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Abstract

In this work, we consider two sets of dependent variables {X1, ..., X,}and {Yq, ..., Y,}, where X; ~ EW (a;, 4;, k;)
and Y; ~ EW(B;, ui,1;), fori = 1,...,n, which are coupled by Archimedean copulas having different generators.
We then establish different inequalities between two extremes, namely, X1., and Y., and X, and Yy, in terms
of the usual stochastic, star, Lorenz, hazard rate, reversed hazard rate and dispersive orders. Several examples and
counterexamples are presented for illustrating all the results established here. Some of the results here extend the
existing results of [5] (Barmalzan, G., Ayat, S.M., Balakrishnan, N., & Roozegar, R. (2020). Stochastic comparisons
of series and parallel systems with dependent heterogeneous extended exponential components under Archimedean
copula. Journal of Computational and Applied Mathematics 380: Article No. 112965).

1. Introduction

A r-out-of-n system will function if at least r of the n components are functioning. This includes parallel,
fail-safe and series systems, corresponding to r=1, r = n — 1, and r =n, respectively. We denote the
lifetimes of the components by Xi, ..., X,, and the corresponding order statistics by Xi., < -+ < Xj.p.
Then, the lifetime of an r-out-of-n system is given by Xj,_,+1., and so, the theory of order statistics has
been used extensively to study the properties of (n — r + 1)-out-of-n systems. For detailed information
on order statistics and their applications, interested readers may refer to [1, 3, 4].

The Weibull distribution has been used in a wide variety of areas, ranging from engineering to
finance. Numerous works have been conducted to further explore and analyze properties and different
uses of the Weibull distribution. These works further highlight the broad applicability of the Weibull
distribution and its potential for use in many different fields, see, for example, [11, 15].

A flexible family of statistical models is frequently required for data analysis to achieve flexibil-
ity while modeling real-life data. Several techniques have been devised to enhance the malleability of
a given statistical distribution. One approach is to leverage already well-studied classic distributions,
such as gamma, Weibull and log-normal. Alternatively, one can increase the flexibility of a distribution
by including an additional shape parameter; for instance, the Weibull distribution is generated by taking
powers of exponentially distributed random variables. Another popular strategy for achieving this objec-
tive, as proposed by [12], is to add an extra parameter to any distribution function, resulting in a new
family of distributions. To be specific, let G(x) and G(x) = 1 — G(x) be the distribution and survival

© The Author(s), 2024. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (http://creativecommons.org/licenses/by/4.0), which permits unrestricted re-use, distribution and reproduction,
provided the original article is properly cited.

https://doi.org/10.1017/5026996482400007X Published online by Cambridge University Press


https://orcid.org/0000-0003-1748-7073
https://orcid.org/0000-0001-5842-8892
mailto:bala@mcmaster.ca
http://creativecommons.org/licenses/by/4.0
https://doi.org/10.1017/S026996482400007X

706 R. Jyoti Samanta, S. Das and N. Balakrishnan

functions of a baseline distribution, respectively. We assume that the distributions have nonnegative
support. Then, it is easy to verify that

G(x)

F(x;a)zm, X,G.’E(O,OO),@ZI—(Z, (11)
and
. aGW) o) oo
F(x;a) —aG0)’ x, a € (0,0),a=1-a, (1.2)

are both valid cumulative distribution functions (CDFs). Here, the newly added parameter « is referred
to as the tilt parameter. When G(x) has probability density and hazard rate functions as g(x) and rg(x),
respectively, then the hazard rate function of F(x; @) in (1.1) is seen to be

1

TG(){) }"G()C), X, O € (O, 00), a=1-a. (13)

re(x;a) =

Thus, if rg(x) is decreasing (increasing) in x, then for 0 < @ < 1 (a > 1), rp(x; @) is also decreasing
(increasing) in x. This method has been used by different authors to introduce new extended family of
distributions, see, for example, [16].

Comparison of two order statistics stochastically has been studied rather extensively, and especially
the comparison of various characteristics of lifetimes of different systems having Weibull components,
based on different stochastic orderings. For example, one may see [6-9, 20-22], and the references
therein, for stochastic comparisons of series and parallel systems with heterogeneous components with
various lifetime distributions. The majority of existing research on the comparison of series and parallel
systems has only considered the case of components that are all independent. However, the operating
environment of such technical systems is often subject to a range of factors, such as operating condi-
tions, environmental conditions and the stress factors on the components. For this reason, it would
be prudent to take into account the dependence of the lifetimes of components. There are various
methods to model this dependence, with the theory of copulas being a popular tool; for example [17]
provides a comprehensive account of copulas. Archimedean copulas are a type of multivariate proba-
bility distributions used to model the dependence between random variables. They are frequently used
in financial applications, such as insurance, risk modeling and portfolio optimization. Many researchers
have given consideration to the Archimedean copula due to its flexibility, as it includes the renowned
Clayton copula, Ali-Mikhail-Haq copula and Gumbel-Hougaard copula. Moreover, it also incorpo-
rates the independence copula as a special case. As such, results of comparison established under an
Archimedean copula for the joint distribution of components’ lifespans in a system are general and
would naturally include the corresponding results for the case of independent components.

In this article, we consider the following family of distributions known as extended Weibull family of
distributions, with G(x) = 1— e‘(x")k, x, A, k > 0, as the baseline distribution in (1.1). The distribution
function of the extended Weibull family is then given by

1 - (D

Fx(x) = " x, k, @ > 0. (1.4)

— ge—(xk ’

We denote this variable by X ~ EW(a,A,k), where @, A and k are respectively known as tilt,
scale and shape parameters. In (1.4), if we take @ =1 and k=1, then the extended Weibull family of
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distributions reduces to the Weibull family of distributions and the extended exponential family of
distributions (see [5]), respectively. Similarly, if we take both @ =1 and k=1, the extended Weibull
family of distributions reduces to the exponential family of distributions. Now, let us consider two sets
of dependent variables {Xi,...,X,} and {Yy,...,Y,}, where fori = 1,...,n, X; ~ EW(a;,A;,k;)
and Y; ~ EW (B, u;, l;) are combined with Archimedean (survival) copula having different generators.
We then establish here different ordering results between two series and parallel systems, where the
systems’ components follow extended Weibull family of distributions. The obtained results are based
on the usual stochastic, star, Lorenz and dispersive orders.

The rest of this paper is organized as follows. In Section 2, we recall some basic stochastic orders
and some important lemmas. The main results are presented in Section 3. The ordering results between
two extreme order statistics are established in Section 3.1 when the number of variables in the two
sets of observations are the same and that the dependent extended Weibull family of distributions
have Archimedean (survival) copulas. Here, the ordering results are based on the usual stochastic,
star, Lorenz, hazard rate, reversed hazard rate and dispersive orders. Finally, Section 4 presents a brief
summary of the work.

Here, we focus on random variables which are defined on (0, o0) representing lifetimes. The terms

. . . . . sign,, .
“increasing” and “decreasing” are used in the nonstrict sense. Also, “ =" is used to denote that both
sides of an equality have the same sign.

2. Preliminaries

In this section, we review some important definitions and well-known concepts of stochastic order and

majorization which are most pertinent to ensuing discussions. Let¢ = (cy,...,c;) andd = (dy, ..., d,)
to be two n dimensional vectors such that ¢ ,d € A. Here, A C R" and R" is an n-dimensional Euclidean
space. Also, consider the order of the elements of the vectors ¢ and d to be ¢y, < -+ < ¢ and

dip < -+ < dyy, respectively.

