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Abstract

Let R be a commutative Noetherian ring, M be a finitely generated R-module and a be an ideal of R such
that aM , M. We show among the other things that, if c is a nonnegative integer such that Hi

a(M) = 0 for
all i < c, then there is an isomorphism End(Hc

a(M)) � ExtcR(Hc
a(M), M); and if c is a nonnegative integer

such that Hi
a(M) = 0 for all i , c, there are the following isomorphisms:

(i) Hi
b
(Hc
a(M)) � Hi+c

b
(M) and

(ii) ExtiR(R/b, Hc
a(M)) � Exti+c

R (R/b, M)

for all i ∈ N0 and all ideals b of R with b ⊇ a. We also prove that if a and b are ideals of R with b ⊇ a and
c := grade(a, M), then there exists a natural homomorphism from End(Hc

a(M)) to End(Hc
b
(M)), where

grade(a, M) is the maximum length of M-sequences in a.
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cohomological complete intersection.

1. Introduction

Let R be a commutative Noetherian ring and M be an R-module. Let C(R) be the
category of all modules and homomorphisms over R. Also, for a nonnegative integer
n, we denote the nth local cohomology functor with support in an ideal a of R by
Hn
a (−). In addition, we denote the cohomological dimension of M with respect to a by

cd(a, M)(= sup{i ∈ Z | Hi
a(M) , 0}).

Let a be an ideal of a commutative Noetherian ring R and M be a finitely generated
R-module such that aM , M and grade(a, M) denote the maximum length of M-
sequences in a. There are some attempts to describe the module Hc

a(M), where c :=
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grade(a, M). For instance, it is well known that AssR(Hc
a(M)) = Ass(ExtcR(R/a, M)).

On the other hand, an ideal a of R is called a cohomological complete intersection
if heightRa = cd(a, R). Recently there have been some interesting results about the
cohomological complete intersection ideals over a Gorenstein ring (cf. [3, 4, 8]). Note
that when R is Gorenstein, a is cohomological complete intersection if grade(a, R) =

cd(a, R).
Suppose that F is an R-linear functor from C(R) to itself such that for every R-

module L, F(L) is a-torsion. For each i ∈ N0, we use RiF(−) to denote the ith
right derived functor of F. It is natural to ask about the module RcF(M) when
c = grade(a, M) or c = grade(a, M) = cd(a, M). In the second section of this paper we
prove, for a nonnegative integer c, that:

(i) if c 6 grade(a, M), then R0F(Hc
a(M)) � RcF(M); and

(ii) if c := cd(a, M) = grade(a, M), then RiF(Hc
a(M)) � Ri+cF(M) for all i ∈ N0.

Whenever (R,m) is a Gorenstein local ring, Hellus and Schenzel showed in [4] that
if a is a complete intersection ideal of R in V(a)\{m}, c := cd(a, R) and d := dimR R/a,
then the following conditions are equivalent:

(i) a is a cohomological complete intersection;
(ii) Hd

m(Hc
a(R)) � E(R/m) and Hi

m(Hc
a(R)) = 0 for all i , d, where E(R/m) is the

injective hull of the residue field R/m;
(iii) dimR/mExtiR(R/m, Hc

a(R)) = δd,i.

(See [4, Theorems 0.1 and 3.2] for other equivalent conditions.) To do this, by using
a minimal injective resolution of a Gorenstein local ring R, they first introduced a new
complex which is called the truncation complex, and then applied spectral sequence
methods. In the third section of the present paper, by using the Čech complex, we
provide the following theorem.

T 1.1. Let a be an arbitrary ideal of a commutative Noetherian ring R and M a
finitely generated R-module such that aM , M and c := cd(a, M) = grade(a, M). Then,
for every ideal b of R with b ⊇ a:

(i) Hi
b
(Hc
a(M)) � Hi+c

b
(M) and

(ii) ExtiR(R/b, Hc
a(M)) � Exti+c

R (R/b, M)

for all i ∈ N0.

We also show that [4, Corollary 2.3 and Lemma 2.6] are consequences of
Theorem 1.1.

