CMS
}ZSMC

http://dx.doi.org/10.4153/CMB-2017-066-5

Canad. Math. Bull. Vol. 61 (3), 2018 pp. 650-658 ]
© Canadian Mathematical Society 2017

Connected Numbers and the Embedded
Topology of Plane Curves

Taketo Shirane

Abstract. The splitting number of a plane irreducible curve for a Galois cover is effective in distin-
guishing the embedded topology of plane curves. In this paper, we define the connected number
of a plane curve (possibly reducible) for a Galois cover, which is similar to the splitting number.
By using the connected number, we distinguish the embedded topology of Artal arrangements of
degree b > 4, where an Artal arrangement of degree b is a plane curve consisting of one smooth
curve of degree b and three of its total inflectional tangents.

1 Introduction

In this paper, we investigate the embedded topology of plane curves in the complex
projective plane P? := CP?, which is an object in the intersection of algebraic geom-
etry and geometrical topology. The first result of this study is due to O. Zariski [17].
He considered the following question:

Does an algebraic function z of x and y exist, possessing a preassigned curve f as
branch curve?

Zariski pointed out that this question can be reduced to finding the fundamental
group of the complement of the given curve (the word complement is understood and
often omitted for short). Moreover, he shows by the following example that the con-
figuration of singularities of a plane curve can affect the fundamental group (hence
the embedded topology) of the plane curve.

Example 1.1 ([17]) For asextic curve (i.e., of degree six) with six cusps on the projec-
tive plane P2, its fundamental group is the free product of two cyclic groups of orders
two and three, respectively if the six cusps lie on a conic, and is the cyclic group of
order six otherwise.

In [1], E. Artal suggested calling such pair of curves a Zariski pair. More precisely,
a pair (C, C,) of plane curves Cy, C, c P? is a Zariski pair if C; and C, satisfy the
following two conditions:
(a) C; and C; have the same combinatorics, i.e., they are equisingular (see [2] for
details), and
(b) C; and C, have different embedded topology, i.e., the pairs (P2, C;) and (P2, C;)
are not homeomorphic.
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A k-tuple (C;, ..., Ci) of k plane curves C; c P? is called a Zariski k-plet if (C;, C;) is
a Zariski pair for any i # j. Example 1.1 is the first example of Zariski pairs. E. Artal [1],
M. Oka [11], H. Tokunaga [15,16], and others have discovered Zariski pairs by studying
fundamental groups (or related invariants) of plane curves. They seem interested in
the embedded topology, such as in knot and link theory, rather than the existence of
algebraic functions as in the original question. As in the study of embedded topology,
the following problem has arisen naturally.

Problem 1.2  Give a method for distinguishing the embedded topology of plane
curves whose fundamental groups are isomorphic.

A pair (Cy, Cy) of plane curves is said to be 7 -equivalent if the fundamental groups
of C; and C, are isomorphic. Several methods are known as partial answers of Prob-
lem 1.2. For example, there are methods using the theory of K3-surfaces [8], the braid
monodromy [2], the splitting number [14], and the linking set [9]. The methods us-
ing the theory of K3-surfaces and the splitting number are based on techniques of
algebraic geometry. On the other hand, the ones using the braid monodromy and the
linking set are derived from invariants of geometrical topology. Recently, B. Guerville
and the author gave a relation between the splitting number and the linking set for
certain plane curves in [10].

In this paper we introduce a new invariant, called the connected number, which is a
modification of the splitting number. The splitting number is derived from the studies
of splitting curves by E. Artal, H. Tokunaga, and S. Bannai, where a curve C c P?
is called a splitting curve with respect to a double cover ¢: X — P2 if there are two
curves C*, C~ c X with no common components such that ¢*C = C*+C and C” =
1*C* for the covering transformation 1: X — X of ¢. In [3], Artal and Tokunaga used
splitting curves for double covers to establish the difference of the fundamental groups
of plane curves. In [4], Bannai introduced the splitting type of a splitting curve with
respect to a double cover. The splitting type gives a method for proving the difference
of the embedded topology of plane curves without going through the fundamental
groups. In [14], the author defined the splitting number of irreducible curves for Galois
covers based on Bannai’s idea, and by using the splitting number, he proved that the
m-equivalent equisingular curves defined by Shimada in [13] provide 7;-equivalent
Zariski k-plets. This result shows the importance of studying of splitting curves to
distinguish the embedded topology of plane curves. In particular, it also shows that
the connected number is not determined by the fundamental group (see Remark 2.2).

