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Lifting n-Dimensional Galois
Representations

Spencer Hamblen

Abstract. We investigate the problem of deforming n-dimensional mod p Galois representations to

characteristic zero. The existence of 2-dimensional deformations has been proven under certain con-

ditions by allowing ramification at additional primes in order to annihilate a dual Selmer group. We

use the same general methods to prove the existence of n-dimensional deformations.

We then examine under which conditions we may place restrictions on the shape of our defor-

mations at p, with the goal of showing that under the correct conditions, the deformations may have

locally geometric shape. We also use the existence of these deformations to prove the existence as

Galois groups over Q of certain infinite subgroups of p-adic general linear groups.

1 Introduction

Fix an algebraic closure Q of Q , and let GQ = Gal(Q/Q). Let k be a finite field of

characteristic p; we then start with an n-dimensional mod p representation ρ̄ : GQ →
GLn(k), and make no assumptions on the origin of ρ̄. We address two questions.

Question 1 Since elliptic curves and modular forms give rise to p-adic representa-

tions (which then project to mod p representations), under what conditions can we

lift ρ̄ to characteristic zero? That is, when does there exist a finite extension O of Zp

and a continuous representation ρ : GQ → GLn(O) such that ρ ≡ ρ̄ mod p?

Question 2 If we can lift ρ̄ to ρ as in Question 1, is ρ potentially semistable? That

is, does it look like representations arising from algebraic varieties or modular forms?

For n = 2 and p ≥ 3, Ramakrishna [12, 13] and Taylor [19] have been able to

prove the existence of lifts as in Question 1, and if ρ̄ is odd (the determinant of the

image of complex conjugation is −1), have proved the existence of geometric lifts as

in Question 2 in all but a few explicit cases. Böckle and Khare [2] have used similar

methods to Ramakrishna and Taylor to examine the general n-dimensional case for

function fields.

Questions 1 and 2 relate to a conjecture of Serre that all 2-dimensional odd abso-

lutely irreducible mod p Galois representations arise from modular forms with pre-

scribed weight, level, and character. Ash and Sinnott [1] have developed a 3-dimen-

sional analogue of Serre’s conjecture; however, they relate mod p representations

to the mod p cohomology of Hecke eigenclasses, and hence do not attempt to lift

their representation to characteristic zero. There also is a conjecture of Fontaine and
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Lifting n-Dimensional Galois Representations 1029

Mazur [6] that finitely ramified potentially semistable p-adic representations arise

from the étale cohomology of an algebraic variety.

We say ρ̄ ramifies at a rational prime v if v ramifies in the fixed field of ker ρ̄; let S

be a finite set of primes including p, the prime at infinity, and all primes at which ρ̄
ramifies. We then let QS be the maximal extension of Q in Q unramified outside of

S, and let GS = Gal(QS/Q). Finally, for a prime v, let Gv = Gal(Qv/Qv).

We look for deformations of ρ̄ to W (k), the ring of Witt vectors of k. We will be

using the relation between deformations and group cohomology extensively; to that

end, let Ad ρ̄ be the Galois module Mn(k) with action via conjugation by ρ̄. Let Ad0 ρ̄
be the trace zero submodule of Ad ρ̄, and let (Ad0 ρ̄)∗ be the Gm dual of Ad0 ρ̄. Note

that (Ad0 ρ̄)∗ is irreducible if and only if Ad0 ρ̄ is irreducible. Finally, for a Galois

module A, let ker(A) be the maximal Galois subgroup acting trivially on A.

Theorem 1.1 Given a continuous representation ρ̄ : GQ → GLn(k), let S be a finite

set of primes of Q containing p and the ramified primes of ρ̄. Assume:

(i) p ≥ 2n + 1.

(ii) im(ρ̄) is sufficiently large that:

(a) Ad0 ρ̄ is an absolutely irreducible GS-module,

(b) H1(GS/ ker(Ad0 ρ̄),Ad0 ρ̄) and H1(GS/ ker((Ad0 ρ̄)∗), (Ad0 ρ̄)∗) are triv-

ial,

(c) there exists x ∈ im ρ̄ with distinct eigenvalues and a ratio of eigenvalues in

Fp of multiplicity 1 corresponding to a 1-dimensional eigenspace of Ad0x.

(iii) For each v 6= p ∈ S, there exists a smooth quotient of the versal deformation ring

of ρ̄|Gv
in dimk H0(Gp,Ad0 ρ̄) variables.

(iv) There exists a smooth quotient of the versal deformation ring of ρ̄|Gp
in

dimk H0(Gp,Ad0 ρ̄) + dimk H0(G∞,Ad0 ρ̄)

variables.

Then there exists a finite set of primes T ⊇ S and a continuous representation ρ : GT →
GLn(W (k)) such that ρ ≡ ρ̄ mod p.

Depending on the image under ρ̄ of complex conjugation, we can place restric-

tions on the images of these deformations at p. This gives us a first step toward de-

termining under which conditions these deformations can be taken to be geometric.

Let U0 be the upper triangular subgroup of Ad0 ρ̄. Additionally, we say a represen-

tation is upper triangular if its image is conjugate to a subgroup of upper triangular

matrices.

Theorem 1.2 Suppose ρ̄ meets the first three conditions of Theorem 1.1. Suppose

(i) the image of complex conjugation under ρ̄ is conjugate to a diagonal matrix with

alternating 1s and -1s on the diagonal;

(ii) ρ̄|Gp
is upper triangular;

(iii) ρ̄|Gp
is sufficiently non-unipotent (see Proposition 4.2 and Theorem 5.2);

(iv) H2(Gp,U0) = 0.
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1030 S. Hamblen

Then there exists a finite set of primes T ⊇ S and a continuous representation ρ : GT →
GLn(W (k)) such that ρ ≡ ρ̄ mod p and ρ|Gp

is upper triangular.

We provide some 3-dimensional examples of representations meeting the condi-

tions of our theorem, thus giving rise to lifts to characteristic zero. Some of these

examples give lifts with large image in GL3(Zp).

Theorem 1.3 Let p ≡ 8 mod 21. Then there exist subgroups of GL3(Zp) containing

the principal congruence subgroup of SL3(Zp) that arise as Galois groups over Q .

1.1 Basic Facts

We present some basic facts we will frequently use; for proofs and more discussion,

see [8, 9, 13, 18].

Fact 1.4 (Local Duality/Cup Product Pairing) Given a prime v and a finite

Gv-module A, there exists a perfect pairing

Hi(Gv,A) × H2−i(Gv,A
∗)

∪−→ H2(Gv,A ⊗ A∗) → H2(Gv, µ∞)
∼−→ Q/Z.

Fact 1.5 (Local Euler–Poincaré Characteristic) For a finite Gv-module A, we have

#H0(Gv,A) · #H2(Gv,A) = #H1(Gv,A) · (Zv : #A · Zv)−1.

Fact 1.6 Let A be a finite Gv-module, and let Iv ⊆ Gv be inertia at v. Then

#H1(Gv/Iv,A
Iv ) = #H0(Gv/Iv,A

Iv ) = #H0(Gv,A).

Fact 1.7 (Global Euler–Poincaré Characteristic) For a number field K, a finite

GK -module A, and a finite set of primes S containing the primes dividing |A| and the

infinite primes,

#H0(GS,A) · #H2(GS,A)

#H1(GS,A)
=

∏

v|∞

#H0(Gv,A)

|#A|v
,

where |a|v = |a| if Kv = R and |a|2 if Kv = C.

Since we will often be looking at the k-dimension of our cohomology groups, for

the rest of this work we let hi
⋆ = dimk Hi(G⋆,Ad0 ρ̄), if ⋆ is a prime v or a finite set of

primes T ⊇ S. Additionally, let hdi
⋆ = dimk Hi(G⋆, (Ad0 ρ̄)∗) for similar ⋆.

Fact 1.8 (Chebotarev’s Theorem) Let L/K be a Galois extension of number fields.