Whenever R is a complete local ring, Hellus and Stückrad showed in [5] that if a
is a cohomological complete intersection with c := cd(a, R), then the endomorphism
ring End(Hc

a(R)) is isomorphic to R (see also [6, Theorem 2.7]). Schenzel [8]
gave a characterization when the endomorphism ring End(Hc

a(R)) is isomorphic to
R. Also, he proved that if a and b are ideals of a Gorenstein local ring R such
that b ⊇ a and c := heightRa = heightRb, then there exists a natural homomorphism
End(Hc

a(R)) −→ End(Hc
b
(R)). In the final section, we not only provide an improved
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form of [8, Lemma 2.3(d)] and [6, Theorem 2.7] but also prove the following theorem
which is a generalization of [8, Theorem 1.2(a)].

T 1.2. Let a and b be ideals of an arbitrary commutative Noetherian ring R and
M a finitely generated R-module such that b ⊇ a, aM , M and c := grade(a, M). Then:

(i) we have a monomorphism from Hc
b
(M) to Hc

a(M); and
(ii) there exists a natural homomorphism from End(Hc

a(M)) to End(Hc
b
(M)).

We would like to give two different proofs of our results. The first of them is, in
fact, a modification of that we have exploited in [6]. The second proof, which is of a
completely different nature, is based on a special spectral sequence.

Throughout this paper, R will denote a commutative Noetherian ring with nonzero
identity, a an ideal of R and M a finitely generated R-module. We shall use N0

(respectively, N) to denote the set of nonnegative (respectively, positive) integers.
Also, when F is a covariant R-linear functor from C(R) to itself, we adopt the
convention that, for every negative integer i, RiF(−) is the zero functor. Our
terminology follows Brodmann and Sharp’s textbook [2] on local cohomology.

2. Derived functors and Čech complex

We begin with the following lemma. Note that, for an R-module N and element
x in R, we use the notation Nx for the module of fractions of N with respect to the
multiplicatively closed subset {xu | u ∈ N0} of R.

L 2.1. Let F be a covariant (or contravariant) functor from C(R) to itself such
that, for every R-module L, F(L) is a-torsion, and let x be an arbitrary element of a.
Then, for every R-module N, RiF(Nx) = 0 for all i ∈ N0.

P. Suppose that x ∈ a and N is an R-module. Let g : Nx −→ Nx be the map given
by multiplication by x. It is easy to see that g is an automorphism on Nx. Hence,
for all i ∈ N0, RiF(g) : RiF(Nx)

x
−→RiF(Nx) is again an automorphism provided by

multiplication by x. Now, since, by our assumption, for an R-module L, every element
of F(L) is annihilated by some power of x, it is routine to check that RiF(Nx) is zero. �

Note that, similar to the proof of Lemma 2.1, one can show that if T is an a-torsion
R-module, then for every R-module N, ExtiR(T, Nx) = 0 for all i ∈ N0. In this regard,
the result of Lemma 2.1 holds true for the functor HomR(T, −), where T is an a-torsion
R-module.

N 2.2. Let x
¯

:= x1, . . . , xn be a sequence of elements of R and N be an R-
module. Set b := (x1, . . . , xn). Recall that the Čech complex C(x

¯
, N)• of N with

respect to x
¯

is the complex

0 −→C0 −→C1 −→ · · · −→Ci di

−→Ci+1 −→ · · · −→Cn −→ 0,

where C0 = N and, for 1 6 i 6 n, Ci is a direct sum of some copies of Nxk(1)...xk(i)

where 1 6 k(1) < k(2) < · · · < k(i) 6 n and Ci is zero elsewhere (cf. [2, Proposition
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and Definition 5.1.5]). Also note that, by [2, Theorem 5.1.19], Hi(C(x
¯
, N)•) � Hi

b
(N)

for all i ∈ N0. Throughout this section, we set Li := Im di and Ki := Ker di for all i ∈ Z.

T 2.3 (Compare [6, Theorem 2.6], [7, Theorem 1.1(v)] and [8, Lemma 2.2(d)]).
Let F be an R-linear covariant functor from C(R) to itself such that for every R-module
L, F(L) is a-torsion. Also let c ∈ N0 and a be an ideal of R such that aM , M and that
c 6 grade(a, M). Then

R0F(Hc
a(M)) � RcF(M).