Definition 2.1. A vector ¢ is said to be

o majorized by another vector d (denoted by ¢ <™ d) if, for eachl =1, ...,n — 1, we have Zle Cin 2
Zﬁzl di.n and Z?:l Ciin = lr}:l din;

o weakly submajorized by another vector d (denoted by ¢ =<,, d) if, for each |l = 1,...,n, we have
Z?;[ Cin < Z:‘l:[ din;

o weakly supermajorized by another vector d, denoted by ¢ <" d, if for each | = 1,...,n, we have
ZL] Cin 2 25:1 din.

Note that ¢ <™ d implies both ¢ <,, d and ¢ <" d. But, the converse is not always true. For an
introduction to majorization order and their applications, are may refer to [13].

Throughout this paper, we are concerned only with nonnegative random variables. Now, we discuss
some stochastic orderings. For this purpose, let Y and Z be two nonnegative random variables with
probability density functions fy and fz, CDFs Fy and F, survival functions Fy = 1-Fy and F7 = 1-F,
ry = fy/Fy and rz = f7/Fz, and ¥y = fy/Fy and 7z = f7/F7 being the corresponding hazard rate and
reversed hazard rate functions, respectively.

Definition 2.2. A random variable Y is said to be smaller than Z in the
e hazard rate order (denoted by Y <p, Z) if ry(x) > rz(x), for all x;
o reversed hazard rate order (denoted by Y <., Z) if ry (x) < rz(x), for all x;

e usual stochastic order (denoted by Y <y Z) if Fy(x) < Fz(x), for all x;
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e dispersive order (denoted by Y <yisp Z) if
F;'(B) - Fy' (@) < F;'(B) - F;' (@) whenever 0 <a < B < 1, (2.2)

where F,, '(-) and F. 7 L(.) are the right-continuous inverses of Fy(-) and Fz(-), respectively;

o star order (denoted by Y <. Z) isz_le (x) is star-shaped in x, that is, FZ_le (x)/x is increasing in
x>0

o Lorenz order (denoted by Y <poren; Z) if

1 Fy'(u) 1 F;' ()
E) /0 xdFy(x) > E2) ‘/0 xdFz(x),for all u € (0, 1].

It is known that the star ordering implies the Lorenz ordering. One may refer to [19] for an exhaustive
discussion on stochastic orderings. Next, we introduce Schur-convex and Schur-concave functions.

Lemma 2.1. (Theorem 3.A.4 of [13]).
For an open interval I C R, a continuously differentiable function f : I" — R is said to be Schur-
convex if and only if it is symmetric on I' and (x; — xj)(% - %) >0foralli#jandx € I".
g 7

Now, we describe briefly the concept of Archimedean copulas. Let F and F be the joint distribution
function and joint survival function of a random vector X = (Xi,...,X,). Also, suppose there exist
some functions C(v) : [0,1]" — [0,1] and C(¥) : [0,1]" — [0, 1] such that, for all x;, i € Z,, where
T, is the index set,

F(x1,...,x,) = C(F1(x1),...,Fu(xp)),

F(xl,...,x,,) = C(Fl(xl)w”aﬁn(xn))

hold, then C(v) and C(v) are said to be the copula and survival copula of X, respectively. Here,
Fi,...,F,and Fy,...,F, are the univariate marginal distribution functions and survival functions of
the random variables X, ..., X}, respectively.

Now, suppose ¢ : [0,00) — [0, 1] is a non-increasing and continuous function with ¢ (0) = 1 and
¥(c0) = 0. Moreover, suppose ¢ = ¢~! = sup{x € R : ¥(x) > v} is the right continuous inverse.
Further, let i satisfy the conditions (1) (=1)iy) (x) >0, i=0,1,...,d -2, and (2) (=1)?"2y/(@4-2) is
non-increasing and convex, which imply the generator ¢ is d-monotone. A copula Cy, is said to be an
Archimedean copula if Cy can be written as

CyWiseosvn) =W 1), ..y~ (vy), forall v; € [0,1], i € Z,.

For a detailed discussion on Archimedean copulas, one may refer to [14, 17].
Next, we present some important lemmas which are essential for the results developed in the
following sections.

Lemma 2.2. (Lemma 7.1 of [10]).

For two n-dimensional Archimedean copulas Cy, and Cy,, if ¢2 0y is super-additive, then Cy, (v) <
Cy,(v), for allv € [0, 1]". A function f is said to be super-additive if f (x) + f(y) < f(x+y), for all x
and y in the domain of f. Here, ¢ is the right-continuous inverse of Y.
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kekx

EpmerE where 0 < a < 1,

Lemma 2.3. Let f : (0,00) — (0, 0) be a function given by f(x) =
k, b > Qs increasing in x, for all x € (0, ). Moreover, let h : (0,0) — (0, ) be a function given by

k-1
h(x) = where a, b € (0,00) and 0 < k < 1. Then, h(x) is decreasing in x for all x € (0, c0)

1 —ae= (0"
Proof. Taking derivative of f(x) with respect to x, we get
2 (eb"e’“ —a (bkekx + 1)) ek

(e —a)’

f(x)=

> Ve > (bkekt + 1) which implies e’ > a (bkek* + 1) , for

0 < a < 1. Hence, f (x) > 0 and therefore f(x) is increasing in x € (0, o).
Further, let 7(x) = kx¥~'g(x), where

Now, as ¢* > x + 1 for x > 0, we have e

1
X) = ——.
g
Taking derivative of h(x) with respect to x, we get
, ak (bx)* et

g (x) = <0.

2
x (e(b)‘)k - a)

Hence, as g(x) and kx*~! are both nonnegative and decreasing functions of x € (0, c0), when 0 < k < 1,
we have h(x) to be decreasing in x € (0, ), as required. O

Lemma 2.4. Let my(x) : (0,00) — (0,00) and my(x) : (0,00) — (0,00) be functions given by
mi(x) = e —a(ed + 1) and

my(x) = e +a (eZk" —3ek - 2) e x a (e + 3¢ + 1),
where a € (0, 1). Then, both m(x) and my(x) are nonnegative for x € (0, c0).
Proof. Differentiating m; (x) with respect to x, we get
kek* (e‘"lq - a) > 0.
Because at x = 0, we have
e — a(@ +1) >0,
the required result as follows. Similarly, differentiating m; (x) with respect to x, we get
m2 (x) = kel (3ae3°kx +2e% 4 (—3aekx - Sa) e +2a%ek + 3a2) )
We now show that

kek® (3ae36’“ +2e2 4 (—3ae’“ - Sa) e 4 207 + 3a2) > 0. 2.5)
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For this purpose, let us take m(x) = ek Also, let us set
g(m) = 3ae* +2e™ + (=3am — 5a) ,
where m > 1. Upon taking partial derivative with respect to m, we get g (m) = 6ae®” + 2¢™ — 3a for

m > 1.As g (m) = 12ae*™ +2¢™ > 0, we have g (m) to be an increasing function. As the value of
g/(l) > 0, we obtain the inequality in (2.5). Further, since at x = 0, we have

e 4 a (ezk"x — 3k — 2) e ¥ a2 (e +3e5 +1) >0,
the lemma gets established. O
Lemma 2.5. Let m3(A) : (0,00) — (0, 0) be a function given by

kA(Ax)k-1
(1 +(1- a)e(w")

m3(A) =

where 0 < a < 1 and k > 1. Then, it is convex with respect to A.
Proof. Taking first and second order partial derivatives of m3(1) with respect to A, we get