For σ ∈ Gal(L/K) = G, let PL/K (σ) be the set of prime ideals p of K unramified in L

such that there exists a prime ideal P of L with FrobP = σ. Let 〈σ〉 be the conjugacy

class of σ in G. Then the density of PL/K (σ) in the set of all prime ideals is
#〈σ〉
#G

.
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2 Existence Theorem

The smooth quotients in the third and fourth conditions of Theorem 1.1 will induce,

for each v ∈ S, subgroups Nv of H1(Gv,Ad0 ρ̄) which are our local deformation

conditions. For each v ∈ S, we also define a class Cv of deformations of ρ̄|Gv
to W (k);

we choose the pair (Nv,Cv) such that the class of mod pn reductions from Cv is stable

under the action of Nv. Note that the Nv will be k-subspaces of H1(Gv,Ad0 ρ̄); let

nv = dimk Nv.

2.1 Taylor’s Conditions

Definition 2.1 ([19, p. 3]) Let ρm be a deformation of ρ̄|Gv
to W (k)/pm. We say

that Nv and Cv satisfy Taylor’s conditions if they satisfy all of the following:

(i) ρ̄|Gv
∈ Cv.

(ii) If ρm ∈ Cv, then the residue of ρm in W (k)/pr is in Cv for all 1 ≤ r ≤ m − 1.

(iii) Cv is closed under inverse limits.

(iv) For all m, there exists ρm ∈ Cv such that ρ̄|Gv
≡ ρm mod p.

(v) Cv is closed under the action of Nv; that is, given a deformation ρm ∈ Cv, and

h ∈ Nv, we have (I + pm−1h).ρm ∈ Cv.

We note that the existence of such a Cv is assured if there exists a smooth quotient

of the versal deformation ring at v in nv variables.

We will need to work with the global pre-images of our local deformation condi-

tions; accordingly, let Res : H1(GS,Ad0 ρ̄) →
⊕

v∈S H1(Gv,Ad0 ρ̄) be the restriction

map, let NS =

⊕
v∈S Nv, and let

H1
NS

(GS,Ad0 ρ̄) = Res−1(NS) ⊆ H1(GS,Ad0 ρ̄).

For each Nv, let N
⊥
v be the annihilator of Nv under the cup product pairing. Then let

N⊥
S and

H1
N⊥

S
(GS, (Ad0 ρ̄)∗) = Res−1

⊥ (N⊥
S ) ⊆ H1(GS, (Ad0 ρ̄)∗)

be defined similarly. These are our Selmer and dual Selmer groups, and we let h1
NS

and hd1
N⊥

S

, respectively, be their dimension over k. We cannot calculate

H1
NS

(GS,Ad0 ρ̄) and H1
N⊥

S
(GS, (Ad0 ρ̄)∗)

directly, but fortunately we have a formula relating their respective dimensions.

Fact 2.2 ([22, Proposition 1.6]; see also [3]) For a finite set of primes T ⊇ S,

h1
NT

− hd1
N⊥

T
= h0

Q − hd0
Q +

∑

v∈T

nv −
∑

v∈T

h0
v.

Proposition 2.3 Assume that for each v ∈ S, we have Nv and Cv satisfying Taylor’s

conditions. If H1
N⊥

S

(GS, (Ad0 ρ̄)∗) is trivial, then there exists ρ : GS → GLn(W (k)) such

that for every v ∈ S, ρ|Gv
∈ Cv.
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Proof The Poitou–Tate exact sequence [9, p. 427]) gives us an exact sequence:

H1(GS,Ad0 ρ̄)
Res

//
⊕

v∈S H1(Gv,Ad0 ρ̄)/Nv

��

H1
N⊥

S

(GS, (Ad0 ρ̄)∗)∗

��⊕
v∈S H2(Gv,Ad0 ρ̄) H2(GS,Ad0 ρ̄)oo

Since H1
N⊥

S

(GS, (Ad0 ρ̄)∗) is trivial, H1
N⊥

S

(GS, (Ad0 ρ̄)∗)∨ is also trivial, so the first

map is a surjection and the last is an injection. Taylor [19, Lemma 1.1] shows that

this suffices for n = 2, and the proof does not depend on the dimension of the

representation. �

2.2 Additional Ramification

The following proposition was proved by Taylor [19, Lemma 1.2] for the 2-dimen-

sional case as a refinement of the results of [13]; here we extend the proof to the

n-dimensional case. We want to find some T ⊇ S such that H1
N⊥

T

(GT , (Ad0 ρ̄)∗) is

trivial; we can then apply Proposition 2.3.

Proposition 2.4 Assume the hypotheses of Theorem 1.1. Then if for all v ∈ S we have

Nv and Cv satisfying Taylor’s conditions, and
∑

v∈S nv ≥ ∑
v∈S h0

v , then there exists a

finite set of primes T ⊇ S such that H1
N⊥

T

(GT , (Ad0 ρ̄)∗) = 0.

Proof We are assuming that Ad0 ρ̄ and (Ad0 ρ̄)∗ are both irreducible as GS modules;

hence H0(GQ ,Ad0 ρ̄) and H0(GQ , (Ad0 ρ̄)∗) are trivial. By Fact 2.2, if
∑

v∈T nv ≥∑
v∈T h0

v , then we have

dimk H1
NT

(GT ,Ad0 ρ̄) ≥ dimk H1
N⊥

T
(GT , (Ad0 ρ̄)∗).

It suffices then to show that H1
NT

(GT ,Ad0 ρ̄) is trivial for some finite set T containing

S satisfying
∑

v∈T nv ≥
∑

v∈T h0
v . Next assume that we can choose a w /∈ S such that

• h0
w = n − 1 and h2

w = 1 (hence h1
w = n by Fact 1.5),

• there exists a ψ ∈ H1
N⊥

S

(GS, (Ad0 ρ̄)∗) which maps to a non-zero element of

H1(Gw/Iw, (Ad0 ρ̄)∗).
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Then using that H1(Gw,Ad0 ρ̄)⊥ is trivial and Fact 2.2, we have:

h1
NS∪H1(Gw ,Ad0 ρ̄) − hd1

N⊥
S ∪H1(Gw ,Ad0 ρ̄)⊥ =

(∑

v∈S

nv

)
+ h1

w −
(∑

v∈S

h0
v

)
− h0

w

=

(∑

v∈S

nv

)
+ n −

(∑

v∈S

h0
v

)
− (n − 1)

= h1
NS

− hd1
N⊥

S
+ 1.

We rewrite this equation:

(2.1) h1
NS∪H1(Gw ,Ad0 ρ̄) − h1

NS
= 1 + hd1

N⊥
S ∪H1(Gw ,Ad0 ρ̄)⊥ − hd1

N⊥
S
.

Then since H1(Gw,Ad0 ρ̄)⊥ is trivial, we have

H1
N⊥

S
(GS, (Ad0 ρ̄)∗) ⊇ H1

N⊥
S ∪H1(Gw ,Ad0 ρ̄)⊥

(GS∪{w}, (Ad0 ρ̄)∗).

The existence of ψ above tells us that the containment is strict. We then get

hd1
N⊥

S
≥ 1 + hd1

N⊥
S ∪H1(Gw,Ad0 ρ̄)⊥

.

From the left side of (2.1), we then have h1
NS

≥ h1
NS∪H1(Gw,Ad0 ρ̄)

. But

H1
NS∪H1(Gw ,Ad0 ρ̄)(GS∪{w},Ad0 ρ̄)

injects into H1
NS

(GS,Ad0 ρ̄); therefore the groups must be equal. If we append a prime

w to S and choose a local condition Nw, we then have the exact sequence

0 → H1
NS∪{w}

(GS∪{w},Ad0 ρ̄) → H1
NS

(GS,Ad0 ρ̄) → H1(Gw,Ad0 ρ̄)/Nw

=

H1
NS∪H1(Gw ,Ad0 ρ̄)(GS∪{w},Ad0 ρ̄).