F . Let x
¯

:= x1, . . . , xn be a sequence of elements of R which generates the
ideal a. Then, in view of [2, Corollary 3.3.3 and Theorem 6.2.7], we have that n > c.
Now, consider the Čech complex of M with respect to x

¯
as follows:

C(x
¯
, M)• : 0 −→C0 d0

−→C1 −→ · · · −→Cc dc

−→Cc+1 −→ · · · −→Cn dn

−→ 0.

So, we have the exact sequence

0 −→ Ki −→Ci −→ Li −→ 0 (2.1)

which, in light of Lemma 2.1, induces the isomorphism

R jF(Ki) � R j−1F(Li), (2.2)

for all j ∈ N0 and i , 0. Now, by [2, Theorem 5.1.19], we have the exact sequence

0 −→ Li−1 −→ Ki −→ Hi
a(M) −→ 0, (2.3)

for all i ∈ N0. So, applying the long exact sequence R jF(−) on (2.3), together
with (2.2), yields the exact sequence

R j−2F(Li) −→R j−1F(Hi
a(M)) −→R jF(Li−1) −→R j−1F(Li) (2.4)

for all j ∈ N0 and i , 0. Using (2.4) for j := 0 implies that

R0F(Li) = 0 for all i ∈ N0. (2.5)

So, using again of the exact sequence (2.4) for j := 1 and i := c ensures the
isomorphism

R0F(Hc
a(M)) � R1F(Lc−1). (2.6)

On the other hand, since c 6 grade(a, M), when c , 0, 1, we have the exact sequences

0 −→ M −→C1 −→ L1 −→ 0

and
0 −→ L j−1 −→C j −→ L j −→ 0
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for all 2 6 j 6 c − 1. Hence, in view of Lemma 2.1, we have the isomorphisms

RcF(M) � Rc−1F(L1)

� Rc−2F(L2)

� · · ·

� R2F(Lc−2)

� R1F(Lc−1).

Now, the isomorphism (2.6) completes the proof, for all c , 0, 1. When c = 0, the
exact sequence (2.3) yields the isomorphism

R0F(H0
a (M)) � R0F(K0). (2.7)

Therefore (2.1), (2.5) and (2.7) ensure that R0F(H0
a (M)) � R0F(M) as desired. Also,

when c = 1, since H0
a (M) = 0, [2, Theorem 5.1.19] implies that L0 = C0 = M. So, the

result follows from the isomorphism (2.6). �

S . Since F(L) is a-torsion for every R-module L, there is an isomorphism
of derived functors

RF � R(Γa · F) � R(F · Γa) � RF · RΓa.

Hence we have a spectral sequence

Ep,q
2 = RpF(Hq

a (M)) =⇒Rp+qF(M).

Since c 6 grade(a, M), we have Hq
a (M) = 0 if q < c. Thus we obtain an isomorphism

R0F(Hc
a(M)) = E0,c

2 � RcF(M). �

The following corollary is an immediate consequence of Theorem 2.3 and [2,
Theorem 6.2.7].

C 2.4. Let a be an ideal of R such that aM , M and c := grade(a, M).
Suppose that F is an R-linear covariant functor such that for each R-module L, F(L)
is a-torsion. Then:

(i) R jF(M) is zero for all j < c and RcF(M) � R0F(Hc
a(M)); and

(ii) if b is another ideal of R such that bM , M and F(L) is also b-torsion for
all R-modules L, then for every nonnegative integer k, provided that k 6
inf{grade(a, M), grade(b, M)}, we have the isomorphism

R0F(Hk
a(M)) � R0F(Hk

b(M)).

The following theorem is one of the main results of this paper.
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T 2.5. Let F be an R-linear covariant functor from C(R) to itself such that for
every R-module L, F(L) is a-torsion. Suppose that a is an ideal of R and M is a finitely
generated R-module such that aM , M and that c := cd(a, M) = grade(a, M). Then

RiF(Hc
a(M)) � Ri+cF(M)

for all i ∈ N0.