Omz(A) kA - (1- kARl (0" _ (] — g) 12k 1xk (1)

o1 (14 (1@t}
and
Pms() AW
e )
where fi(1) = (k—1)20" 4 a(k(x/l)Zk—(k—1)(x/l)k—2(k—1))e(x’l)k + a2k () +

3a? (k= 1) (xA)*+a% (k — 1) . To establish the required result, we only need to show that (1) > 0. We
first set (xA)* = 7 and then observe that

(k-1) (eW)* +a ((x/l)Zk — () - 2) V" L 2 () 4302 (xA) + az) < ()
fork > 1.Ase' > t+1fort > 0, it is enough to show that
(1 +t)2+a(t2 —r—z) (t+ 1) +d*? +3d’t+a* > 0.

It is evident that the above polynomial is greater than O at r=0. Now, upon differentiating the above
expression with respect to f, we get

3ar® +2(a® + )t + (3a> = 3a +2) > 0,
which proves that
(1 +t)2+a(t2 —z—z) (t+ 1) +d*? +3d%t+a* > 0.

Hence, we get f1(1) > 0, as required. m
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3. Main results

In this section, we establish different comparison results between two series as well as parallel systems,
wherein the systems’ components follow extended Weibull distributions with different parameters. The
results obtained are in terms of usual stochastic, dispersive and star orders. The modeled parameters
are connected with different majorization orders. The main results established here are presented in the
following subsection.

3.1. Ordering results based on equal number of variables

Let us consider two sets of (equal size) of dependent variables {X{, ..., X,} and {Y1,...,Y,}, where X;
and Y; follow dependent extended Weibull distributions having different parameters @ = (a1, ..., a,),

A=A1,...,),k=(ki,....ky)and B=(B1,...,Bu) = (U1, i), L = (I, ..., 1), respectively.
In the following, we present some results for comparing two extreme order statistics according to their
survival functions.

Theorem 3.1. Let X; ~ EW(a,A,k) (i = 1,...,n) and Y; ~ EW(a,u;, k) (i = 1,...,n) have
their associated Archimedean survival copulas to be with generators 1 and 5, respectively. Further,
suppose ¢o o Y1 is super-additive and y; is log-concave. Then, for 0 < a < 1, we have

(logy,...,logd,) =, (loguy,...,logu,) = Y1 =g Xion-

Proof. The distribution functions of Xi., and Y., can be written as

n a/e_(X/lm)k n
P () =14 [,,; (e )| =10 2,915 ()
and
n 7()(/1»1)]( n
ae
Fy, () =1~ Wz[Z‘PZ(W)] =1-4y [Z $2(S1(pm)) | -
m=1 m=1
—(XHm k . e s
where St (um) = %, respectively. Now, from Lemma 2.2, super-additivity property of ¢, o ¢
yields

Nz [Z $2(S1 (1)
m=1

<1-y, [Z #1(S1(m))
m=1

Therefore, to establish the required result, we only need to prove that

1 —yn Z #1(S1(An))

m=1

>1-y [Z 61(51 (ttn))

m=1
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Now, let §(e") = 1 [Zho, ¢1(Si(e")], where & = (e",....e") and (vi,...,v,) =
(logAy,...,logA,). Due to Theorem A.8 of [13], we just have to show that §(e") is increasing and
Schur-convex in v. Taking partial derivative of d(e”) with respect to v;, fori = 1,...,n, we have
as(e’) I
Fomie n(vi) x vy [ Z b1 (Sl (ev))] >0, (3.6)
Vi
m=1
where n(v;) = _"e—”klk and y(v;) = S1(e") ,fori =1,...,n. Therefore, from (3.6), we can
1—ae~(e'l) )
VAR (51 (')
see that §(e”) is increasing in v;, fori = 1,. . ., n. Now, the derivative of y (v;) with respect to v;, is given
by

, i\ ]2x ) (e") / )V
[¢1(¢1(Sl(e )))] /\(;v‘,} = ke k{/ji(;l(;(ew))) [(%((bl(&(e ))))

- Si(e") x ¥, (¢1(51(€V")))] <0,

since | is decreasing and log-concave. This implies that y (v;) is decreasing and nonpositive in v;, for

i=1,...,n. Also, n(v;) is increasing and nonnegative in v;, from Lemma 2.3. Therefore, n(v;) y (v;) is
decreasing in v;, fori = 1,...,n. Next, we have

v ')(66(e“) 66(3”))

ViV deVi oe’i

n
= =) I () = 1O )] x w5 | D g (S1(e) | = 0.
m=1

Hence, §(e”) is Schur-convex in v from Lemma 2.1, which completes the proof of the theorem. O

From Theorem 3.1, we can say that if @ and 3, the shape parameters k and [ are the same and scalar-
valued, then under the stated assumptions, we can say that the lifetime X|., is stochastically less than
the lifetime Y;.,.

Note in Theorem 3.1 that we have considered the tilt parameter « to lie in (0, 1]. A natural question
that arises is whether under the same condition, we can establish the inequality between two largest order
statistics with respect to the usual stochastic order. The following counterexample gives the answer to
be negative.

Counterexample 3.1. Let X; ~ EW(a,A;,k) (i = 1,2,3) and Y; ~ EW(a,ui, k) (i = 1,2,3). Set
a=0.55, (11,42,43) = (2.14,1.4,1) and (u1, p2,u3) = (0.77,0.8,0.8). It is then easy to see that
(log A1,log A3,10g A3) >, (log u1,log uz,log us). Now, suppose we choose the Gumbel-Hougaard cop-
ula with parameters 6, = 3 and 6, = 0.6 and k=1.63. Then, Figure 1 presents plots of Fx,,(x) and
Fy,,(x), from which it is evident that when k > 1, the graph of Fx, ,(x) intersects with that of Fy,,(x)
for some x > 0, which violates the statement of Theorem 3.1, where the distribution function of X3.3 is

given by
1 L
| et |\ 1 —e (b0 |7
() =exp { ( ( ¢ ( 1 — ge—(ux)" o8 1 — @e- (L)'

1 —e—(0)" o %
l1-tog [ == || -2| L. 3.7)
1 - ae= (10"
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-+0:5

Figure 1. Plots of Fx,,(x) and Fy,,(x) in Counterexample 3.1, where the red line corresponds to
Fx,,(x) and the blue line corresponds to Fy,,(x).

The distribution function of Y3.3 can be similarly obtained upon replacing (11, 12, 13) by (u1, 42, u3).

So, from this counterexample, we show that in order to establish comparisons results between the
lifetimes of X,,., and Y,,.,, we require some other sufficient conditions.

