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A new definition of
discrete analytic functions

C.J. Harman

The concept of a tetradiffric function is introduced. This new
scheme for defining discrete analytic functions is shown to
retain the algebraic simplicity of monodiffric functions, while
introducing to the theory a symmetry similar to the Schwarz

Reflection Principle.

1. Introduction and definitions

Discrete analytic functions of the first kind (or monodiffric
functions) are defined on the set of gaussian integers and satisfy the
forward-difference equation

f(z+i)-F(2)
fla+a1) - flz) = D22 :
(see for example lsaacs [7, 8] and Berzsenyi [1, 2]). 1In [6é], the
(o)

monodiffric function =z (the discrete analogue of 2> ) was found.

This function highlighted certain shortcomings in the monodiffric scheme.

(o) ,

and in the theory there is no analogue of the Schwarz Reflection Principle.

Monodiffric functions lack symmetry: for example (-z)(a) # (-1)az

In this paper an alternative definition of discrete analytic functions
is examined. The resulting functions demonstrate a symmetry similar to
discrete functions of the second kind which were defined by Ferrand [4] and
further developed by Duffin [3] and others. Unlike second kind functions

however, it is seen that the simple algebraic form of monodiffric functions
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(a)

is retained. The function =2 is expressed in terms of divergent series
when O 1is not an integer and as a polynomial when 0« 1is a non-negative
integer. Finally an analogue of the Schwarz Reflection Principle is

obtained.

The domain of definition to be considered is the set G of gaussian
integers. Hence,
G=1{3; 3=(x,y) =x+1y , wvhere * and y are integers} .
Subsets of (¢ 1in the four quadrants of the complex plane are defined
by,

¢

\

{z3 2€G6, >0,y >0}, ¢ {z; z €6, x <0, y>0},

b3

{z; 2 €6, <0,y <0}, Gh={z;z€G,x>0,y<0},
and on the axes,

X+

it
v

b
1

{z; z €¢G, x

tA

{z; z€¢,z=20, o} , 0, y =0},

w2
n

+

Y {2 2€G6,z=0,y=0}, Y =1{z; 2 €G, «

0, y =0} .

Forward and backward difference operators are defined by,

(1.1) Alf(z) = f(z) - f(z-1) ,

8,fle) = L2l=flazi)

1

3

A3f(z) = f(z+1) - f(2) ,

8,f(2) = f(z+2)-f(z)

1

2. Tetradiffric functions

A new type of discrete analytic function, based on the concept of a
monodiffric function, is now defined. The definition involves a
consideration of a separate monodiffric scheme in each of the four

quadrants G

1 02, 03 , and GLl

A function f 1is said to be tetradiffric at the point 2z € Gk

(k =1, 2, 3,0or 4 ), if
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(2.1) 8, f(2) = & 1 F(2)

(For convenience of notation it has been assumed that in the case when

k = 4 , the operator A5 means Al .)

The importance of this method of definition is illustrated by the
following theorem:- a tetradiffric function can be represented in any of
the four quadrants of the complex plane by a linear combination of values

from both the X and Y axes.
THEOREM 2.1. The unique tetradiffric function f , with values
prescribed on the axes (on X ux vy vy )} is given by the following:-

(i) if z=(x,y)€Gl,

X . :
flz) = (1—i)'(x+y){ ) [“;y](-i)J(l—iAl)“‘Jf(x-J, 0)
J=0

xY x+y .\ J-x .
+ [ .](-z) (1-8,)" (0, J—m)} 3
j=x+l J

(i1) if =z = (x, y) 662,

-X . .
flz) = (1«:)“’{ 7 [y‘“]v’ (128) %I p(aej, 0)
7=0 ) 3

YT (y-z).j x+g .
) [ , ]ﬁ (1+4,)" 1 0, x+J)} ;
J=l-x J

(ii2) if z = (x, y) ¢ G3 »

X . .
flz) = (1_i)x+y{ 1 ['”3.'-’/](_1:)‘7 (1+7:A3)—x"7f(x+j, 0)
=0

-x=Y -z-y g x+j .
+ ) Fi(-1) (1+Ah) Flo, —x=g)t 5
j=l-x

J

(iv) if =z = (x, y) €Gh ,
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x
flz) = (1+)¥ x{ ) (ny] (l+¢A )& Jf(x-J 0)

=y
x- -
+ [y] (1A)J 7(0, x—J)}
J=x+l J
The binomial operators in the above are defined in the usual way; for

example

s x=F . ) )
(1-48))%7 = jzo [xk'j]('”ki‘]i s (i)’ =1,

where I 1is the identity operator.

The proof of (i) above follows from [é , Theorem 2.3] and (ii), (1%ii),

(iv) are proved in a similar way.

Hence a tetradiffric function f(z) can be expressed in terms of a
combination of specified values on the two half-axes which bound the

quadrant containing the point 3 .