Hence, we also wish to choose w to have a smooth quotient of its versal de-

formation ring of dimension n − 1, inducing our local condition Nw, such that

there exists a φ ∈ H1
NS

(GS,Ad0 ρ̄) which under the restriction map to H1(Gw,Ad0 ρ̄)

lands outside Nw. By Lemmas 2.5 and 2.7 below, such a prime will always exist

if H1
N⊥

S

(GS, (Ad0 ρ̄)∗) is non-trivial. Then, since H1
N⊥

S

(GS, (Ad0 ρ̄)∗) is finite (by

Hermite–Minkowski), by induction we have the proposition. �

We then prove the existence of the necessary additional primes. We call a local de-

formation ring R ramified if there exist deformations to R which add ramification to

that of ρ̄; equivalently, the corresponding subgroup of H1(Gv,Ad0 ρ̄) is not contained

in the kernel of the restriction map to H1(Iv,Ad0 ρ̄)Gv/Iv .
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2.3 The Local Deformation Ring at w

Let Rρ̄ be the universal deformation ring of ρ̄, and for a prime w, let Rw
ρ̄ be the local

versal deformation ring of ρ̄|Gw
.

Lemma 2.5 Assume the hypotheses of Theorem 1.1. Then there exist infinitely many

primes w /∈ S such that

(i) h2
w = 1,

(ii) the local versal deformation ring Rρ̄w of ρ̄|Gw
has a ramified smooth quotient in h0

w

dimensions.

Remark. We only treat the case where the x in condition (iii) of Theorem 1.1 has

eigenvalues all in k. This assumption allows us to explicitly calculate the versal defor-

mation ring.

Proof If the x in condition (iii) of Theorem 1.1 has eigenvalues all in k, then there

exists w̃ ∈ k and a rational prime w such that w ≡ w̃ mod p, and ρ̄(Frobw) = x has

eigenvalues in k of ratio [an−2 : an−3 : · · · : a1 : w̃ : 1], with ai ∈ k∗. Note that

by the definition of x, we have ai 6= a j and aia
−1
j 6= w̃ for all i and j. By a change of

basis we can write ρ̄(Frobw), up to scalar multiplication, as




an−2 0
. . .

w̃

0 1


 .

Let A be an element of Ad0 ρ̄, and let (A)(i, j) be the (i, j)-th entry of A. Then the

action of Gw on Ad0 ρ̄ is generated by the action of Frobw, and by inspection, we have

that H0(Gw,Ad0 ρ̄) = (Ad0 ρ̄)Gw is therefore equal to the diagonal matrices of Ad0 ρ̄;

this is an n−1 dimensional space. Let k(a) be the Galois module k with Galois action

via multiplication by a. By the conditions on w above, Ad0 ρ̄ decomposes under the

action of Gw as

(2.2) Ad0 ρ̄ ∼
=

( ⊕
a∈k

a6=1,ew

k(a)ba

)
⊕ kn−1 ⊕ k(w̃).

We then wish to show H2(Gw,Ad0 ρ̄) is 1-dimensional. We use local duality, and

note that (Ad0 ρ̄)∗ decomposes as a Gw-module as

(2.3) (Ad0 ρ̄)∗ ∼
=

( ⊕
a∈k

a6=1,ew

k(w̃a−1)ba

)
⊕ k(w̃)n−1 ⊕ k.

So hd0
w = h2

w = 1, and we note that the elements of H0(Gw, (Ad0 ρ̄)∗) are those

sending (A)(i, j) to 0 for (i, j) 6= (n − 1, n) (see Lemma 2.7).
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Calculating the versal deformation ring explicitly becomes tricky in higher dimen-

sions, but we can take advantage of the simplicity of ρ̄|Gw
to gather the information

we need.

First note that if we have a deformation of ρ̄ to a complete local Noetherian ring

R, then ker (GLn(R) → GLn(k)) is a pro-p group. Therefore, since w 6= p and ρ̄|Gw

is unramified (since w /∈ S), deformations of ρ̄ factor through the Galois group of the

maximal tamely ramified extension of Qw over Qw. This group has two generators,

σw and τw (representing Frobenius and generating inertia, respectively), subject to

the relation σwτwσ
−1
w = τw

w . Thus, let

Rw = W (k)[[T1, . . . ,Tn]]/(Tn(T1 − T2)),

let ai be liftings of ai to W (k), and let a general deformation ρρρ : Gw → GLn(Rw) be

given by

σw 7→ x =




an−2

∏n−1
i=1 (1 + Ti)

−1 0

an−3(1 + Tn−1)
. . .

w(1 + T2)

0 1 + T1




τw 7→ y =




1 0
. . .

1 Tn

0 1


 .

Then xyx−1
= yw, det x = det ρ̄(σw), and det y = det ρ̄(τw), and there exists an

isomorphism of tangent spaces between Rρ̄w and Rw. Therefore there exists a surjective

map from the versal deformation ring Rρ̄w to Rw, so if Rw has the desired smooth

quotient, so will Rρ̄w. We can also use all of the cohomological information about the

versal deformation ring for Rw.

There are two distinct (n − 1)-dimensional smooth quotients of Rw; the first is

achieved by sending Tn to 0, but the resulting deformations are unramified. We in-

stead take as our smooth quotient the ring X obtained by sending T1 to S1 and Ti to

Si−1 for i ≥ 2; note that X ∼
= W (k)[[S1, . . . , Sn−1]]. �

Remark. Note that we can get deformations of ρ̄|Gw
that are not the Teichmüller lift. If

T1 is not necessarily zero, the ratio of eigenvalues of our deformation will be different

from that of ρ̄|Gw
, even at the mod p2 level.

Let t∗X be the corresponding quotient of t∗Rw
, the cotangent space of Rw, and let π∗

be the quotient map from t∗Rw
to t∗X . Let tX = Homk(t∗X, k), and π be the natural injec-

tion from tX to the tangent space tRw
. Let {r1, . . . , rn} be the set of homomorphisms

from t∗Rw
to k defined by ri(T j) = δi j , where δi j = 1 if i = j, and is 0 otherwise. Let

{x1, . . . , xn−1} be the set of homomorphisms similarly defined on t∗X ; note that {ri}
and {xi} are bases of tRw

and tX , respectively. Finally, let θ be the isomorphism from

tRw
to H1(Gw,Ad0 ρ̄); we then let Nw = θ(π(tX)).
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Lemma 2.6 For all φ ∈ Nw and σ ∈ Gw, (φ(σ))(n−1,n−1) = (φ(σ))(n,n).

Proof The map π∗ : t∗Rw
→ t∗X is induced by sending π∗(T1) = S1 and π∗(Ti) = Si−1

for i ≥ 2; we therefore have π(x1)(T j) = (r1 + r2)(T j), and for i ≥ 2, π(xi)(T j ) =

ri+1(T j). So {r1 + r2, r3, . . . , rn} is a basis for π(tX) ⊆ tRw
.

By Fact 1.5, we have

h1
w(k(a)) =





1 if a = 0 (since H0(Gw, k) = k ),

1 if a = w̃ (since #H2(Gw, k(w̃)) = #H0(Gw, k)),

0 otherwise.

By (2.2) and the fact that group cohomology respects direct sums, we can then de-

compose H1(Gw,Ad0 ρ̄) as [H1(Gw, k)]n−1 ⊕ H1(Gw, k(w̃)).

The first part of the direct sum (which arises from H1(Gw/Iw,Ad0 ρ̄Iw ), and is

hence unramified; see Lemma 1.6) comes from the diagonal entries of Ad0 ρ̄; the

second (which is ramified, coming from the H2) comes from the (n, n − 1)-th entry

of Ad0 ρ̄. Let e(i, j) ∈ Mn(k) have a 1 in the (i, j)-th entry, and 0 elsewhere; a basis for

H1(Gw,Ad0 ρ̄) is then {v1, . . . , vn}, where the vi ’s are 1-cocycles such that

vi(σw) = e(n+1−i,n+1−i) − e(1,1) vi(τw) = 0 for 1 ≤ i ≤ n − 1,

vn(σw) = 0 vn(τw) = e(n−1,n).