Theorem 3.2 Let X; ~ EW(a,A;,k) (i=1,...,n)and Y; ~ EW(a, u;,k) (i=1,...,n) where0 < k <
1, and their associated Archimedean copulas be with generators y; and -, respectively. Also, suppose
@2 o Yy is super-additive. Then, for 0 < a < 1, we have

/1 zw ” = Xn:n zst Yn:nc

Proof. The distribution functions of X, and Y,,., can be written as

1 — e_(XAm)k

Fy,,(x) = lﬂl[zn: ¢1(m)] = Idn (i Sz(ﬂm))l
m=1 m=1

and
n _ k n
1 — e~ Ctm)
Fy,,(x) = lﬁz[z ¢2(m)] =y l¢2 (Z SZ(,Um)) :
m=1 1 —ae " m=1
—(Xum k o . . . .
where Sy (un) = 11__(;—(—(}:;:»1% Now, from Lemma 2.2, the super-additivity of ¢, o | implies that

/)

) (Z Sz(llm)) >y [¢1 (Z Sz(llm))
m=1 m=1
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So, in order to establish the required result, we only need to prove that

] (52| <01 D1 52|

Let us now define §,(4) = ¢ [ 2oy D1 (Sz(/lm))], where A = (41,...,4,). Due to Theorem A.8 of

[13], we just have to show that §; (A) is increasing and Schur-concave in A. Taking partial derivative of
01(A) with respect to 4;, fori=1,...,n, we get

8661—/5/0 =m ) x1(A)Y] [ Zn: ¢1(Sz(/1m))] >0,
l m=1

k-1
where 171 (4;) = % and y1(A;) = Sp (A)
1—@e~ @A)

Uil o1 S2()
Aj, for 0 < k < 1, from Lemma 2.3 and y1(4;) is nonpositive. Taking derivative of y;(1;) with respect

to 4;, we get

. Now, 71 (4;) is nonnegative and decreasing in

a)g)(ji) - [(11/1 (¢1 (52(/11'))))2 +(1=S(A))yY (¢1 (52(1,.)))]
ko=t

>0,

o) Tl

which shows that y(4;) is nonpositive and increasing in A;, fori = 1,2, ..., n. Also, n1(4;) is nonneg-
ative and decreasing. Hence, n1(4;) x1(4;) is increasing in 4;, for i = 1,2, ..., n. Therefore, for i # j,

951()  961(A)
M"_ﬂf)( a0 )

= = ]| 3 61 (S2000) | I a0 = m e () <0,
m=1

which shows that §; (A1) is Schur-concave in A by Lemma 2.1. Hence, the theorem. m]
Remark 3.1. In Theorem 3.2, if we take k = 1, we simply get the result in Theorem 1 of [5].

Remark 3.2. It is important to note that the condition “¢, o ¢ is super-additive” in Theorem 3.2
is quite general and is easy to verify for many well-known Archimedean copulas. For example, for
the Gumbel-Hougaard copula with generator ¢ (t) = =% for g € [1,00), it is easy to see that
logy (1) =1 - (1+1)% is concave in 7 € [0, 1]. Let us now set ¢ (£) = ¢!~ and yp (1) = ! =1+,
It can then be observed that ¢ o1 (r) = (1+1)®/A~1 Taking derivative of ¢ oy (1) twice with respect
to t, it can be seen that [¢, o ()] = (%)([—"; -~ 1)1 +0)*B=1 >0 for @ > B> 1, which implies the
super-additivity of ¢, o ¥ ().
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—

Figure 2. Plots of Fx,,(x) and Fy,,(x) in Counterexample 3.2, where the red line corresponds to
Fx,,(x) and the blue line corresponds to Fy,,(x).

Now, we present an example that demonstrates that if we consider two parallel systems with their
components being mutually dependent with Gumbel-Hougaard copula having parameters §; = 8.9
and 6, = 3.05 and following extended Weibull distributions, then under the setup of Theorem 3.2, the
survival function of one parallel system is less than that of the other.

Example 3.1. Let X; ~ EW(a,4;,k) i=1,2)and Y; ~ EW(a, u;, k) (i = 1,2). Set @ =0.6, (11, 12) =
(0.46,0.5) and (u1,uz) = (1.7,0.43). It is then easy to see that (w1, 42) < (41, 12). Now, suppose we
choose the Gumbel-Hougaard copula with parameters 61 = 8.9, 6, = 3.05 and k£ =0.9. In this case, the
distribution functions of X»., is given by
| = -0 \ ]
I-log| ——— -1

1/01 0

+

1 — @e= (420"

1 — e~ (0t
1 — @e= (00"

Fx,,(x) =expql - ll —log(

and the distribution function of Y;.; can be similarly obtained upon replacing (11, 13) by (u1, u2). Then,
Fx,,(x) < Fy,,(x), for all x > 0, as already proved in Theorem 3.2.

A natural question that arises here is whether we can extend Theorem 3.2 for k > 1. The answer to
this question is negative as the following counterexample illustrates.

Counterexample 3.2. Let X; ~ EW(a,A;,k) (i = 1,2) and Y; ~ EW(a, ui, k) (i = 1,2). Set a=0.6,

(11,42) = (0.46,0.5) and (uy, u2) = (1.7,0.43). It is then evident that (uy, u2) ; (41,412). Now,
suppose we choose the Gumbel-Hougaard copula with parameters 6; = 8.9, 8, = 3.05 and k=8.06
which violates the condition stated in Theorem 3.2. Figure 2 plots Fy,, (x) and Fy,, (x), from which it
is evident that when k > 1, the graph of FY,, (x) intersects that of Fy,, (x), for some x > 0.

Now, we establish another result for the case when the shape parameters are connected in majoriza-
tion order.
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Theorem 3.3. Let X; ~ EW(a,A,k;)) (i=1,...,n)and Y; ~ EW(a,A,l;) (i=1,...,n) and the
associated Archimedean copula be with generators Y ; and ,, respectively. Further, let ¢, o W1 be
super-additive and atqﬁ/l/(t) + ¢/1 () =2 0. Then, for 0 < a < 1, we have

1>"k=> Xon =5t Yuon.

Proof. Similar to Theorem 3.2, to establish the required result, we only need to prove that

= v [mzl i(S:060)] < w [Zm(szam))].

where S, (x) is as given in Theorem 3.2. For this purpose, let us define

n
630 = | )" 1 (S2kn) |
m=1
where k = (ki,. .., k,). Upon, differentiating 63 (k) with respect to k;, we get

o , ki ~ ()
b | Yo (S206)) | (5269 (a(ﬂ(x 1) _l‘;iffﬁﬁ»z )

Let us now define a function I5(k;) as

((Ax)k log(Ax)e™ (")
(1 — @e~(W)'iy2

B(k) = ¢, ($269)

which, upon differentiating with respect to k;, yields

. ., ki (Akiyy2
ol (ki) _ o (S2(k,»)) (a(Ax) log(ﬂx)e )
Ok; (e — )2
, ()N Tog(x)2e @0 (1=t +a(ie)iva)
— ¢1 (SZ(kl)) (e(M)ki _ &)3

(k= 1) 4 @A)k +@)(1 — e~ (W)
a(Ax)ki :

o1 (S20k) (S2k9) = 8 (S2k

Now, since for0 <a < landx > 0,

(1=-x)e"+ax+a

(1-e)=-1,
X

we obtain

ol (ki) ( | — (10" )( ] — () ) ( | — o~ (a0)ki )1
1 1

=% — k; — K 1 — ol el 0,
akl’ 1 — a'e_(/lx) ! — a/e_(/lx) ! — (ye‘(/lx) a4
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as atqﬁl{ (1) + qﬁll () =2 0, and I5(k;) is increasing in k;, for i = 1,...,n. Now, for i # J,

963(k) 563(’6))

“f‘@w k; k;

(k[ 01 (52060) )| 1) ~ 1) <0
m=1

which implies §3(k) is Schur-concave in k Lemma 2.1. This completes the proof the theorem. ]

Remark 3.3. Itis useful to observe that the condition “¢; oy is super-additive” in Theorem 3.5 is quite
general and is easy to verify for many well-known Archimedean copulas. For example, we consider the
copula ¢(1) = et — e?, for t > 0, that satisfies the relation

1" (1) +2¢' (1) 2 0,
where ¢ > 0 and the inverse of ¢(¢) is

0

Y= fogr ety

Suppose we have two such copulas, but with parameters @ and 3, and we want to find the condition for
@2 o | to be super-additive. Taking double-derivative of ¢, o i with respect to x, we get that

(¢20y1)" (x) = (g) ('g - 1) (t+e)52,

For illustrating the result in Theorem 3.3, let us consider the following example.