For example consider two simple cases:- from the above theorem it
follows that for =z = (1, 1) € Gl .

(2.2) f1, 1) = (-7 Fa, 0)-if(0, 1)]

and for 3z = (2, -1) € Gh ,

f(2, -1) = (1+4)73[2¢f(2, 0)+(4-1)f(1, 0)-(1+8)F(0, -1)]

3. The tetradiffric function z(®)
The monodiffric function z(a) (a¢ not a negative integer), given in
[6], is now extended to tetradiffric functions. The resulting function

highlights some important advantages of the tetradiffric scheme.

For points on the X-axis, the function x(a) is to be defined by
I'{x+a +
—%%;Tl ; x €X

(3.1) LI

a
(1) T(a-z) . z € X

I'(-x) ’

3
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and on the Y-axis

(3.2) (iy)(a) = iay(a) s dy €Y vy,

() is given by (3.1).

(o)

where Yy

+
(@) _ (®1) fror z €x*, ana

(o)

for x € X . Also it can be shown that « is a

Note that «x satisfies Alx

A3x(“) = oxl®D)

+ -
very good asymptotic approximation to «* on both X and X .

(a)

The tetradiffric analogue =z of the classical function za is

required to satisfy

(3.3) (i) 2z’ = D)

(a)

k]

(ii) o =0, o>0, and
(111) 20 =1,
vhere A = Ak or Ak+l for =z € Gk ; k=1,2,3,4,.

The case when a = n, a non-negative integer, is quite simple. It can

be shown that the function z(n) given by,
(n) _ % [n) _(n-3).5 (5) (0)
(3.4) z = z (.]x %y ;5 3 =1,
g=o V

(n)

is the tetradiffric function satisfying (3.3) and having the values &
and (iy)(n) on the axes.

(a)

When o is a negative integer, the function & has singularities

+ -
at certain points on X v X . It will now be assumed that 0 is not an

integer, but is otherwise an arbitrary constant.

(o) )(a)

and (72y
{a)

By specifying <« on the axes, Theorem 2.1 provides

at any point in G , and as in [6, Theorem

(o)

3.1] it can easily be shown that =z satisfies conditions (i) and (ii)

(o)

of (3.3). However the resulting function =z has a rather complicated

the tetradiffric function 2
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form, and an alternative expression is now derived which has a remarkable

analogy with the binomial expansion of the function za = (x+iy)a .

THEOREM 3.1. If 2= (z y) €6 and 2, 4% are defined by

(3.1) then the tetradiffric function z(a) 18 given by

MCYRN [

q]x(a-j)ijy(j) P 1 [q]x<j)ia-jy(a-j)
J=0

Jd d

]

J=0

where the two divergent series are summable (E, q) 1in the Euler sense for

q>0.
Proof. Define a function z(a) by
oo . . . «© . . .
(3.5) LN (;]x(G-J)in(J) . 7 [?]x(J)iOﬂ-Jy(a-J) ,
J=0 J=0
and let z = (x, y) € Gl . For convenience consider the first of the above

two sums and denote it by

S (z) = ] a,, where a; = (?]x(a_j)ijy(j)

Now it can easily be verified that for =z € G the series Sa(z)

1 2

diverges. For S, to be summable (E, g) it must be shown that

i+
(a) ) a.pJ 1 converges for small 0 , and

(b) the series sa(z) defined by

© 17 R
P <. Y
se(z) = I (vq)™0 ] [4]ajq J
n=0 J=0
converges (see Hardy [5]).
If these conditions hold, the series Sa is said tb be summable
(E, qg) +to the sum Sy - Trat condition (a) holds in this case is readily

checked. The following lemma shows that (b) is true.

LEMMA 3.1. For z = (z, y) €G

1 the series defined by
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hd n . . . .
sa(z) = ZO (1+q)—n_1 .ZO [n] [q]x(a-J)in(J)qn_J
n= J=

converges absolutely for q > 0 .

Proof. For 3 € G it follows from the definitions of x(a) and

1

y(a) that

[a]x(ww (§) _ (a=g+1)(a-g+2) ... (a=j+x-1)(j+1)(5+2). .. (j+y-1)
J Y T{x)T(y)

This is a polynomial in J of degree (x+y-2) , and can be writ . en as

. . x+y=2
[Og]x(a—a)y(a) B % bkjk ,
k=0

J
where the coefficients bk are determined by x, y and o . Hence sa(z)
becomes;

el rHy-2 n -
- -7.J .k
T
n=0 k=0 J=0

Now it can readily be shown by induction on k +that for fixed = ,

(q+1)" ; k=0,
n .o
n| n=g.j.k _ ~
.Z [j]q 997 =9 % S(k)n!ir(q+i)n r
J=0 r ; k=1,
r_l (n-r)!

where Sik) are Stirling numbers of the second kind.

