || • | | c i the norm of C^QO,^]))

(2.6) ||W||O1 < / \g(x,u)\ dx + f \h(x)\ dx.
Jo Jo

Now given e > 0 there exists an integrable positive function D = D(e) > 0 such that

(2.7) \g(x,u)\^e\ug{x,u)\ + D{x)

for all x G (0,7r), u € R. This enables us to estimate the first integral of (2.6) :

/ \g{x,u)\ dx^e I \u\ \g(x,u)\ dx + ||£>||Li(OiX)
Jo Jo

< E | O | / \g(x,u)\sinxdx+e / \g(x,u)\ si
Jo Jo

(2.8)

where C2 is a constant such that, for all functions w £ C1([0,7r]) such that u>(0) = 0 =

sup
S i l l

Combining (2.6), (2.8) and the arbitrariness of e we see that, if un = a n s i n z + wn(x)
is a sequence of solutions of (2.3) for corresponding values of A = Xn then un can be
unbounded in C1([0,7r]) only if \an\ —* 00 (for some subsequence) and then

If an —» +00, then un(x) —> +00 for all x £ (O,TT) and un(z) > 0 for all a; £ ( 0 , T )

and n sufficiently large. From (2.3) with u = ura and A = An we obtain

/ liminf g(x,un(x))smxdx ^ lim / g{x,un{x))smxdx = 0
7o Jo

which obviously imphes a contradiction with the right-hand side of (1.6). If an —» —00
we analogously obtain a contradiction with the left-hand side. Hence (i) is satisfied
and the proof is complete. D
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Some final remarks are in order. It is apparent that the more regularity D(L)
possesses the easier is it to obtain the C71-estimate for w[x) (the component of u(sc)
orthogonal to <pi(x)). In fact this becomes trivial in the following example. Consider
the fourth-order one-dimensional boundary value problem

u<4> -u=g(x,u) + h(x) in (0,re)

u{0) = u{n) = 0, «"(0) = t»"(ir) = 0

where g and h are as in Theorem 1. Then (2.4) holds and as a straightforward con-
sequence it yields the boundedness of w in Crl[0,7r]. To see this, note that for the
solution of

(2.10) u« -u = f(x)

with the boundary condition of (2.9) the following estimate holds:

/
Jo
/

Jo
This follows from the fact that u can be seen as the solution of

u" - u = U, U" +U = f,

u(0) = 0 = U(TT), U{0) = U(ir) = 0.

If W denotes the component of U orthogonal to sin x, then the properties of the
Green's function for the mapping f >-+ W imply

r
Jo

on the other hand it is clear that ||iu||c:i ^ C12 ||W|lc([o -B-I) (this is true even for the
C2-norm).

As a result, Theorem 1 holds for problem (2.9) (with a very short proof).
Finally, we would like to recall that existence results for the corresponding elliptic

problem in higher dimensions can be deduced from the works of Chiappinelli, Mawhin
and Nugari [3] and Chiappinelli and De Figueiredo [4]; in particular the result corre-
sponding to Theorem 1 is obtained provided the nonlinearity grows linearly. It is easy
to see that our proof applies, under these conditions, in dimensions 2 or 3.
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