Example 3.2. Let X; ~ EW(a,A4,k;) (i = 1,2,3) and ¥; ~ EW(a,A,;) (i = 1,2,3). Set =0.5,
A1=4.83, (ki,ka,k3) = (3,0.5,1) and (I}, b, 13) = (2,1.5,1). It is then easy to see that (ky, kp, k3) 2
(11,15, 13). Now, suppose we choose the copula ¢ () = er — e? fort > 0, that satisfies the relation

atg) (1) + ¢, (1) > 0,

where t > 0, as @ =0.5 and the parameters §; = 2.2 and 0, = 2.45 ensures the super-additivity of
¢> o 1. The distribution functions of X3.3 is

01
o, 1- ge=(0F1 6, |- e (X2 1 1—ge— (1013
|—e— (k1 |—e— (k2 le—(0)f3 1406
ogle te +e e

Fx,,(x) = (3.8)

and the distribution function of Y3.3 can be similarly obtained upon replacing 81 by 8, and (a1, a2, @3)
by (81, B2,63) in (3.8). Then, Fx,,(x) < Fy,,(x), for all x > 0, as established in Theorem 3.3.

Itis useful to observe that the condition “¢, oy is super-additive” provides the copula with generator
Y2 to be more positively dependent than the copula with generator ¢;. In Theorem 3.3, we have con-
sidered ¢, o ¢ to be super-additive which is important to establish the inequality between the survival
functions of X,,.,, and Y,,.;, when the parameters / and k are comparable in terms of majorization order.
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or2

Figure 3. Plots of Fx,,(x) and Fy,,(x) in Counterexample 3.3. Here, the red line corresponds to
Fx,,(x) and the blue line corresponds to Fy, ,(x).

We now present a counterexample which allows us to show that if the condition is violated, then the
theorem does not hold.

Counterexample 3.3. LetX; ~ EW(a,4,k;) (i=1,2,3)andY; ~ EW(a, u,1;) (i =1,2,3).Seta=0.5,
A=4.83, (ky,ky, k3) = (0.5,1,3) and (I}, b, 13) = (1,1.5,2). It is easy to see (ki, k2, k3) 2 (I1, 0, 13).
Now, suppose we choose the copula ¢(7) = eg —¢?, for ¢t > 0, that satisfies

atg” (1) + ¢ (1) > 0,

where ¢ > 0, as @ =0.5 and the parameters 8; = 2.48 and 6, = 2.24 violate the condition of super-
additivity of ¢, o yq.

Figure 3 plots Fy,, (x) and Fy,, (x) from it, is evident that when the condition of super-additivity of
¢ o Y is violated in Theorem 3.3, F, , (x) is greater than Fy, ,(x) for some x > 0.

In Theorem 3.3, if we replace the condition a/t(p'l’ (1) + ¢5'1 (1) = 0by t¢l1/ (1) + (bll (¢) = 0, then we can
also compare the smallest order statistics X., and Y., with respect to the usual stochastic order under
the same conditions as in Theorem 3.3.

Theorem 3.4. Let X; ~ EW(a, ki) (i=1,...,n)and Y; ~ EW(a,u,l;)) (i=1,...,n) and the
associated Archimedean survival copulas be with generators ; and Y, respectively. Also, let ¢; o ¥y
be super-additive and t¢'1/(t) + ¢’1 (t) = 0. Then, for 0 < a < 1, we have

12"k = Y zg Xion
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Proof. As done in Theorem 3.1, to establish the required result, we only need to prove that

2 [mZ: ¢1(51(km))] <y [mZi;¢l(Sl(lm))]'

Let us define

50 = 10| D on(51k)].
m=1

where k = (ky, . .., k,). Upon taking partial-derivative of d4(k) with respect to k;, we get

e e T

Next, let us define a function I4(k;) as

(=D a(x)k log(Ax)e~ ()

Li(k) = —¢/1 (Sl (ki)) (1 6,6_(/lx)ki)2

k]

which upon taking partial-derivative with respect to k; yields

Ol (k; a(Ax)ki log(Ax)e@) )\ 2
B - —¢1(Sl(k))(( ( ()ew)f(_ ;)2 ))
a(A0)k log (Ax) 2@ (((An)k = 1)e" + @ ()b + @)
(e — @)3
(ki = 1)) £ @(0)ki + @) (e (" )
(Ax)ki

+4 (516

~ o1 (5100 )1 (k) + &y (51 (k)
Now, since for0 <a < landx > 0,

x—1De*+ax+a
#e_xsl’
X

we obtain

PB4 (s100) (3100 + 1 (5180).

and since t¢'1'(t) + ¢'1 (1) = 0, it shows I4(k;) is increasing in k;, for i = 1, ..., n. Finally, for i # j,

20u) _ 9548

(ki = kf)( k; k;

= (= 05| 3 0(5: )| k) - 18] 0
m=1

which implies §4(k) is Schur-concave in k by Lemma 2.1. This completes the proof of the theorem. O

In all the previous theorems, we have developed results concerning the usual stochastic order
between two extremes, where the tilt parameters for both sets of variables are the same and scalar-
valued. Next, we prove another result for comparing two parallel systems containing n» number of
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dependent components following extended Weibull distribution wherein the dependency is modeled
by Archimedean copulas having different generators and the tilt parameters are connected in weakly
submajorization order. To establish the following theorem, we need ¢, o i1 to be super-additive and
tqﬁll/ (1) + 2(151 (¢) = 0, where ¢, is the inverse of /1.

