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Abstract

An argument is given to fill a gap in a proof in the author’s article On certain
algebraic curves related to polynomial maps, Compositio Math. 103 (1996), 319–350,
that the polynomial Φn(x, c), whose roots are the periodic points of period n of a
certain polynomial map x→ f(x, c), is absolutely irreducible over the finite field of p
elements, provided that f(x, 1) has distinct roots and that the multipliers of the orbits of
period n are also distinct over Fp. Assuming that Φn(x, c) is reducible in characteristic p,
we show that Hensel’s lemma and Laurent series expansions of the roots can be used
to obtain a factorization of Φn(x, c) in characteristic 0, contradicting the absolute
irreducibility of this polynomial over the rational field.

In [Mor96, Theorem 15] it is asserted that the nth dynatomic polynomial

Φn(x) =
∏
d|n

(fd(x)− x)µ(n/d)

(see [Sil07, p. 148]) associated to the dynamical system x→ f(x) = f(x, c) is irreducible over
the algebraic closure F̄p of the finite field Fp if the polynomial f(x, c) ∈ Z[x, c] satisfies certain
conditions (H) [Mor96, p. 323] and f(x, 1) and δn(1, c) have distinct roots over Fp, where δn(x, c)
is the monic polynomial whose roots are the multipliers of the orbits of roots of Φn(x) under the
map f(x). (See p. 321; this and all other page references are to [Mor96] unless noted otherwise.)

The argument presented here fills a gap in the proof of this theorem. In Case 2 (p. 346),
it was assumed that Φn(x) =A(x)B(x) over the field F̃ , which is the splitting field of f(x, 1)
over Fp; it was then deduced that Φn(x) = Ã(x)B̃(x) over the field Kp(c), where Kp is a finite
extension of the p-adic field Qp with residue class field F̃ . However, from the proof of Hensel’s
lemma [Has69, p. 161] it only follows that the coefficients in this factorization are elements of the
formal power series ring R[[c]], where R is the ring of integers in Kp. It is possible to show that
the coefficients are actually in R[c], i.e. that Ã(x, c) and B̃(x, c) lie in R[x, c], by the following
argument.

If π is a prime element of R, then the proof of Hensel’s lemma constructs Ã(x) = Ã(x, c) and
B̃(x) = B̃(x, c) by extending the congruence

Φn(x)≡A(x)B(x) (mod π)
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to a congruence of the form

Φn(x)≡Ar(x)Br(x) (mod πr) for r > 1,

where Ar and Br are polynomials in R[x, c] with Ar(x)≡A(x) and Br(x)≡B(x) (mod π). Then

Ã(x) = Ã(x, c) = lim
r→∞

Ar(x), B̃(x) = B̃(x, c) = lim
r→∞

Br(x).

We now use the series

zs = z(u) = ζu+
a1

u
+
a2

u2
+ · · · (1)

of [Mor96, Lemma 2], defined over the field Kp, where ζ is a root of f(x, 1) = 0 and um = c.
It is clear from the proof of [Mor96, Lemma 1] that the coefficients of zs lie in R and that the
different series zs, when reduced mod π, give all the roots of Φn(x) over F̃ ((1/u)) =R/π((1/u)).
Substituting zs into Φn(x) gives

0≡ Φn(zs)≡Ar(zs)Br(zs) (mod πr),

and hence π divides either Ar(zs) or Br(zs). But, by the argument given in Case 2 (p. 346), π
cannot divide both of these expressions since A(x) and B(x) have no common roots over F̃ .
Therefore zs is a root of Ar or Br (mod πr), and it follows that (x− zs) divides Ar(x) or Br(x)
(mod πr). Since the different series are distinct mod π, we have

Ar(x)≡
∏
s∈I

(x− zs) and Br(x)≡
∏
s′ ∈J

(x− zs′ ) (mod πr), (2)

where the products are taken over certain sets I and J of sequences of roots of f(x, 1) = 0 (see
[Mor96, Lemmas 1 and 2]). Now, by (1), the degrees in u of both products in (2) are bounded from
above; and because um = c, this is also true of the degree in c. Using the fact that the coefficients
on both sides of the equations in (2) are elements of the Laurent series ring R/πr((1/u)), it
follows that the coefficients of the polynomials Ar(x) and Br(x) can be taken to be polynomials
in c whose degrees are bounded by some integer N which is independent of r.

This argument gives that

Ar(x) =
∑

i6d1,j6N

a
(r)
ij x

ic j and Br(x) =
∑

i6d2,j6N

b
(r)
ij x

ic j ,

where d1 and d2 are the degrees in x of A(x) and B(x), respectively, and a(r)
ij , b

(r)
ij ∈R. From the

construction of Hensel’s lemma we get that

a
(r+1)
ij ≡ a(r)

ij and b
(r+1)
ij ≡ b(r)ij (mod πr),

so for each pair (i, j) the sequences {a(r)
ij } and {b(r)ij } converge in R as r→∞. Hence Ã(x), B̃(x) ∈

R[x, c], as required. The rest of the proof in Case 2 of [Mor96, Theorem 15] is now valid.

The same arguments can be used to finish the proof of [Mor96, Proposition 17, p. 346].

We also point out that the references to papers [17–20] in the bibliography of [Mor96] should
be to the papers [16–19].

Note that [Mor96, Theorem 15] was used in [Mor98] to prove that over an arbitrary field κ,
Φn(x, c) is irreducible if: (i) for some m> 1, f(x, um) is homogeneous in x and u of degree at
least two; (ii) f(x, 0) = xk; (iii) f(x, 1) and δn(1, c) have distinct roots over κ.
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