In this paper, we define the connected number of plane curves (not necessarily ir-
reducible) for Galois covers, which is an invariant under certain homeomorphisms
from P? to itself (see Definition 2.1 and Proposition 2.3). The connected number is
similar to the splitting number, but not its generalization (see Remark 2.2). The main
results of this paper are Theorem 2.4 and Corollary 2.6, which enable us to compute
the connected number for certain cases. Finally, we distinguish the embedded topol-
ogy of Artal arrangements of degree b > 4 by the connected number; i.e., we give
Zariski k-plets of Artal arrangements of b > 4, where an Artal arrangement of degree
b is a plane curve consisting of one smooth curve of degree b and three lines (the Artal
arrangements of degree 3 were first studied by Artal [1]; see Section 4 for details).
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2 Connected Number

In this section, we define the connected number of plane curves for Galois covers
(Definition 2.1), and state the main results regarding the connected number for cyclic
covers (Theorem 2.4 and Corollary 2.6).

Definition 2.1 Let Y be a smooth variety, and let ¢: X — Y be a Galois cover
branched along B. Let C c Y be an algebraic subset of Y such that not all irreducible
components of C are contained in B, and C \ B is connected. We call the number of
connected components of ¢! (C \ B) the connected number of C for ¢, and denote it

by ¢4 (C).

Remark 2.2 There are three remarks about the connected number.

(i) Itis obvious that the connected number c4(C) divides the degree of ¢.

(ii) For an irreducible plane curve C c P2, we have ¢4 (C) < 54(C), where s4(C) is
the splitting number of C for ¢. There exists a nodal irreducible plane curve C of
degree d = 6,7 with a simple contact conic A such that s4(C) = 2and ¢4(C) =1
for the double cover ¢: X — P? branched at A, where a simple contact conic A of
C is a smooth curve of degree 2 which is tangent with C at just 4 smooth points
of C (see [6]). If C is non-singular, then ¢4 (C) = 54 (C).

(iii) Since the m-equivalent plane curves constructed by Shimada [13] are distin-
guished by the splitting numbers of non-singular curves for cyclic covers in [14],
they are also distinguished by the connected numbers. In particular, the con-
nected number is not determined by the fundamental group.

By [14, Proposition 1.3], we obtain the following proposition, which means that the
connected number is invariant under homeomorphisms from the ambient space to
itself that do not interchange any component of the algebraic subset and any one of
the branch locus, and keep the Galois cover.

Proposition 2.3  Let B; (i = 1,2) be reduced divisors on a smooth variety Y and let G
be a finite group. For each i = 1,2, let ¢;: X; — Y be the G-cover induced by a surjection
0;:m (Y N\ B;) - G. Let C; be an algebraic subset of Y such that not all irreducible
components of Cy are contained in By, and Cy \ By is connected. Assume that there
exists a homeomorphism h: Y — Y with h(B;) = B, and an automorphism 0:G - G
such that 0 0 0 o h, = 01. Then cg,(Cy) = cy,(C,), where C; = h(Cy).

For a plane curve B c P? and a cyclic cover ¢: X — P? induced by a surjection
6:m (P? \ B) - Z/mZ, let By denote the divisor By := X71"i - B;, where B; is
the sum of irreducible components of B whose meridians are mapped to [i] € Z/mZ
by 6 for each i = 1,...,m — 1. In this case, the degree of By is divisible by m, by
(12, Example 2.1], and we call ¢: X — P2 the cyclic cover of degree m branched at Bg.