Note that the vi for 1 ≤ i ≤ n − 1 are independent since their images lie in distinct

Gw-submodules of Ad0 ρ̄.

We then have θ : tRw

∼−→ H1(Gw,Ad0 ρ̄) sending ri to vi ; so {v1 + v2, v3, . . . , vn} is

a basis for Nw. �

2.4 Shrinking the Dual Selmer Group

Lemma 2.7 Assume the hypotheses of Theorem 1.1. Let T ⊇ S be a finite set of primes

such that H1
N⊥

T

(GT , (Ad0 ρ̄)∗) is non-trivial, and suppose

∑

v∈T

nv ≥
∑

v∈T

h0
v.

Then there exists a non-zero φ ∈ H1
NT

(GT ,Ad0 ρ̄) and ψ ∈ H1
N⊥

T

(GT , (Ad0 ρ̄)∗), and a

prime w /∈ T (dependent on φ and ψ) satisfying the conditions of Lemma 2.5 such that:

• φ maps to a non-trivial element of H1(Gw,Ad0 ρ̄)/Nw;
• ψ maps to a non-trivial element of H1(Gw/Iw, (Ad0 ρ̄)∗).

Proof Since we are assuming that H1
N⊥

T

(GT , (Ad0 ρ̄)∗) 6= 0, by Fact 2.2 there exist

non-zero elements φ ∈ H1
NT

(GT ,Ad0 ρ̄) and ψ ∈ H1
N⊥

T

(GT , (Ad0 ρ̄)∗). Let L =

Q(µp)Q(Ad0 ρ̄), the compositum of the fixed fields of the kernel of the action of GQ

on µp and Ad0 ρ̄, and let GL
∼
= Gal(Q/L). As GL acts on Ad0 ρ̄ and (Ad0 ρ̄)∗ trivially,
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the restrictions of φ and ψ to GL are just homomorphisms to Ad0 ρ̄ and (Ad0 ρ̄)∗,

respectively. We therefore let Lφ and Lψ be the fixed fields of the kernel of the actions

of φ and ψ, respectively, and let M = LφLψ .

Note that H1(GS/GL,Ad0 ρ̄) is trivial (from the second condition of Theorem 1.1);

therefore, by the inflation-restriction sequence, φ has non-trivial image in

H1(GL,Ad0 ρ̄)Gal(L/Q)
= HomGS

(GL,Ad0 ρ̄).

We can therefore talk about the image of Gal(Lφ/L) under φ, which must be a non-

zero k-subspace of Ad0 ρ̄. But by the second condition of Theorem 1.1, Ad0 ρ̄ is an

irreducible GS-module, so φ(Gal(Lφ/L)) must be all of Ad0 ρ̄. Therefore there exists

σ ∈ Gal(Lφ/L) such that (φ(σ))(n−1,n−1) 6= (φ(σ))(n,n); we fix this σ and note that by

Lemma 2.6, φ does not map to an element of Nw.

For ψ, first note that #H1(Gw/Iw, (Ad0 ρ̄)∗) = #H0(Gw, (Ad0 ρ̄)∗) by Fact 1.6; by

(2.3), we have that H0(Gw, (Ad0 ρ̄)∗) is one dimensional and generated by f(n−1,n) ∈
Hom(Ad0 ρ̄, µp), where for A ∈ Ad0 ρ̄, we have f(n−1,n)(A) = (A)(n−1,n). So, to

satisfy the second condition of the lemma, we need to find a τ ∈ Gal(Lψ/L) such

that ψ(τ )(e(n−1,n)) 6= 0. As above, since (Ad0 ρ̄)∗ is an irreducible GS-module and

ψ is non-zero (by the triviality of H1(GS/GL, (Ad0 ρ̄)∗) and the inflation-restriction

sequence), the image of ψ cannot be contained in any proper k-subspace of (Ad0 ρ̄)∗.

But the elements of Hom(Ad0 ρ̄, µp) which do not depend on the (n − 1, n)-th entry

form a k-subspace of (Ad0 ρ̄)∗, so there must exist τ ∈ (Ad0 ρ̄)∗ with the desired

property; we then fix this τ .

Now M/Q is a finite extension, so suppose there exists an element ξ ∈ Gal(M/Q)

such that φ(ξ) = φ(σ), ψ(ξ) = ψ(σ), and there exists w̃ ∈ k∗ such that ρ̄(ξ) has

eigenvalues in k of ratio [w̃an : w̃an−1 : · · · : w̃a3 : w̃a2=1 : w̃a1=0] (see the proof of

Lemma 2.5). Then by Chebotarev’s theorem, there exists a rational prime w /∈ T

such that Frobw = ξ, and all of the conditions of the lemma would be met. Given

the structure of M, it suffices to show that Lφ ∩ Lψ = L. But Gal(Lφ/L) injects into

Ad0 ρ̄, and Gal(Lψ/L) injects into (Ad0 ρ̄)∗ [12, Lemma 9]. Since by (2.2) and (2.3)

the actions of Gw on Ad0 ρ̄ and (Ad0 ρ̄)∗ are different, then Ad0 ρ̄ and (Ad0 ρ̄)∗ cannot

possibly be isomorphic as GS-modules.

We then consider the k-span of the images of Gal(Lφ/L) and Gal(Lψ/L) in Ad0 ρ̄
and (Ad0 ρ̄)∗, respectively. They are clearly Galois stable, and their intersection

Gal(Lφ ∩ Lψ/L)

must be contained in the intersection of the irreducible GS-modules Ad0 ρ̄, (Ad0 ρ̄)∗;

it must therefore be trivial. �

Propositions 2.3 and 2.4 together give us Theorem 1.1. We now investigate which

representations will meet the third and fourth conditions of Theorem 1.1.

3 Local Obstructions

Mazur [7] showed that dimk(Rv/mRv) ≥ h1
v − h2

v , where m is the maximal ideal

of Rv. Therefore, if we have that for all v ∈ S that H2(Gv,Ad0 ρ̄) = 0, then the
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third and fourth conditions of Theorem 1.1 are automatically satisfied, as the versal

deformation rings will be smooth in the correct number of variables by Fact 1.5. We

therefore determine H2(Gv,Ad0 ρ̄) for all possible ρ̄|Gv
, or at least as many as we can.

Note that if ρ̄|Gp
is unramified, the fourth condition of Theorem 1.1 is automatically

satisifed (as then h2
p = 0). Additionally, in some cases when H2(Gv,Ad0 ρ̄) 6= 0, we

can exhibit the necessary Nv.

These situations increase in complexity quickly as n increases; while almost every

possible image of ρ̄|Gv
can be admitted if n = 2 [13], we must place more restrictions

on the admissible images of ρ̄|Gv
if we raise the dimension.

3.1 Local Obstructions for v = p

The action of Ip, the inertial subgroup at p, is easier to write explicitly than the action

of Gp. Recall that Ip acts via fundamental characters; for a full discussion, see [15,16].

Definition 3.1 A character is of level r if it is a product of fundamental characters

of level r, but not a product of fundamental characters of level s for all s < r.

We will need the following lemma to calculate H0(Ip, (Ad0 ρ̄)∗); recall that χ is the

cyclotomic character.

Lemma 3.2 If there exist characters φi and φ j of levels i and j, respectively, such that

φiφ
−1
j = χa for some a, then i = j.

Proof Without loss of generality, assume j ≥ i. Then φ jχ
a

= φi , and as we can

write the left-hand side as a product of powers of the fundamental characters of level

j. It is easy to see that a character of level m can only be written as a product of

fundamental characters of a lesser level m ′ if the powers of the characters repeat with

period m ′ dividing the original level. As this is not true of φi (since φ j is a character

of level j), we must have i ≥ j. �

We then restrict our inspection of the action of Ip further by looking at the semi-

simplification of ρ̄|Gp
, which we denote ρ̄|ss

Gp
. We denote the restriction of this rep-

resentation to inertia as ρ̄ss|Ip
. From [16], we have that ρ̄ss|Ip

acts through charac-

ters {φi}, the set of which is fixed by the p-th power map. We can then group the

characters by their orbits under the p-th power map; let m be the number of orbits.