Hence, assuming for the moment that summation can be interchanged,

E (g+i n x+y-2 E Sik)ir ; nt ALt
s (z) =» + b ! Ez ] i
¢ O 0 (+1)™r  xE1 K pm1 (ge1)* me0 (n-r)t \q+1

"
and since | . 1 when ¢q > 0 , it follows that the above series are

qtl]

absolutely convergent, which justifies the interchange of summation and

proves the lerma.

Returning o the proof of the theorem; it has been shown that sa(z)
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converges and hence by (a) and (b) above, Sa(z) is summable (E, gq) for

q > 0 to the sum sa(z)

0 . . .
Similarly the second series in (3.5), J [Q]x(g)ia—Jy(a-J)
0

is.
j=0 Y
summable (£, q) , q >0 .
Now by (1.1):
Alz(a) — z(a) _ (z—l)(a)
o] [;]x(a-j)ijy(w S 3 [?](x—l)(a-j)ijy(j)
J= J=0
+ 7 [?]x(j)ia—jy(a_j) -3 [;](x—l)(j)ia_jy(a—j) s
J=0 J=0

and by Hardy [5, p. 180, Properties o, 8] it follows that

(a) v [e-1).d, () _(a-1-7) 5 j i) (J
52 .y § [ - ]in Nple1-9) o 5 [atllia-l—gy(a—l—g)x(g)
.=O j:o J
= aglol)

Similarly AQz(a) = az(a-l) and so the function z(a) is tetradiffric for
z € G1 . It evidently satisfies O(a) =0 .

On the axes, z(a) = x(a) when ¥ = 0 , and z(a) = iay(a) when
x = 0 . Hence by Theorem 2.1, z(a) is the unique tetradiffric function
in Gl with prescribed values x(a) on X and (iy)(a) on Y .

In a similar manner it can be shown that (3.5) represents the

G and

tetradiffric analogue of za in the other three quadrants 02, 3

Gh . This completes the proof of Theorem 3.1.

As an example of the method of Euler summability in the above theorem,

consider the simple case 2z =1 +1% . From (3.5),
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N N GO N [q]l(a—j)ijl(j) . [Of]l(j)ia—jl(a-.i)
g=1 Y j=o ¥

oo . © .
1(a) ) Fr N 1(ot) § i

J=0 J=0
Defining S by
-J

S = 7

1+72-1-2+1+72-1-172+ ...,

't~ 8

J=0
then by Hardy [5, p. 180, Properties Y, 6] it follows that

S

1+ 2(1+i-1-141+ ...)

1+ 1S

and so S = (l—i)_l . Similarly

and hence (1, l)a = 1(a)(1-ia+l)(1—i)_l , which checks with (2.2) on

substituting F(1, 0) = 1¢% , f(o, 1) = % (®) |

4. Properties

(a)

When o is not an integer, the tetradiffric function z given by
(3.5) is evidently multi-valued. This demonstrates a good analogy with the

classical function zu

Also by making use of backward differences on the positive half axes

z(a)

and forward differences on the negative half axes, the function can

+ - + -
be shown to be a very good approximation to za on X vuX uvuY vy |,

even for small integer values of x and Yy .

The Schwarz Reflection Principle has an analogy for the tetradiffric

L)

function as is indicated in the following theorem.

THEOREM 4.1. When a is real, the tetradiffric function z(a) 18

z(a) = (E)Za) for

real for =z € x" and satisfies the symmetry condition
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z € Gl V] Gh .

Proof. Let 2z = (x, y) € G, - By (3.4),

(2)(0’) = (:L‘, _y)(a) = Z (g']x(a‘J),LJ(_y)(J) + z [a]x(j)ta'j(_y)(a'J) .
J=0 J=0

Jd

Since iy € Y , -iy €Y it follows from (3.1), (3.2) that

(o) (@) oy Het) (e (@)

T(y) Y
Hence
j=o ¥ j=o W
and since x(a), y(a) are real for real o and 20, y =20 , it

follows that

()

=z
If 3z € Gh the above argument can be reversed, proving the theorem.

a)

Another important property of z( which demonstrates once again the

symmetry of tetradiffric functions is given by the following.
THEOREM 4.2, For 3 € G,
a
(—Z)( ) - (-l)aZ(a) .

The proof follows immediately from (3.1), (3.2), and (3.5).

Theorem 4.1 can be generalized to a wider class of tetradiffric

functions as follows.

THEOREM 4.3. If f <is a tetradiffric function which is real on the
X-axis and such that F(z) = f(z) for z ¢ oy 5 then for all 2z € G,
) = flz) .

The proof follows readily from Theorem 2.1 and so is omitted.
When o = n a non-negative integer, Theorems 4.1 and 4.2 also apply

to the function z(n) given by (3.4).
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For convenience it has been assumed throughout this paper that the

functions concerned are tetradiffric on all of G . This restriction can

of course be weakened to a consideration of functions tetradiffric on

smaller domains.
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