Conversely, for a divisor B = Y.7";" i - B; such that B = ¥7";" B; is reduced, if the
degree of B is divisible by m, then there exists a cyclic cover of degree m branched at
B by [12, Example 2.1]. This cyclic cover ¢: X5 — P? branched at B is constructed
as follows:
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Let n be the quotient of deg B by m, deg B = mn. For the invertible sheaf 9(n) on
P2, let p,: T,, — P? be the line bundle associated with O (#). Let t,, € H*(T,,, p 0(n))
be a tautological section. The variety X is constructed as the normalization of X/,
defined by t™ = p%Fxz in T, where F5 € H°(P?,9(mn)) is a global section defin-
ing B and ¢5: X — P? is the composition of the normalization Xg — X/ and
pn: T, — P2 Note that a global section F € H*(IP2,9(n)) of @(n) corresponds to a
section P? — T, of the line bundle p,,, and denote it by the same notation F:P? — T,.
On an affine open subset U c P2, the section F|y: U — T,|y 2 U x C is given by
P — (P,F|y(P)), regarding F|y € T(U, Opz) as a polynomial. Since we have the
morphism ppow: Ty = Ty " = Tun» defined locally by (P, t) — (P, t*) for P € P* and
t € C, we can regard the equation t}, — h = 0 as a defining equation of p;(ljw(lm(h)) in
T, for a continuous map h: € — T, from a reduced divisor € on P? to Tun satisfying
Puno© h= ide.

Theorem 2.4 Let B = Y.7;' B; and let C be two plane curves on P? with no com-

mon components. Assume that the degree of B = Y., i - B; is divisible by m, that all

irreducible components of C are smooth, and that C is smooth at all intersection points

of C and B. Let ¢5: X5 — P? be the cyclic cover of degree m branched at B, and put

n := deg B/m. Let F € H°(P?, 9(mn)) be a global section defining B. Then, the con-

nected number cg,, (C) is the maximal divisor A of m such that there exists a continuous

map h:C — T ,,, where u := m/A, satisfying the following conditions:

(1) Pun© h =1ide;

(i) h*=h®C > ‘J'l?,f = Tpun coincides with the restriction Fz|e of Fp to C;

(iii) for each irreducible component C of C, there exists a global section gc in
HO(P2, 9(un)) such that h|c = gclc.

Remark 2.5 Assume the same hypotheses as Theorem 2.4, and let L c P? be a
general line; i.e., L intersects transversally with the curve B + €. Since p,n: Ty, —
IP? coincides over U := P? \ L with the projection U x C — U, the existence of a
continuous map h: € - T, satisfying (i), (ii), and (iii) in Theorem 2.4 is equivalent
to the existence of a polynomial g € T(U, 9p2) = C[x, y] of degree un for each
irreducible component C of C satisfying the following conditions:

(i) (gt)! - Fply is an element of the ideal defining C in T(U, Op2);

(i) g (P) = go (P) at each intersection P € C 0 C’ for any irreducible components

Cand C'.

Corollary 2.6  Assume the same hypotheses as Theorem 2.4, and that C is a nodal

curve. Then, the connected number cy., (C) is the maximal divisor A of m such that
there exists a divisor D on P? with AD|e = Ble as Cartier divisors on C:

¢ (C) = rnax{ A | A is a divisor of m and AD|e = B|e for some divisor D} .

3 Proofs

In this section, we prove Theorem 2.4 and Corollary 2.6.
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Proof of Theorem 2.4 Let B = Y7;" B; and C be two curves on P? with no com-
mon components. Assume that all irreducible components of € are smooth, that C is
smooth at each intersection of B and C, and the degree of B = Y./ i-B; is divisible by
m. Let ¢5: X5 — P? be the cyclic cover of degree m branched at B. Let p,,: T,, - P?,
Fz and let ¢: X33 — IP? be the notation used in the construction of ¢5: X5 — P2
in Section 2. Let k5: X5 — X/ be the morphism of the normalization. Since X7; is
smooth over P? \ B, the normalization ks gives an isomorphism K,,B over P? \ B:

K = Klxygo1(8) X3 N ¢ (B) — Xi \ (¢53) 7 (B).
Hence, the connected number ¢y, (C) is equal to the number of connected compo-
nents of (¢ ) (€ \ B). Let fe = 0 be a defining equation of C.
If there exists a continuous map h: € — T, satisfying conditions (i), (ii), and (iii),
then the equation

(3.1) th—h=fe=0

defines a subset éj of (¢%)7*(€) in T, for each j = 1,...,A such that U?=1 é]- =
(¢%)7(C), and éj N (¢%)7(B) (j=1,..., ) are disconnected, where {} is a primi-
tive A-th root of the unity. Hence, we have ¢y, (C) > A. Thus, it is sufficient to prove
that there exists a continuous map h: C — T, satisfying conditions (i), (ii), and (iii)
such that Ej \ (¢ )71(B) is connected, where Ej is the subset of (¢% )" (C) defined
by equation (3.1).