Reindexing the characters (and possibly extending scalars to Fpmax{ai}), we have

ρ̄ss|Ip
=




A1 0
. . .

0 Am


 , where Ai =



φi,1 0

. . .

0 φi,ai


 ,

where for each i we have ordered the φi, j so that φi, j = φ
p
i, j+1. These are characters of

level ai , and since the set {φi, j} is fixed by the p-th power map, we have
∏ai

j=1 φi, j =

χbi for some bi ∈ F∗
p.
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Lemma 3.3 Let ρ̄ss|Ip
be as above, and assume p ≥ n + 2. Then φr,sφ

−1
r,t 6= χ for all

r, s, and t.

Proof Assume φr,sφ
−1
r,t = χ for some r, s, and t . Then, since the set {φr,i} is fixed

by the p-th power map, we have (taking indices mod ar) φr,s−iφ
−1
r,t−i = χ for all

1 ≤ i ≤ ar. Then, multiplying all of these equations together, we get

ar−1∏
i=0

χ =

∏ar−1
i=0 φr,s−i∏ar−1
i=0 φr,t−i

χar
=

∏ar−1
i=0 φr,i∏ar−1
i=0 φr,i

= 1.

This implies that (p − 1)|ar. But ar ≤ n < p − 1 by hypothesis; therefore no two

characters in the same block Ar of ρ̄ss|Ip
can have ratio χ. �

We then write Ad0(ρ̄|ss
Gv

) for the set of trace zero matrices with action via ρ̄|ss
Gv

for

all v. Note that the action of Gv on Ad0(ρ̄|ss
Gv

) is not semisimple if ρ̄|Gv
is not diagonal.

We therefore need the following lemma to be able to use the semisimplification of

ρ̄|Gp
and to simplify our calculations; we will also use this lemma in the v 6= p case.

Lemma 3.4 If H2(Gv,Ad0 ρ̄) 6= 0, then H2(Gv,Ad0(ρ̄|ss
Gv

)) 6= 0.

Proof First note that if ρ̄|Gv
is irreducible, then ρ̄ssv = ρ̄|Gv

, and we trivially have

H2(Gv,Ad0 ρ̄) = H2(Gv,Ad0(ρ̄|ss
Gv

)). Next, assume ρ̄|Gv
=

(
A C
0 B

)
where A is an a × a

block and B is an (n − a) × (n − a) block. Accordingly, we can break Ad0 ρ̄ into the

direct sum of four subgroups {Li} (not submodules) aligned with the four corners of

ρ̄: Ad0 ρ̄ =

(
L1 L2
L3 L4

)
. Finally, we break (Ad0 ρ̄)∗ into four similar subgroups {Fi} such

that Fi(L j ) = 0 if i 6= j. To deal with the trace zero restriction, we omit the (n, n)-

th entry in L4; similarly we omit the (n, n)-th entry in F4. Choose a basis {φi, j} for

each Fi .

We then have a filtration of (Ad0 ρ̄)∗ as Gv-modules, which we label {Mi}:

M0 = {0} ⊂ 〈F3〉 ⊂ 〈F3, F1, F4〉 ⊂ (Ad0 ρ̄)∗ = M3.

Assume φ ∈ (Ad0 ρ̄)∗ is non-trivial and is fixed by the action of Gv via ρ̄; then φ =∑
φi, j∈M3

αi, jφi, j for some αi, j ∈ k.

Let s ∈ {0, 1, 2} be the greatest number such that the image of φ in M3/Ms is

non-trivial; let φs be this image. Then φs is fixed by the action of Gv on M3/Ms via

ρ̄ (since φ ∈ [(Ad0 ρ̄)∗]Gv ), and this action on φs is exactly the same as the action

of Gv via
(

A 0
0 B

)
on φ ′

=

∑
φi, j /∈Ms

αi, jφi, j . By definition, φ ′ is non-trivial, and we

therefore have a non-zero element of H0(Gv, (Ad0 ρ̄)∗). Note that A and B need not

be irreducible; we can therefore remove blocks above the diagonal for the purpose of

determining when our H2 is trivial. �

Lemmas 3.2 and 3.3 imply that for two characters on the diagonal of ρ̄ss|Ip
to have

the ratio χ, they must be of the same level and of different blocks of ρ̄ss|Ip
. As we
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will show below, we can construct a basis for H0(Ip, (Ad0(ρ̄ss|Ip
))∗) such that each

element corresponds to such a pair of characters.

Let fi j ∈ (Ad0 ρ̄)∗ be defined by fi j(e(r,s)) = δirδ js if r 6= s and fi j(e(r,r) − e(n,n)) =

δirδ jr. Then { fi j} = { fi j}1≤i, j≤n
(i, j)6=(n,n) constitutes a basis of (Ad0 ρ̄)∗ and (Ad0(ρ̄|ss

Gp
))∗;

by a computation similar to (2.3), a subset of the { fi j} can be used as a basis for

H0(Ip, (Ad0(ρ̄ss|Ip
))∗).

Lemma 3.5 There exists F ⊆ { fi j} such that H0(Ip, (Ad0 ρ̄)∗) =

⊕
fi j∈F〈 fi j〉.

Proof Assume there exists a non-zero f ∈ H0(Ip, (Ad0 ρ̄)∗); since f ∈ (Ad0 ρ̄)∗, we

can write f =

∑
ai j fi j for some ai j ∈ k. Choose (r, s) on the upper-right-most non-

zero diagonal of the matrix (ai j) such that ars 6= 0 (and note that (r, s) need not be

unique). Then since ρ̄|Ip
is upper triangular (extending scalars if necessary), if (i, j)

is on a lower diagonal than (r, s) (i.e., j − i > r − s), then
(
ρ̄(g)−1e(r,s)ρ̄(g)

)
(i, j)

= 0.

We then have, for all g ∈ Ip,

frs(e(r,s)) = f (e(r,s)) (by definition of fi j)

= g. f (e(r,s)) (since f ∈ H0(Ip, (Ad0 ρ̄)∗))

= χ(g) f (ρ̄(g)−1e(r,s)ρ̄(g))

= χ(g) f (αrse(r,s) +
∑

j−i>r−s

αi je(i, j)) (for some αi j ∈ k)

= χ(g) frs(αrse(r,s)) ( f (e(i, j)) = 0 for j − i > r − s)

= g. frs(e(r,s)).

So frs ∈ H0(Ip, (Ad0 ρ̄)∗), and similarly for all nonzero ai j in f =

∑
ai j fi j , we have

fi j ∈ H0(Ip, (Ad0 ρ̄)∗). �

We therefore consider the (i, j)-th contribution to H0(Ip, (Ad0 ρ̄)∗); if these are all

zero, then H2(Gp,Ad0 ρ̄) = 0. Even if we do have a pair of characters whose ratio is

χ, we can still prove that the (i, j)-th contribution to H0(Ip, (Ad0 ρ̄)∗) is zero if the

image of ρ̄|Gp
is sufficiently large. To work with individual entries in the image of

ρ̄|Gp
, we say that (ρ̄|Gp

)i j is trivial if for all g ∈ Gp,
(
ρ̄|Gp

(g)
)

(i, j)
= 0. Otherwise we

say (ρ̄|Gp
)i j is nontrivial.

Lemma 3.6 Assume φr,s and φt,u are characters along the diagonal of ρ̄|Ip
such that

r > t and φr,sφ
−1
t,u = χ. Let i and j be the rows in which φr,s and φt,u occur, respectively.

Then if there exists x with i < x < j and either (ρ̄|Gp
)ix or (ρ̄|Gp

)x j is nontrivial, or if

(ρ̄|Gp
)i j is nontrivial, then the (i, j)-th contribution to H0(Gp, (Ad0 ρ̄)∗) is zero.

Proof If (ρ̄|Gp
)ix is nontrivial, then there exists g ∈ Gp such that

(
[ρ̄|Gp

(g)]−1[e(x, j)][ρ̄|Gp
(g)]

)
(i, j)

6= 0.