F . Let x
¯

:= x1, . . . , xn be a sequence of elements of R which generates the
ideal a. Then, in view of [2, Corollary 3.3.3], we have that n > c. Now, consider the
Čech complex of M with respect to x

¯
as follows:

C(x
¯
, M)• : 0 −→C0 d0

−→C1 −→ · · · −→Cc dc

−→Cc+1 −→ · · ·
dn−1

−→Cn dn

−→ 0.

Since c = cd(a, M) = grade(a, M), in light of [2, Theorems 5.1.19 and 6.2.7],
H j(C(x

¯
, M)•) = 0 for all j , c. Hence, we have the exact sequences

0 −→C0 d0

−→C1 −→ · · · −→Cc−2 dc−2

−→Cc−1 −→ Lc−1 −→ 0

and

0 −→ Kc −→Cc dc

−→Cc+1 −→ · · · −→Cn−1 dn−1

−→Cn −→ 0.

So, we can deduce the exact sequences

0 −→ Kc −→Cc −→ Lc −→ 0 (2.8)

and
0 −→ L j −→C j+1 −→ L j+1 −→ 0, (2.9)

for all 0 6 j 6 n − 1 with j , c − 1. Note that Ln = 0 and, if c , 0, we have L0 = C0 =

M. Now, by applying the long exact sequence R jF(−) on the exact sequence (2.9), in
conjunction with Lemma 2.1, we have the isomorphisms

RiF(Lc) � Ri−1F(Lc+1)

� Ri−2F(Lc+2)

� · · ·

� Ri+c−n+1F(Ln−1)

� Ri+c−nF(Ln) = 0

for all i ∈ N0. So, applying the functor R jF(−) on the exact sequence (2.8), together
with Lemma 2.1, ensures that

RiF(Kc) � RiF(M) when c = 0 (2.10)

and
RiF(Kc) = 0 when c , 0, (2.11)
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for all i ∈ N0. Now, since by [2, Theorem 5.1.19], Hc
a(M) � Kc/Lc−1, we have the exact

sequence
0 −→ Lc−1 −→ Kc −→ Hc

a(M) −→ 0 (2.12)

and so, when c = 0, in view of the isomorphism (2.10), for all i ∈ N0, one can deduce
the isomorphism

RiF(Hc
a(M)) � RiF(M),

as desired. Also, (2.11) and the exact sequence (2.12) induce the isomorphism

RiF(Hc
a(M)) � Ri+1F(Lc−1) (2.13)

when c , 0. Now, in view of Lemma 2.1, by applying the long exact sequence R jF(−)
on the exact sequence (2.9), for all i ∈ N0, we have the isomorphisms

Ri+1F(Lc−1) � Ri+2F(Lc−2)

� Ri+3F(Lc−3)

� · · ·

� Ri+c−1F(L1)

� Ri+cF(L0)

= Ri+cF(M).

So the result follows from (2.13). �

S . Since c = cd(a, M) = grade(a, M), we have Hc
a(M) � RΓa(M)[c].

Hence,

RiF(Hc
a(M)) � RiF(RΓa(M)[c]) � Ri+c(F · Γa)(M) � Ri+cF(M).

This concludes the proof. �

3. Applications for local cohomology modules

In this section, we provide some applications of Theorem 2.5. The next result gives
interesting isomorphisms.

T 3.1. Let M be a finitely generated R-module, a be an ideal of R such that
aM , M and c := cd(a, M) = grade(a, M). Then, for every ideal b of R with b ⊇ a:

(i) Hi
b
(Hc
a(M)) � Hi+c

b
(M) and

(ii) ExtiR(R/b, Hc
a(M)) � Exti+c

R (R/b, M)

for all i ∈ N0.

P. The results follow immediately from Theorem 2.5 when we replace the functor
F by the b-torsion functors Γb(−) and HomR(R/b, −). �
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Recall that an ideal a of R is a cohomological complete intersection if heightRa =

cd(a, R). In [4], M. Hellus and P. Schenzel, by applying the spectral sequence methods
on a certain truncation complex (cf. [4, Definition 2.1]) proved the following corollary.