Let @ = Y5, C; be the irreducible decomposition of C. We prove the existence of
such h: € — T, by induction on the number k of irreducible components of C. If € is
irreducible, hence € is smooth, then Theorem 2.4 is equivalent to [10, Theorem 2.1] (cf.
[14, Theorem 2.7]). Moreover, the closure of each connected component of ¢z (C\ B)
is defined by equation (3.1) in T, for j=1,...,A.

Suppose that k > 1, and let C; := Zi:ll C; and C; = Ci with ¢4, (C;) = v; for
i = 1,2. Moreover, we suppose that the closure G; ; of each connected component é; i
of (¢ )7*(€; \ B) is defined by t}’ —(i:lhi =f;=0inT,fori=1,2andj=1,...,v;
where y; := m/v;, f; = 0isa defining equation of €;, and h;: €; - T,,, is a continuous
map satisfying conditions (i), (ii), and (iii) for C;. Let v be the greatest common divisor
of v; and v,, and let y; and & be the integers v;/v and m/(y1y,v), respectively. Then
we have y; = 8y,, yp = 8y1, and m = 8y1y,v. We fix a primitive m-th root {,, of unity,
and we can assume that (,, = (%, For each intersection P € C;nC,, we also fix an open
neighborhood Up of P in P? such that p,,'(Up) = Up x C. For the continuous maps
hi:C; = Tyn (i = 1,2) (resp. F3:C — T,), let h; p: Up — C (resp. Fp p: Up — C) be
the function such that 4;(Q) = (Q, h;,p(Q)) € Ty,» (resp. F5(Q) = (Q, F5,p(Q)))
for any Q € Up under a fixed isomorphism p,!(Up) & Up x C. For P € C;n Cy, let dp
be a p;-th root of hy p(P). Then we have

F3p(P) = h',(P) = hyp(P) =dp  and hyp(P) = {yrdp’

for some integer 0 < ap < v,. Then we have the following claim.

Claim 1  The intersection éljl mAézjz N (¢4 )~ (P) is non-empty if and only if j, — j, =
ap (mod v).
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Proof 'The intersection C; i ne, -1 (¢%) 7' (P) is non-empty if and only if there exists
a complex number tp € C such that t4! = (27 d%" and t4* = (37727 d>. The latter
condition is equivalent to

ji=j2+ (Biyr = Bay2)v = ap (mod m)

for some integers f3; and f3,. Hence, iff?lljl N ézjz N (¢%)'(P) # @, then j, — j, = ap
(mod v).

Conversely, if j; — j, = ap (mod v), then ap = j; — j, +bv for some integer b. Since
y1 and y, are coprime, there exist two integers a; and a, such that a;y; — azy, = 1;
hence, by putting §; = ba; for i = 1,2, we have 1y — B2y> = b. This implies that
C1ji 0 Caj, N (95) 7 (P) # 2.

This proves Claim 1.

Claim 2 Let aj and éljz be closures of connected components @{j and é{j, of

(¢%)7"(C1 \ B), respectively. Then élj and EU' are contained in the closure C of a
connected component of (¢’ ) (€ \ B) if and only if

[i-7lve(lar—aqly | P,QeCNG,) c Z/VEZ,
where [r], is the image of the integer r in Z|vZ.