Therefore fi j(e(x, j)) 6= g. fi j(e(x, j)), so fi j /∈ H0(Ip, (Ad0 ρ̄)∗). If (ρ̄|Gp
)x j or (ρ̄|Gp

)i j is

nontrivial, we have the same result. �
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Combining Lemmas 3.2, 3.3, and 3.6, we have reached the limit of cases where we

can determine that H2(Gp,Ad0 ρ̄) = 0. This condition is not strictly necessary, but if

h2
p = 0, we know a smooth quotient of the versal deformation ring exists. Thus if a

representation ρ̄ avoids the criteria of the proposition below, we know that the fourth

condition of Theorem 1.1 can be satisfied.

Proposition 3.7 Let

ρ̄ss|Ip
=




A1 0
. . .

0 Am




(after possibly extending scalars), where

Ai =



φi,1 0

. . .

0 φi,ai




and each φi, j is a character of level ai . Then H2(Gp,Ad0 ρ̄) is trivial, unless

• ar = at for some 1 ≤ r, t ≤ m with r 6= t,
• there exist s and u such that φr,sφ

−1
t,u = χ±1,

• if φr,sφ
−1
t,u = χ, and i and j are the rows in which φr,s and φt,u occur, respectively,

then (ρ̄)ik and (ρ̄)k j , for i < k < j (if i ≤ j), and (ρ̄)i j are all trivial.

Note that if n = 3, Proposition 3.7 implies that h2
p = 0 if ρ̄|Gp

is unramified or

ρ̄ss|Ip
acts via characters of level 2 or 3.

3.2 Local Obstructions for v 6= p

In the case where v 6= p, we need a smooth quotient of the versal deformation ring in

h1
v −h2

v variables. We can always find this if n = 2 [13], as we have a nice classification

of possible images of ρ̄|Gv
[4].

The higher dimensional case has been treated in some detail in the function field

case by Böckle and Khare [2]. We state the two relevant propositions here, noting that

the proofs are identical in our case. Let H1
unr(Gv,Ad0 ρ̄) = H1(Gv/Iv, (Ad0 ρ̄)Iv ) be the

unramified 1-cohomology, and recall that #H1(Gv/Iv, (Ad0 ρ̄)Iv ) = #H0(Gv,Ad0 ρ̄)

by Lemma 1.6.

Proposition 3.8 ([2, Proposition 2.16]; due to [19, Case E1]) Suppose #ρ̄(Iv) is

prime to p. Then there exists a smooth quotient of the versal deformation ring in

h1 − h2
= h0 variables, corresponding to H1

unr(Gv,Ad0 ρ̄).

Proposition 3.9 ([2, Proposition 2.17]) Suppose ρ̄|Gv
is at most tamely ramified.

Then there exists a smooth quotient of the versal deformation ring in h1 − h2
= h0

variables, corresponding to H1
unr(Gv,Ad0 ρ̄).

By using Lemma 3.4, [4], and the methods of [13], we can prove the existence of

a smooth quotient of dimension h1
v − h2

v in some other cases.
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Proposition 3.10 Suppose n = 3. Then if v ∈ S, v 6≡ ±1 mod p, and ρ̄|Gv
: Gv →

GL3(k) is reducible, then there exists a smooth quotient of the versal deformation ring

at v in h1 − h2
= h0 variables.

Proof There are two cases to consider: where ρ̄|Gv
has a 2-dimensional irreducible

quotient or sub-representation, and where ρ̄|Gv
is upper triangular. We first deal with

the latter case.

If ρ̄|Gv
is upper triangular, note that it has a 2-dimensional reducible subrepresen-

tation and a 2-dimensional reducible quotient representation. By [4], they must be

twist equivalent to one of:

P1
(
ψ 0
0 1

)
, for some character ψ;

P2
(

1 α
0 1

)
, for an additive unramified character α; or

S
( χ u

0 1

)
, where χ is the mod p cyclotomic character and u ∈ H1(Gv, k(1)).

We then examine all combinations of these, noting that if either is of type P1, then

there exists another quotient or subrepresentation which again must fall into one of

the three types above. Additionally, we note that since v ∈ S, the image of ρ̄|Gv
must

be ramified.

There are then 17 distinct possibilities for ρ̄|Gv
, if we distinguish between represen-

tations with different ratios of eigenvalues (most importantly, whether the cyclotomic

character appears as a ratio of eigenvalues) and the possible size of H2(Gv,Ad0 ρ̄). In

14 of the cases, if v 6≡ ±1 mod p, we have H2(Gv,Ad0 ρ̄) = 0. We do not reproduce

these here, but note that even if v ≡ ±1 mod p, the necessary smooth quotient

often exists by Propositions 3.8 or 3.9, or the methods outlined in [13]. This leaves

three cases, which we treat below. Note here that u, u ′ ∈ H1(Gv, k(1)) are ramified.

Case 1. 

φ 0 0

0 χ±1 0

0 0 1


 for a ramified character φ

Case 2. 

χ2 0 0

0 χ u

0 0 1




Case 3. 

χ2 u ∗
0 χ u ′

0 0 1




The necessary smooth quotient exists for Case 1 by the work in Section 2.3. In

Case 2, and if v ≡ 1 mod p (excluded by our hypotheses) or v3 ≡ 1 mod p in Case

3, we have h2
v 6= 0. In both cases, however, ρ̄|Gv

is at most tamely ramified, so the

smooth quotient exists by Proposition 3.9.

We now turn to the case where ρ̄|Gv
is not upper triangular; that is, ρ̄|Gv

has a

2-dimensional irreducible quotient or sub-representation. We claim that

H2(Gv,Ad0 ρ̄) = 0.
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By Lemma 3.4, we can assume that ρ̄|Gv
is semisimple; we therefore can assume

ρ̄|Gv
=

(
A 0
0 φ

)
, where A is an irreducible 2-dimensional representation and φ is a

mod p character. Then Ad0 ρ̄ decomposes as a Gv-module into
⊕4

i=1 Li (see the

proof of Lemma 3.4). We can assume that L4 is trivial, since we are looking at trace

zero matrices; since v 6≡ 1 mod p, this does not affect our H2 calculation. Also, note

that H2(Gv, Li) 6= 0 only if Li has a 1-dimensional quotient on which Gv acts via χ
[12, Lemma 3]).

Gv acts on L2 and L3 via multiplication by φ−1A on the left and A−1φ on the right,

respectively. The existence of a 1-dimensional quotient of either action would imply

the existence of a 1-dimensional subrepresentation of A, which was assumed irre-

ducible. Finally, Gv acts on L1 via conjugation by A; L1 is therefore the full 2-dimen-

sional adjoint representation. By [13, Lemma 4], H2(Gv, L2) = 0 if v 6≡ −1 mod p,

so H2(Gv,Ad0 ρ̄) = 0. �

Remark. If v ≡ −1 mod p, H2(Gv,Ad0 ρ̄) is not necessarily trivial in the last case

above, but by extending the work in [13], we can still get the necessary smooth quo-

tient in this case.

4 Deformation Conditions

Recall that we are assuming p ≥ 2n + 1, so p 6= 2; we then classify the possi-

ble parities of ρ̄, equivalently via the image of complex conjugation and the size of

H0(G∞,Ad0 ρ̄).

Definition 4.1 Let c ∈ G∞ be complex conjugation. Then we say:

• ρ̄ is even if ρ̄(c) is a scalar matrix (equivalently, H0(G∞,Ad0 ρ̄) = Ad0 ρ̄);
• ρ̄ is odd if ρ̄(c) is not a scalar matrix (equivalently, H0(G∞,Ad0 ρ̄) ( Ad0 ρ̄);
• ρ̄ is completely odd if ρ̄(c) is conjugate to a diagonal matrix with alternating ±1s

on the diagonal (equivalently, h0
∞ is minimized).

Note that the parity condition in Ash and Sinnott’s analogue of Serre’s conjecture

[1] is that ρ̄ must be completely odd.