Theorem 3.5 Let X; ~ EW(a;,A,k) (i = 1,...,n) and Y; ~ EW(B;,A,k) (i = 1,...,n) and
the associated Archimedean copulas be with generators 1 and r,, respectively. Also, let ¢, o Y| be
super-additive and

19, (1) +2¢, (1) = 0.
Then, we have

a ZW ﬁ = Xn:n ZS[ Yn:n-

Proof. Using the same idea as in Theorem 3.3, to establish the required result, we only need to prove

that
0| Y ar(5280)] = 1] 31526
m=1 m=1

Let us define d5(a) = ¢; [ Yozl G1 (Sz(am))]. Now, differentiating &5 (a) with respect to a;, we get

TR S2(a) (Sa(ai) e "
0[Sl

$(ai) ¢, (Sz(di))ef(’l’x)k

(1= e~ (")

Fori=1,...,n,let ys(a;) = —

. Upon partial derivative of y5(a;) with respect to

a;, we get
dys(a) o (=) (1 — e hy2 T s
oy 4 (SZ(Q’))( (1 — @e~(0*)2 ) +2¢1(52(“’)) (1 — @re~(0)")3

(1 — e~ (") e=2(10)"

(1 - die_(’b()kp

lqﬁ’{ (S2(@))S2(@0) + 261 (S2(ap)) | > 0.

since tqﬁ/l' (1) + 2¢'1 () = 0. Hence,

995(a) _ 955(a)
(9(11' 6(1,-

) = (@i - a1 3 1 (S2(am) | st - xstap] <.

m=1

(i - CY,/‘)(

and so, ds (@) is decreasing and Schur-concave in @, from Lemma 2.1. This completes the proof of the
theorem. =

Similarly, we can also derive conditions under which two series systems are comparable when the tilt
parameter vectors are connected by weakly super-majorization order, as done in the following theorem.

Theorem 3.6 Let X; ~ EW(a;, A, k) (i =1,...,n) and Y; ~ EW(B;, A, k) for (i = 1,...,n) and the
associated Archimedean survival copulas be with generators r; and \», respectively. Further, let ¢ 0y
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be super-additive. Then,

@ zw B = Xl:n Zst Yl:n-

Proof. First, to establish the required result, we only need to prove that
n n
o Y ai(S16)] = ] D o1(s160m)|.
m=1 m=1

Let us define 651 (@) = ¢ [ 2o &1 (S1 (am))]. Upon differentiating ds; (@) with respect to a;, we get

(1 — e~y e= (0"

(1 — (fie_(/bc)k)z

DD 4 [ 01 (s1(a) [ (51 a0)
i =1

¢, (sl <a,~>)(1—e*<**)k>e*<'“>"

(1-ae- (k)2

Now, fori=1,...,n,let ys51(@;) =

Upon taking partial derivative of ys;(«;) with respect to a;, we get

Oxsi1(a@;) ” (1- e_(/b‘)k)e—(/bf)k 2 , (1- e—(/lx)k)e—Z(/lx)k
= . -2 .
oa; ¢1 (S1 (al))( (1 — a—,l.g—(/lx)"')z ) ¢1 (Sl (a,)) (1 - (;l.e—(,lx)k)S
(1- e—(/u)k)e—z(/u)k

(1 — Cf,'e_(’bc)k)?’

[aﬁ'{ ($1(00))$1 (@) — 26 (51 (a,-))l > 0.

Hence,

(ai - aj)(ad(;;(ia) - aégla(ja)) = (ai — o))y} [Z ¢1(Sl(ozm))] [axggiai) - 8X;1(¥(jaj)] <0

and so we have d5; (@) to be increasing and Schur-concave in @, from Lemma 2.1. This completes the
proof of the theorem. O

For the purpose of illustrating Theorem 3.5, present the following example.

Example 3.3. Let X; ~ EW(a;,4,k) and Y; ~ EW(B;, u, k) for i = 1,2,3. Set k=5.67, 1=5.37
(a1, a2, a3) = (0.4,0.9,0.1) and (B, B2, B3) = (0.5,0.8,0.1). It is now easy to see that (a1, @z, @3) >,
(B1, B2, B3). Now, suppose we choose the copula ¢(z) = et — e?, for t > 0, that satisfies

1¢" (1) +2¢ (1) > 0,

where ¢t > 0, and the parameters §; = 2.4 and 6, = 3.7 which ensure the super-additivity of ¢, o .
The distribution functions of X3.3 and Y3.3 are, respectively,

01
1,(;157(&‘)/‘ 17(1725’(/“)/( lf(i3e’(’b‘>k

logle 1= @F 4o e F 4o e F 260

FX}:} (x) =

In a similar fashion, we can also obtain the distribution function of ¥3.3 upon replacing (a1, a3, @3) by
(B1, 52, B3) and 6 by 0,. Then, Fx,,(x) < Fy,,(x), for all x > 0, as established in Theorem 3.5.
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Figure 4. Plots of Fx,,(x) and Fy,,(x) as in Counterexample 3.4. Here, the red line corresponds to
Fx,,(x) and the blue line corresponds to Fy, ,(x).

As in Counterexample 3.3, in the counterexample below, we show that if we violate the condition
“@y o Yy is super-additive” in Theorem 3.5, then the distribution functions of X,,., and Y., cross each
other.

Counterexample 3.4. Let X; ~ EW(a;,A,k) and Y; ~ EW(B;, u, k), for i = 1,2,3. Set k=3.16,
A=12.5, (a1, a2, a3) = (0.82,0.85,0.95) and (B1,82,83) = (0.4,0.84,0.87). It is easy to see that

(ay,a2,@3) =, (B1,B2,83). Now, suppose we choose the copula ¢(t) = et — e?, fort > 0, that
satisfies

t¢" (1) +2¢ (1) > 0,

where ¢t > 0, and the parameters 6; = 22.6 and 6, = 10.7 which violate the condition of super-additivity
of ¢, o . Figure 4 plots Fy,,(x) and Fy,,(x), and it is evident from it that when the condition of
super-additivity of ¢, oy is violated in Theorem 3.5, Fy, ,(x) is greater than Fy, ,(x), for some x > 0.

Next, we establish another result with regard to the comparison of Xi., and Y., in terms of the
hazard rate order where the Archimedean survival copula is taken as independence copula with same
generators.

Theorem 3.7. Let X; ~ EW(a,A;,k) and Y; ~ EW(a, u;, k), for i = 1,...,n, and the associated
Archimedean survival copulas are with generators W = Yo = e~ %, that is, X;’s and Y;’s are independent
random variables. Also, let 0 < @ < 1 and k > 1. Then,

A" pu= Y, zn X
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Proof. Under the independence copula, the hazard rate function of Xj., is given by

< kA;(4; k=1
g, () = Y A (1.4)

L ] — ge= ()t
=1

By applying Lemma 2.5, it is easy to observe that ry,  (x) is convex in 4. Now, upon using Proposition
C1 of [13], we observe that ry, , (x) is Schur-convex with respect to A, which proves the theorem. O

We then present two more results concerning the hazard rate order and the reversed hazard rate order
between the smallest order statistics when the tilt parameters are connected in weakly super-majorization
order and under independence copula with generator ¢/ (x) = ¥,(x) = e, x > 0. The proofs of two
results can be completed by using Lemma 3.2 of [2].

Theorem 3.8. Let X; ~ EW(aj, A,k) and Y; ~ EW(B;, A, k), fori = 1,...,n, and the associated
Archimedean (survival) copulas be with generators Y1 =y = e, respectively. Then,

a zw ﬂ = Yn:n Zrh Xn:n(len Zhr Xl:n)~

We now derive some conditions on model parameters, for comparing the extremes with respect to
the dispersive, star and Lorenz orders, when the variables are dependent and follow extended Weibull
distributions structured with Archimedean copula having the same generator.

Before stating our main results, we present the following two lemmas which will be used to prove
the main results.