Proof Two connected components é{],éi v of (¢%5)7(C; \ B) are contained in a

connected component €’ of (¢') (€~ B) ifand only if there exists a path p: [0,1] -
(¢%) (€~ B) such that p(0) € é{] and p(1) € é{j,. We can assume that ¢7; o p(0)
and ¢’ o p(1) are not intersection points of €; and C, and that ¢ o p(s) € C;NC; for
0 < s <lifand onlyif, forany 0 < € < 1, either ¢p7; o p(s+¢€) € C; and ¢ o p(s—€) € C,
or ¢ o p(s +€) € Cy and ¢ o p(s —¢€) € Cy. Since ¢ o p(0) and ¢ o p(1)
are two points of C;, the number of points s € (0,1) with ¢7 o p(s) € C; N Cy is
even. Let {s,..., sy} be the set of points s; € (0,1) with ¢%; o p(s;) € C; n C; and
0<sp<--<syr <1 LetC; and G;li fori =1,..., k" be the connected components
of (¢%) 7" (€1 ~ B) and (¢ )" (C2 \ B) such that p(s) € €}, for s5; <'s < 52441 and
p(s) e é;l,- for s;-1 < s < s5;, respectively, where sy = 1, hence 4

iy = E{j,. Putting
P; = ¢l o p(s;) fori =1,...,2k', by Claim 1, we obtain

(3.2) ji-1—1li = ap,_, (mod v),
(3.3) ji -1l;i= apy; (mOd V)
fori =1,..., k", where jo = j. Hence, if € jand e jo are contained in a connected

component € of (¢ )~(€ \ B), then we have
kl
j_j, = Z(apzi—l - aPZi) (mOd V).
i=1
Conversely, suppose that j— j' = Zi-il(aszl —ap,,) (mod v). We can find integers
0<ji<wvand0 < [l; <vyfori=1,..., k" satisfying equations (3.2) and (3.3). By
Claim 1, there exists a path p:[0,1] — (¢%3) ™' (€ ~ B) with p(0) € €}; and p(1) € €],
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Therefore, € jand [4 j are contained in a connected component C of (¢%)7'(C \ B).
This proves Claim 2.

Fix an intersection point Py of €; and C,; we can assume that ap, = 0 after multi-
plying {,,"" to h,. Then we have

([ap—aqly | P,QeCNCy) =([ap]y | PeCinCy) 2 Z/AZ,

where A is the greatest common divisor of v and ap for P € €; n C,. We put A’ := v/A.
Then we obtain

by Ao oyl
hf,lp (P) = dgm = dpym ’

B (P) = (Gragryry = g (eraper < gireX

for any P € C; n C,. We define the continuous map h:C — T, by h(P) = hiy"ll(P) if
PeC;fori=1,2, where y := yyu1A’ = yus)’ = m/A. The map h satisfies conditions
(i), (i), and (iii). Moreover, by Claim 2, equation (3.1) defines a subset éj of (¢")71(C)
such that éj N (¢)7'(B) is connected for j=1,..., A. ]

Proof of Corollary 2.6 The existence of a divisor D on P? with AD|¢ = B|e implies
the existence of a global section H € H°(P?, 9(un)) with H*|¢ = Fg|e. Hence it is
sufficient to prove that for any continuous map h: C — T, satisfying conditions (i),
(ii) and (iii) in Theorem 2.4, there exists a global section H € H°(P2, O(un)) such
that H|e = h.

Let € = Y5, C; be the irreducible decomposition of €. We prove the above state-
ment by induction on the number k of irreducible components of C. In the case k =1,
it is obvious by condition (iii). Suppose k > 1, and put €, := Y57 C; and @, := Cy.
Let h:C — T,, be a continuous map satisfying (i), (ii), and (iii). By the assump-
tion of induction, there exist two global sections H;, H, € H°(P?, 9(un)) such that
Hile, = hle, for i = 1,2. We have the exact sequence

O (= 1) © 02 (i = c2) L2 Opa (win) — 0 () — 0,
where c; is the degree of C;;, f; is a global section of Op2(¢;) defining C; for i =1,2 and
Z is the scheme defined by the ideal sheaf generated by f; and f,. Since C is a nodal
curve, C; and G, intersect transversally. Hence, 9z (un) is the skyscraper sheaf with
support C; N C, such that its stalk at each intersection P € C; n €, is isomorphic to C.
Since H;|e, = h|e, for i = 1,2, the image of H; — H, on Oz(un) is zero. Hence, there
exist two global sections g; € H* (P2, 9(un - ¢;)), i = 1,2, such that fig) - g, =
H; - Hy. Then H := H, - fig1 = H, — >, satisfies H|e = h. [ ]