If ρ̄ is odd, we get room to place restrictions on our deformations; we would like to

get global deformations which are potentially semistable (ordinary, crystalline, flat).

(See [5] for the full definitions and motivations of these conditions.) The existence of

such deformations would give evidence for a higher dimensional analogue of Serre’s

conjecture (though not of the same sort as Ash and Sinnott’s).

Flat Deformations

We start by looking for flat representations, i.e., representations arising from the

generic fibre of a finite flat group scheme over Zp, as in [11] (see also [14]); these

are analogous to representations on pn-torsion of the Tate module at places of good

reduction on abelian varieties. We therefore seek a smooth quotient of the versal de-

formation ring corresponding to flat deformations of ρ̄ in enough variables to satisfy

the fourth condition of Theorem 1.1. Unfortunately, by following the calculations
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of [11] for higher dimensional representations, we find that such smooth quotients

only exist if n ≤ 2.

4.1 Reducible Deformations

We now assume that ρ̄|Gp
is upper triangular, and look at reducible deformations, that

is, deformations of ρ̄ such that the local deformation of ρ̄|Gp
is also upper triangular.

Perrin–Riou [10] has proved that reducible deformations with descending powers of

the cyclotomic character along the diagonal (up to unramified characters) are crys-

talline, and therefore geometric. After finding these reducible lifts, we can try to place

restrictions on the characters on the diagonal of our deformation.

Let U0 be the subgroup of Ad0 ρ̄ consisting of upper triangular matrices; we have

dimk U0 = [n(n + 1)/2] − 1 = (n2 + n − 2)/2. Let H1
red(Gp,Ad0 ρ̄) be the image of

H1(Gp,U0) in H1(Gp,Ad0 ρ̄) induced by the injection U0 → Ad0 ρ̄, and let

h1
red = dimk H1

red(Gp,Ad0 ρ̄).

This subgroup induces the reducible deformation ring, a quotient of the versal defor-

mation ring of ρ̄|Gv
.

We must also deal with the obstruction to reducible at p deformations; let

H2
red(Gp,Ad0 ρ̄) = H2(Gp,U0),

and let h2
red = dimk H2

red(Gp,Ad0 ρ̄). Then let Np be the subspace of H1
red(Gp,Ad0 ρ̄)

of codimension h2
red induced by a smooth quotient of the reducible deformation ring

(we assume such a quotient exists where necessary).

In order for this Np to satisfy the fourth condition of Theorem 1.1, we need

(4.1) np = h1
red − h2

red ≥ h0
p + h0

∞.

We first determine a formula for h0
∞. We assume that the image of complex conju-

gation (after conjugation) is diagonal with eigenvalues only ±1. Let z be the number

of −1s on the diagonal; then h0
∞ = z2 + (n − z)2 − 1 = 2z2 − 2nz + n2 − 1.

We then look at the long exact sequence associated with the short exact equence

0 → U0 → Ad0 ρ̄→ Ad0 ρ̄/U0 → 0 to calculate h1
red:

0 → U
Gp

0 → (Ad0 ρ̄)Gp → (Ad0 ρ̄/U0)Gp →

H1(Gp,U0)
i1→ H1(Gp,Ad0 ρ̄) → H1(Gp,Ad0 ρ̄/U0) → · · · .

We want to understand the image of i1 above. For a finite Galois module A, let

hi
v(A) = dimk Hi(Gv,A); then by counting dimensions we have

h1
red = dimk(im i1) = h1

p(U0) − h0
p(Ad0 ρ̄/U0) + h0

p − h0
p(U0)

Fact 1.5
= h2

p(U0) + 1
2
(n2 + n − 2) − h0

p(Ad0 ρ̄/U0) + h0
p.
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Remember also that h2
red = h2

p(U0). Putting these into (4.1), we have

(4.2)

h2
p(U0) + 1

2
(n2 + n − 2) − h0

p(Ad0 ρ̄/U0) + h0
p − h2

p(U0) ≥ h0
p + h0

∞,

1
2
(n2 + n − 2) − h0

p(Ad0 ρ̄/U0) ≥ 2z2 − 2nz + n2 − 1,

n − 2h0
p(Ad0 ρ̄/U0) ≥ 4z2 − 4nz + n2,

n − 2h0
p(Ad0 ρ̄/U0) ≥ (2z − n)2.

When n = 2, we have 1 − h0
p(Ad0 ρ̄/U0) ≥ 2(z − 1)2. If z = 0 or 2 (ρ̄ is even),

this clearly cannot be satisfied. But if z = 1 (ρ̄ is odd), the equation is satisfied

as long as h0
p(Ad0 ρ̄/U0) 6= 2, which is equivalent to saying that ρ̄|Gp

is not twist

equivalent to a unipotent representation; we therefore recover a consequence of part

(b) of [13, Theorem 1].

We can give some intuitive guidelines for when ρ̄|Gp
will satisfy (4.2). If (2z − n)2

is sufficiently small, (for example, if ρ̄ meets the parity condition of [1]), we need

h0
p(Ad0 ρ̄/U0) to be sufficiently small. The inequality is frequently satisfied if ρ̄|Gp

has

no large unipotent quotient or subrepresentations; we have the following results for

n = 3, 4.

Proposition 4.2 Suppose ρ̄ : GQ → GLn(k) meets the hypotheses of Theorem 1.1, ex-

cept possibly at p. Suppose further that ρ̄ is completely odd, and ρ̄|Gp
is upper triangular.

If either

• n = 3 and the image of ρ̄|Gp
is not twist equivalent to a subgroup of the unipotent

matrices, or
• n = 4 and the image of ρ̄|Gp

does not contain a 3-dimensional subrepresentation or

quotient representation twist equivalent to a subgroup of the unipotent matrices,

then there exists a deformation ρ of ρ̄ to W (k) that is upper triangular at p and ramified

at only finitely many primes.

Proof For n = 3, the hypotheses imply that there exist two distinct characters on

the diagonal, and so h0
p(Ad0 ρ̄/U0) ≤ 1, and so the inequality in (4.1) is satisfied. For

n = 4, the hypotheses imply h0
p(Ad0 ρ̄/U0) ≤ 2, and again the inequality in (4.1) is

satisfied. We then have the existence of ρ by Theorem 1.1. �

Ordinary Deformations

We continue to assume that ρ̄|Gp
is upper triangular. We now seek reducible defor-

mations having descending powers of the cyclotomic character on the diagonal; they

are therefore crystalline by [10]. We call these deformations ordinary, following the

definitions of [13,22]. To calculate the size of the ordinary subspace of H1(Gp,Ad0 ρ̄)

we follow calculations similar to those of [13].

Much like the case of flat deformations, however, if n > 2, we cannot find a

smooth quotient of the versal deformation ring corresponding to ordinary deforma-

tions in enough variables to satisfy the fourth condition of Theorem 1.1. It is possible

that for n > 2 an intermediate condition exists that is strong enough to guarantee
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that our deformations are potentially semistable, but we do not currently know of

such a condition.

5 Examples

Irreducible representations to GLn(k), with n ≥ 3 and char k = p ≥ 7 are difficult

to come by. It is known that there exist extensions of Q with Galois group GLn(Fp)

or SLn(Fp) (for example, see [20, 21]) for certain classes of n and p. But the known

examples often require n to be large with respect to p (thus violating p ≥ 2n + 1),

and do not often yield explicit examples.

5.1 Examples from PSL2(F7)

We can, however, use lower dimensional examples to build examples. Many Galois

representations onto PSL2(F7) are known, and PSL2(F7) has two mutually dual ir-

reducible representations to PGL3(Z[
√
−7]). Then given a prime p such that p ≡ 0,

1, 2, 4 mod 7 and p ≡ 2 mod 3, these representations reduce mod p to irreducible

representations to GL3(Fp). Given such a p and a representation ρ̄0 onto PSL2(F7),

let ρ̄ be the corresponding representation from GQ to GL3(Fp) (factoring through

PSL2(F7)).