C 3.2 (See [4, Corollary 2.3 and Lemma 2.6]). Let (R,m) be a Gorenstein
local ring and a be a cohomological complete intersection ideal of R. Set c := cd(a, R)
and d := dimR R/a. Then:

(i) Hd
m(Hc

a(R)) � E(R/m);
(ii) ExtdR(R/m, Hc

a(R)) � E(R/m); and
(iii) Hi

m(Hc
a(R)) = 0 = ExtiR(R/m, Hc

a(R)) for all i , d.

P. Since R is Gorenstein, dimR R = heightRa + dimR R/a = c + d.Hence Hc+d
m (R) �

E(R/m) and Hi
m(R) = 0 for all i , c + d. Also, in view of the main theorem in [1],

Extc+d
R (R/m, R) � E(R/m) and ExtiR(R/m, R) = 0 for all i , c + d. The results now

follow from Theorem 3.1. �

The following corollary was proved in the implications (i) ⇒ (ii) and (i) ⇒ (v) in
[4, Theorem 3.1].

C 3.3. Let a be a cohomological complete intersection ideal of a Gorenstein
local ring R. Set c := cd(a, R). Then, for all p containing a:

(i) Hh(p)
pRp

(Hc
aRp

(Rp)) � E(Rp/pRp),

(ii) Exth(p)
Rp

(Rp/pRp, Hc
aRp

(Rp)) � E(Rp/pRp), and

(iii) Hi
pRp

(Hc
aRp

(Rp)) = 0 = ExtiRp(Rp/pRp, Hc
aRp

(Rp)) for all i , h(p),

where h(p) = dimRp Rp − heightRa.

4. Endomorphism rings

In this section we establish a homomorphism from End(Hc
a(M)) to End(Hc

b
(M)),

where a and b are ideals of R such that b ⊇ a and c := grade(a, M). To this end, we first
present an application of Theorem 2.3 which is needed later. Note that this result was
proved in [8, Lemma 2.2(d)] whenever M := R is Gorenstein local, and in [6, Theorem
2.6] whenever M := R is an arbitrary commutative Noetherian ring.

T 4.1. Let c ∈ N0 and a be an ideal of R such that aM , M and c 6 grade(a, M).
Then for all a-torsion R-modules T , we have the isomorphism

HomR(T, Hc
a(M)) � ExtcR(T, M).

In particular,
End(Hc

a(M)) � ExtcR(Hc
a(M), M).

P. The result immediately follows from Theorem 2.3 when we replace the functor
F by the a-torsion functors HomR(T, −) and HomR(Hc

a(M), −). �
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Let a and b be ideals of a Gorenstein local ring R such that b ⊇ a and c :=
heightRa = heightRb. Schenzel [8, Theorem 1.2(a)] showed that there exists a natural
homomorphism End(Hc

a(R)) −→ End(Hc
b
(R)). Here, by using Theorem 4.1, we extend

the above result as follows.

T 4.2. Let a and b be ideals of an arbitrary commutative Noetherian ring R
such that b ⊇ a, aM , M and c := grade(a, M). Then:

(i) we have a monomorphism from Hc
b
(M) to Hc

a(M); and
(ii) there exists a natural homomorphism from End(Hc

a(M)) to End(Hc
b
(M)).

P. (i) In light of Corollary 2.4(i), if we set F := Γb(−), we have the isomorphism

Γb(Hc
a(M)) � Hc

b(M).

So, we have a monomorphism

0 −→ Hc
b(M) −→ Hc

a(M) (4.1)

as desired.
(ii) Applying the long exact sequence ExtcR(−, M) to (4.1) deduces the natural

homomorphism

ExtcR(Hc
a(M), M) −→ ExtcR(Hc

b(M), M).

Now Theorem 4.1 completes the proof. �

R 4.3. By using the proofs of [8, Theorem 1.2(a)] and Theorem 4.2, it is easy
to see that if R is a Gorenstein local ring, the natural homomorphisms described in [8,
Theorem 1.2(a)] and Theorem 4.2 coincide.