4 Artal Arrangements of Degree b

In [1], Artal gave a Zariski pair (A;, A,), where A; is an arrangement of a smooth
cubic C; and three of its inflectional tangents L; j (j = 1,2,3) for each i = 1,2; i.e,
Ci N L;; is just one point. Putting P; ; as the tangent point of C; and L; j, the three
points Py ; (j = 1,2,3) are collinear, but the three points P, ; are not collinear. He
distinguished the embedded topology of A; and A, by their Alexander polynomials.
Itis possible to distinguish their embedded topology by other invariants; the existence
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of dihedral coverings, the splitting number, and the linking set (see [5,15]). In this
section, we generalize Artal’s Zariski pair by using the connected number. First we
define k-Artal arrangements of degree b.

Definition 4.1 Let B be a smooth curve on P? of degree b > 3 having k total inflec-
tion points P, ..., P, andlet L; (i = 1,..., k) be the tangent line of B at P;. We call
B+YX | L; ak-Artal arrangement of degree b if no three lines of L; (i = 1, .. ., k) meet
at just one point. In the case of k = 3, we call a 3-Artal arrangement of degree b an
Artal arrangement of degree b.

Remark 4.2 1In [5], a k-Artal arrangement is defined as an arrangement of one
smooth cubic and k of its inflectional tangents. A k-Artal arrangement in [5] is our
k-Artal arrangement of degree 3.

We construct Zariski k-plets of Artal arrangements of degree b > 4 by using Fermat
curves. For an integer u > 2, let F,, be the curve defined by x* + y# + z# = 0. For each
i=123andj=1,...,ulet P be the point

2j-1 2j-1 2j-1
Plj= (UG :0), Pyy=(0:1:0,7), Pyy= (G :0:D),
where (3, is a primitive 2u-th root of unity. For 4 > 3, F, is the Fermat curve of
degree y, and Pf) j are the 3y total inflection points of F,. Let L’;’ ; be the tangent line
of F, at Pffj. Note that Lf’j, L’Z‘)j, and Lg’j are defined by

Czj_lx—y:O, (zj_ly—z:o, and (2]‘—1

2u 2u 2u z—x=0,

respectively, and that L M Ly P LY j, = @ forany ji, ja, j3. From Carnot’s theorem

(cf. [7, Lemma 2.2]), we have the following lemma.

Lemma 4.3  Fix integers y, jy, j2, j3. There exists a divisor D on P? of degree d such
. : o 2142j2 4233
that D|Li",ji = dPl.’fji foralli=1,2,3if and only zf((z[]f J2r2smy2d

Then we obtain the following proposition by Corollary 2.6 and Lemma 4.3.

Proposition 4.4  Let hy, f,; (i = 1,2,3) be the following polynomials:

h# Z:x‘u +)/” +Z.”) f‘u,l = (Zﬂx—y’
2u—-1
Ju2=Cuy -2 fuz=Gh 2 x.

Let v be a positive integer, and put b := uv. Let By, , be the curve of degree b defined by
fﬂ,lfy,2fy,3 g+ h; =0,

where g is a general homogeneous polynomial of degree b - 3, i.e., By, is smooth. Let
¢8,,: Xo,u — P? be the cyclic cover of degree b branched at By, ., and put L, := L} | +
Ly, + Lé‘)”. Then cgy, (Ly) =v.

Since the connected number ¢y, (L) is divisible by b for an Artal arrangement of
degree b, B+ L, where L = L, + L, + L3, Proposition 4.4 implies that for any number v
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possible as the connected number of Artal arrangements of degree b, i.e., any divisor
v of b, there exists an Artal arrangement of degree b, B + L, with c¢, (L) = v.

Theorem 4.5 Let b be a positive integer, and let yy, . . ., py be distinct divisors of b.
Assume that all By, ,,, are smooth. Let By, ; be the Artal arrangement By, ,, + L, of
degree b constructed as above. Then (By 1, ..., By k) is a Zariski k-plet.
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