We check that such a ρ̄ would meet our various criteria. First, note that

# PSL2(F7) = 168 = 23 · 3 · 7,

so if p > 7 the order of the image of ρ̄ will be prime to p, and

H1(GS/ ker(Ad0 ρ̄),Ad0 ρ̄) and H1(GS/ ker((Ad0 ρ̄)∗), (Ad0 ρ̄)∗)

are trivial. We must show that im ρ̄ contains matrices that correspond to the primes

of additional ramification from Lemma 2.7. But to do this, we must examine the

specific image of PSL2(F7) in GL3(Fp). We then narrow our search to primes p ≡ 8

mod 21; this ensures that there exist elements of order 7 in F∗
p. The representations

here are taken from the Atlas of Finite Group Representations [23].

Let a and b generate PSL2(F7), with a2
= b3

= (ab)7
= [a, b]4

= 1, and let

α =
−1+

√
−7

2
∈ Fp. Let i : PSL2(F7) → GL3(Fp) be defined by

i(a) = x =




−1 0 0

0 −1 0

−1 − α α 1


 , i(b) = y =




0 1 0

0 0 1

1 0 0


 .

Then the eigenvalues of

i(ab) = xy =




0 −1 0

0 0 −1

1 −1 − α α




must all be in Fp; moreover, their product must be 1. The characteristic polynomial

of xy is char(xy) = X3 −αX2 − (1 +α)X − 1, and the discriminant of char(xy) is 7;
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therefore, since p ≡ 8 mod 21, xy has no repeated eigenvalues. Finally, 1 is never a

root of char(xy), giving us that for a suitable seventh root of unity ζ7, the eigenvalues

of xy must be {ζ4
7 , ζ

2
7 , ζ7} or {ζ5

7 , ζ
6
7 , ζ

3
7}. The ratio of the eigenvalues of ρ̄ is thus, for

some seventh root of unity ζ ′7 , [ζ ′7
3

: ζ ′7 : 1]. We fix the element xy in the image of ρ̄,

and choose primes w /∈ S for Lemma 2.7 with Frobenius in its conjugacy class.

5.1.1 Even Examples

We examine an even example from Zeh-Marschke:1 let f (x) = x7 − 22x6 + 141x5 −
204x4 − 428x3 + 768x2 + 320x − 512, and let K be the splitting field of f (x). Then K

is totally real, with Galois group over Q isomorphic to PSL2(F7). Fix p ≡ 8 mod 21,

and let ρ̄ : GQ → GL3(Fp) be the composition

GQ ։ Gal(K/Q) → PSL2(F7)
i p→֒ GL3(Fp).

Since K is totally real, complex conjugation is in the kernel of ρ̄, so ρ̄ is even. The

discriminant of f (x) = 2501943672, so we let

S = {p,∞} ∪ {v | v divides the discriminant of f (x)} = {p, 2, 19, 367,∞}.

For 2, 19 and 367, note that since the order of the image is prime to p, Proposi-

tion 3.8 proves the existence of the smooth quotient necessary for the third condition

of Theorem 1.1. Then, note that p does not divide the discriminant of f (x) (since

367 6≡ 8 mod 21), so ρ̄ is unramified at p. Therefore ρ̄ meets the conditions of

Proposition 3.7 (specifically, the note after the proposition), so H2(Gp,Ad0 ρ̄) = 0.

So by Theorem 1.1, there exists a characteristic zero lift ρ of ρ̄.

In general, if the image of ρ̄ is prime to p (as in this example), we need to ensure

that ρ is not the Teichmüller lift of ρ̄. If our dual Selmer group H1
N⊥

S

(GS, (Ad0 ρ̄)∗)

is non-trivial, then the image of ρ at the primes added to S as in Lemma 2.7 is

not the same as the image of the Teichmüller lift, since we have chosen our lo-

cal deformations to have different ratios of eigenvalues at the mod p2 level (see

Lemma 2.5). If H1
N⊥

S

(GS, (Ad0 ρ̄)∗) is trivial, then we can still allow ρ to be rami-

fied at an extra prime w /∈ S as in Lemma 2.7. This guarantees that ρ is not the

Teichmüller lift, and if adding w to S causes the dual Selmer group to become non-

trivial, then we can allow ramification at other primes wi to create a set T ⊇ S such

that H1
N⊥

T

(GT , (Ad0 ρ̄)∗) = 0.

Proposition 5.1 Suppose ρ̄ is even and satisfies the conditions of Theorem 1.1. Then

there exists a deformation ρ of ρ̄ to W (k) such that the image of ρ contains the principal

congruence subgroup of SLn(W (k)).

Proof In the even case we have no restrictions on our deformations, so the image of

a deformation of ρ̄ to mod pm contains all matrices of the form In + pm ′

M, for all

M ∈ M0
n(k) and all m ′ < m. The proof then follows from the n-dimensional ana-

logue of [17, Ch. IV, Lemma 3] (the proof is identical to the 2-dimensional ver-

sion). �

1A. Zeh-Marschke, SL2(Z/7) als Galoisgruppe über Q . Unpublished note
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We then have a way of constructing Galois groups over Q isomorphic to p-adic

linear groups, giving us Theorem 1.3. We summarize our results from Proposi-

tions 4.2 and 5.1 and Section 3, giving a refinement of Theorem 1.1.

Theorem 5.2 Given ρ̄ : GQ → GLn(k) and a set of primes S containing p, ∞, and

all the primes where ρ̄ ramifies, suppose ρ̄ meets the first two conditions of Theorem 1.1

and that for each v 6= p in S, ρ̄|Gv
meets the hypotheses of one of Propositions 3.8, 3.9,

or 3.10, or H2(Gv,Ad0 ρ̄) = 0.

(i) If ρ̄ is even and H2(Gp,Ad0 ρ̄) = 0, then there exists a finite set of primes T ⊇ S

and a continuous representation ρ : GT → GLn(W (k)) such that ρ ≡ ρ̄ mod p,

and ρ(GT) contains the principal congruence subgroup of SLn(W (k)).

(ii) If ρ̄ is completely odd, ρ̄|Gp
is upper triangular, and n/2 ≥ h0(Ad0 ρ̄/U0) (as-

suming the existence of the necessary smooth quotient if H2(Gp,U0) 6= 0), then

there exists a finite set of primes T ⊇ S and a continuous representation ρ : GT →
GLn(W (k)) such that ρ ≡ ρ̄ mod p and ρ|Gp

is upper triangular.

5.1.2 Odd Examples

We can also use the methods above to get an odd 3-dimensional representation, using

Trinks’ PSL2(F7) example.2 Let f (x) = x7 − 7x + 3, and let K be the splitting field

of f (x). Then, as above, Gal(K/Q) ∼
= PSL2(F7), and so, as above, this induces

ρ̄ : GQ → GL3(Fp) for p ≡ 8 mod 21.

This f has complex roots, and complex conjugation in Gal(K/Q) has non-scalar

image in GL2(F7); this implies that ρ̄ is odd. The discriminant of f (x) is 3878, so here

S = {3, 7, p,∞}. As in the previous example, ρ̄|G3
and ρ̄|G7

have image prime to p,

so again by Proposition 3.8 the necessary smooth quotient exists.

We need to ensure that ρ̄|Gp
is upper triangular, not unipotent, and that the re-

ducible deformation ring contains the necessary smooth quotient. Since p does not

divide the discriminant of f (x) (since p ≥ 29), we have that ρ̄|Gp
is unramified.

Therefore no 1-dimensional quotient of Ad0 ρ̄ exists on which ρ̄ acts via χ (since χ is

ramified); hence H2(Gp,Ad0 ρ̄) = 0.

Finally, when the splitting field of f (x) over Qp is degree 7 cyclic extension, (as

is the case when p = 29 or 701), ρ̄|Gp
is upper triangular and not unipotent since

all subgroups of order 7 in the image of PSL2(F7) in GL3(Fp) have eigenvalues with

ratio [ζ3
7 : ζ7 : 1] and are split. So by Proposition 4.2, we can get a deformation of ρ̄

to characteristic zero which is upper triangular at p.
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