Lemma 3.1. (/18])
Let X, be a random variable with distribution function F,, for each a € (0, ), such that

(i) Fq is supported on some interval (x(_“),xia)) C (0, 0) and has density f, which does not vanish in
any subinterval of (x4, xfr“));

(ii) The derivative of F, with respect to a exists and is denoted by F;.
Then, X, >, Xy, for a, a* € (0,0) and a > a*, iﬁ”F;(x)/xfa(x) is decreasing in x.

We now establish some sufficient conditions for the comparison of two extremes in the sense of star
order, with the first result being for parallel systems and the second one being for series systems.

Theorem 3.9 Let X; ~ EW(a,A1,k) (i = 1,...,p) and X; ~ EW(a,A2,k) (j =p+1,...,n), and
Yi~EW(a,pu1,k) (i=1,...,p)and Y; ~ EW(a, uz, k) (j =p+1,...,n) be variables with a common
Archimedean copula having generator . Then, if

(a+at)tg” (1 —1)

t
+at)l (—) +2at -
(@+ar)log a+at araa ¢’ (1-1)
is increasing with respecttot € [0,1] and 0 < k < 1, we have
Az M2
(/ll _/12)(/11 _ﬂ2) 20 and —= 22— = Ypu < Xuu»
A2 M2

where p + q = n.
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Proof. Assume that (1) — A7) (1 —u2) > 0. Now, without loss of generality, let us assume that 1; < A,
and u; < uy. The distribution function of X,.,, is

FXn:n (‘x) = lp _ &e_(/llx)k — d/e_(/le)k

1= —(qx)k 1= —(Ax)*
p¢(T—iL———)+q¢(T—iL———)L x € (0, ), (3.10)

and the distribution function of Y, can be obtained from (3.10) upon replacing (1;,42) by (u1, u2),

where g = n — p. In this case, the proof can be completed by considering the following two cases.
Case (i): A + A2 = u;1 + uo. For convenience, let us assume that 1 + A, =y +up = 1. Set Ay = 4,

M2 = u, A1 =1 —Aand y; = 1 — u. Then, under this setting, the distribution functions of X,,., and Y.,

are
1= e—(l—/l)kxk 1— e—/l"xk

Fax) =y P¢(W +q¢ T 2ot ||’ x € (0,00),
1 — e~ (1=t 1 — e M

Fu(x)=y¢ P¢(W +q¢ T aeri ||’ x € (0, 00),

respectively. Now, to obtain the required result, it is sufficient to show that xf’.:g;

(0, 00), for A € (1/2,1] by Lemma 3.1. The derivative of F, with respect to A is

F _ , 1- 6’_“_’1)ka 1- e_’lkxk
) = Y |pe Pl Ll a——e
k ,—(1-2)kxk

—pax‘e ,[ 1—e
(1 _ d,e—(l—/l)kxk)z 1 - &ef(lf/l)kxk

2ok gy
axe | 1—e i1
+q(1 —d/e"lkxk)z(ﬁ (1 —c‘ye‘/lkxk)k/l l '

is decreasing in x €

—(1=)kxk

)Ml—@“I

On the other hand, the density function corresponding to F; has the form
1 = e~ (1=

] — et
re 1 —ae -0 | © 9 1 — @e=

pa(l _/l)kef(lfxl)kxk ( 1 — o= (=% )
X 4

filx)y = vy’

(1 _ @e—(l—/l)kx")Z 1 = e~ (1-D)kxk

_kxk _ kK
.\ qa/lke/lx , 1 —e > kxk*l.
(1 — @e—¥¥)2 1

_ k ok
— qe— ¥
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So, we have
ko= (1=K —(1=)kxk _akyk _akk
pax-e s _1=e )k 1=21 k-1 + axe ’ ( 1-e )k/lk_l
F:x (x) _ (1-@e~(1-0kky2 ( 1—ae~(1-Dkk ( ) q (1-@e-k )2 ¢ 1-ae~ sk
falx) pa(=Dher VR (Goen(oted ) g gadten ™ (joetht ) g
(1-ge-(1-Vkky2 1= ge—(1-Dkak (1-ge-F:)2 1= ge-Akxk
Kk k K -1
k e~ (1I-D% y [ 1=e-D"x _ k-1
_ . pax (1_&6,(1,,1)kxk)2¢ I aell DEk k(1-2)
- —paxke-(1-Vkk ( 1=kt ) _aksk _aksk
pax‘e r [ _l=e k(1-2 k=1 4 axe ’ ( l1-e )k/lk_l
(1- e~ (1-Dkaky2 1-@e-(1-0ksk ( ) q (1- etk )2 ¢ 1- @e- sk
_1y 1
gt e\ '
2 (1-@e-Akxky2 ¢ 1- @e- A 1
= —+ —
—(1-)kxk (1-2)kxk
pe 1-e -
— 5 Ok (1 -kt
(1_(1,6 (1-)Kx! )2 1—@e(l-D*x

Thus, it suffices to show that, for A € (1/2, 1],

_akk _uk
e ’ 1-e k-1
A [ ( koK ) A

_ (1-a@e 1-a@e
A(x) = —(1-)ksk 1 — (- )ksk
e ’ —e ’ (1 _ l)k—l
(1-ge-(1-Vkky2 1= ge(1-Dkk

. . —ak ik - (1-pkk

is decreasing in x € (0, o). Now, let us set t; = % and tp = l‘w_w From the fact that
—a@e Y —q@e”U-A)TX

A€ (1/2,1], we have t| < ¢, for all x € (0, ), and so

k. k
2¢' (1 —1)et™
2¢'(1 - np)e1-D*

n(a+an)g’ (1-1)
bhla+an)d’' (1 -1t)

A(x)

from which we get the derivative of A(x) with respect to x to be

N CE [ga+ran)’ (1-n) - n(a+an)te”(1-n)+ant ¢’ (1-n)]
Xb(a+an)d' (1 -10) - [th(a+an)d (1 - 1) - bla+an)te” (1 - 1)
+antyy’ (1 -n)| xn(a+an)¢’ (1-1)

’

t +at)t¢” (1 -1t 1 +an)he” (1 -t
sgn a+207t1—(a a,l)l‘f’ ( 1)]__2 +2m2_(a’ af,z)z¢ (1-1n)
1 ¢'(1-1) 1) ¢’ (1-1)
It is easy to show that the derivatives of #; and ¢, with respect to x are
LAY < ALY Ly S k(a+an)t t
ti: . ko (a"'@ll)tl: (a al)llo ( 1_ ),
1 = ge-A¥ a ax a + af

. —(1 - Dkt (1 = D)Fka!
20 1 —@ell-oht @

(a + (L_L’l‘z)tz =

k(a+an)t, ( 15} )
log — .
ax a + at
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Hence, we get

n

S8 v 1 1 _
A (x) g k(a'+d't1)log(a_:1atl) @+ 2at| — (a+a(;,12;1?t1() tl)]
—k(a + aty) log (a +t2m2) o +2at — (a+ ci;,zzizf';z()l ) ]

Ast) < tp, A’ < 0if and only if

a+2at —

(a+at)te” (1 - t)]

(a + at) log (;,) & (1-1)

a+ at

is increasing in ¢ € [0, 1].
Case (ii). A1+ # u;+uz. In this case, we can note that 1, +1, = k(u;+u2), where k is a scalar. We

then have (ku1, kuy) 2 (41, A2). Let Wy, be the lifetime of a series system having n dependent extended
exponentially distributed components whose lifetimes have an Archimedean copula with generator ¢,
where W; ~ EW(a,k,pu1) (i = 1,...,p) and W; ~ EW(a,k,u2) (j = p+1,...,n). From the result
in Case (i), we then have W,,, <. X,.,. But, since star order is scale invariant, it then follows that

Yn:n <* Xi'liﬂ' ]

Theorem 3.10. Let X; ~ EW(a,A1,k) (i = 1,...,p) and X; ~ EW(a,A2,k) (j =p+1,...,n), and
Yi ~EW(a,p1,k) (i=1,...,p) and Y; ~ EW(a, u2, k) (j =p+1,...,n) bevariables with a common
Archimedean survival copula having generator . Then, if

(a +at)log (#) ((a +2at) + (at + mz)_qb”(t)

¢’ (1)

a+at

is decreasing with respectto t € [0,1] and 0 < k < 1, we have

Azp | M2
(/ll _/12)(/11 _/12) >0 and m > E == Yl:n <« Xl:m

where p + q = n.