L 4.4. Let U be an R-linear contravariant functor from C(R) to itself. Suppose
that a is an ideal of R and M is a finitely generated R-module such that:

(i) RiU(Mz) = 0 for all z ∈ a;
(ii) aM , M; and
(iii) c := cd(a, M) = grade(a, M).

Then

RcU(Hc
a(M)) � R0U(M).

P. First, suppose that c > 1 and that {x1, . . . , xn} is a generating set of a. Consider
the Čech complex C(x

¯
, M)• of M with respect to x

¯
:= x1, . . . , xn. By using a method

similar to the one we used in the first proof of Theorem 2.5, we have the exact
sequences (2.8) and (2.9). Also, by our assumption, R jU(Ci) = 0 for all i, j ∈ N.
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Hence, for i ∈ N, we have the isomorphisms

RiU(Kc) � Ri+1U(Lc)

� Ri+2U(Lc+1)

� · · ·

� Ri+n−cU(Ln−1)

� Ri+n−c+1U(Ln) = 0.

Thus
RiU(Kc) = 0 for all i ∈ N. (4.2)

Also, by [2, Theorem 5.1.19], Hc
a(M) � Kc/Lc−1, and so we have the exact sequence

0 −→ Lc−1 −→ Kc −→ Hc
a(M) −→ 0. (4.3)

Whenever c = 1, (4.2) and (4.3) imply the exact sequence

R0U(K1) −→R0U(L0) −→R1U(H1
a (M)) −→ 0.

Also, by applying the functor R jU(−) to the exact sequence (2.8) and (2.9), we have
the isomorphisms

R0U(K1) � R1U(L1) � R2U(L2) � · · · � RnU(Ln) = 0.

Thus R1U(H1
a (M)) � R0U(L0) � R0U(M). So we may assume that c > 2. Now the

exact sequences (4.3) and (2.9) in conjunction with (4.2) induce the isomorphisms

RcU(Hc
a(M)) � Rc−1U(Lc−1)

� Rc−2U(Lc−2)

� · · ·

� R1U(L1).

Moreover, (2.9) implies the isomorphism R1U(L1) � R0U(L0). Thus RcU(Hc
a(M)) �

R0U(L0) � R0U(M).
In the case where c = 0, by slight modifications in the first part of the above

arguments, we can show that there exist the exact sequences (2.9) and

0 −→ H0
a (M) −→ M −→ L0 −→ 0.

Hence we have the exact sequence

0 −→R0U(L0) −→R0U(M) −→R0U(H0
a (M)) −→R1U(L0) (4.4)

and the isomorphisms

R1U(L0) � R2U(L1) � · · · � RnU(Ln−1) � RnU(Ln) = 0.
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Thus
R1U(L0) = 0. (4.5)

Also (2.9) implies the exact sequence

R0U(C1) −→R0U(L0) −→R1U(L1).

As we have shown in the first part of the above arguments, R1U(L1) = 0. Moreover, it
follows from our assumption that R0U(C1) = 0. Hence R0U(L0) = 0. The result now
follows from (4.4) and (4.5). �

T 4.5. Let c ∈ N0 and M be a finitely generated R-module. Suppose that a is an
ideal of R such that aM , M and c := cd(a, M) = grade(a, M). Then

End(Hc
a(M)) � HomR(M, M).

P. Consider the functors F(−) := HomR(Hc
a(M), −) and U(−) := HomR(−, M). By

Theorem 2.3 and Lemma 4.4, we have the isomorphisms

End(Hc
a(M)) � RcF(M)

� RcU(Hc
a(M))

� R0U(M)

� HomR(M, M).

This concludes the proof. �

Suppose that (R,m) is a Noetherian local complete ring and a a proper ideal of R
such that c := grade(a, R) = cd(a, R). Let E be the injective hull of R/m. Since R is
complete, for every z ∈ a we have the isomorphisms

ExtiR(Rz, R) � ExtiR(Rz, HomR(E, E)) � HomR(TorR
i (E, Rz), E) = 0.

Then, by Theorem 4.5, End(Hc
a(R)) � R. This means that Theorem 4.5 is an improved

form of [5, Theorem 2.2].
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