Proof. Assume that (1] —A5) (u; — p2) = 0. Now, without loss of generality, let us assume that 1; < A
and u; < up. The distribution functions of Xi., and Y., are

ae—(ilx)k a,e—(/lzx)k
POl —— |t | ——— ¢

F =1-
Xin (x) l// 1-— @e_(/llx)k 1- Eye_(lzx)k

. x€(0,00),

and the distribution function of Y., can be obtained simply upon replacing (11, A2) by (i1, t2), where
q = n — p. In this case, the proof can be completed by considering the following two cases.

Case (i): B + B2 = 1 + up. For convenience, let us assume that 81 + 8> = u; + up = 1. Set 41 = 4,
M1 =pu, Ay =1 —Aand y; = 1 — u. Then, under this setting, the distribution functions of X;., and Y7.,

are
a,e—/lkxk a,e—(l—/l)kxk
pe I —ae v | " 9 1 — @e=(1-0"*
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and

k k k. k
ae H* ae~ (-1
F,(x)=1- b S —

/J(-x) ¥ |pg 1—@67”](% 1—@67(17”)%&

+q¢( ) , x€(0,00),

respectively. Now, to obtain the required result, it is sufficient to show that WS

for @ € [0, 1/2). The derivative of F,; with respect to A is

—Akxk —(1-2)kxk
, _ ae ae
F/l(x) - [y 1_ae_/lkxk)"_q(ﬁ(l_ae_(]_,])kxk
_axke_/lkxk ) ae_/lkxk ol axe_(l_/l)kxk
17 (1—@e= )27 | 1 - ge- (1 — @e~(1-D)2

—(1=)kxk
( * k(1=

1 — @e~ (1D

On the other hand, the density function corresponding to F, has the form

k k ko k
A = o[ g2
aAX) = POl 5 | Y4\ T ik
1 — ae~ 1 — ae~ 1=V
ko k Kk k k k ko k
" _a/lke—/lx ¢, a,e—/lx (1 _A)kae—(l—/l)x , ae—(l—/l)x
p - — —-q — _
(1 —ae= )27 |1 - ge- (1 — ae~(1-0"x)2 1 — ae~ 1=V
So, we have
7arxke”lk"lc /( ae”lk"k )/lk_l a/xke’(]””k"k /( ae’“”l)k"k ) k—1
+ 1-21
Fjl(x) _ p(l—(ie"‘k"k)z(ﬁ 1— ge—A*+k q(l—&e‘(l"”k-"k)z(b 1-@e~(1-0kk ( )
xfa(x) — axk ke ¢ e~k | q (1=Dkxk@e=(-VkF (0 —(1-kek
(1- ae— )2 1— ge—Akxk (l—&e’(]””k"k )2 1-@e—(1-Vkx*

e decreasing in x € (0, )

_qaxke—(l—/l)kxk s qe-(1-DkF (1- /l)k_l
1 (1_56-(1-,1%%)2 1= @e-(1-Dkxk

= +

_ axke—Akxk s ae ok k-1 axke—(1-kxk ;[ e (1-0FK k-1

p(lfée’/lk"k)zqs 1— e~k A +q(17&e’(l”l)kxk)2¢ 1-@e- (1= (1-4

-1
p ek ¢/( ae ) k-1 -

P (1- etk )2 1-@e~ sk |
- e~ (-0t & e (1D (1= k-1

q(],@g—(l—/l)kxk)Z 1= ge-(1-Dkxk

Kk \2 k ok
E/lkxk e~ X &' e~ X
Rk STV
1-ae 1-ae
2 ¢
-k we— (1=K [ aell-0kak
1-@e=(1-)kk 1-a@e(1-DkF

We can then conclude that ;ﬁ 8 is decreasing if Q(x) =

. 7/lkxk
ing for x € (0,00). Let 1] = lilzeiew and tp =

_(1-)kk
ae (1-)%x

1—@e-(1-0ksk
and so

_h(a+an)¢’ (1)
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whose derivative with respect to x is

Q) = (fl(af +aty) ¢’ (tl))/

b(a+at)¢’ ()

L (et +2an)¢ () + (on + @)@ () x (atr + @) (12)
- (@t +2a08)¢' (1) + (ans + GB)59" (1)) X (aty +ard)¢! (1)
s 1 ( _ ) ¢”(t1)) f ( ¢”(2))
= —|(a+2at)+ (ot +at - = (a+2an)+ (anr +at .
i\ D+ (en+a) Zos ] = | 2) + (an +at3) )
It is easy to show that 7} = L ((1+at1) 1= (arab)b 1og (Mm ) . Hence, we have

on t
Q) L (a+an)log (a +1m1

_ _ 2 ¢ (1)
) ((0/+2at1) + (aty +ary) yIen) )

¢"(12))
¢'(2) )

t
~ (a+an)log ( 2 ) ((a/ +2an) + (ab +aid)
a+ab

Now, as 1, < 11, Q(x) is decreasing if
_ 4 _ _ 2. 9" (1)
(a + Cl’t) log (m) ((O,’ + 2&[) + (Cl’t+(}’t )W

is decreasing in t € [0, 1], as required.

Case (ii). A1+ # u;+uz. In this case, we can note that Ay +A, = k(uy+7), where k is a scalar. We
then have (kuy, kuz) 2 (41, 42). Let Wy, be the lifetime of a series system having n dependent extended
exponentially distributed components whose lifetimes have an Archimedean copula with generator ¢,
where W; ~ EW(a,ku1) (i = 1,...,p) and W; ~ EW(a,kuz) (j = p+ 1,...,n). From the result
in Case (i), we then have W;.,, <. X|.,. But, since star order is scale invariant, it then follows that
Yi <o X1 [m}

It is important to mention that X <. Y implies X <j,.,; Y. Therefore, from Theorems 3.9 and 3.10,
we readily obtain the following two corollaries.

Corollary 3.1. Let X; ~ EW(a,A1,k) (i = 1,...,p) and X; ~ EW(a,A2,k) (j = p+1,...,n),
and Y; ~ EW(a,u1,k) (i = 1,...,p) and Y; ~ EW(a,uz,k) (j = p+1,...,n) be with a common
Archimedean survival copula having generator . Then, if

¢" (1)
¢’ (1)

(o + @r) log (ﬁ) ((a' +2at) + (ot + @r®)

is decreasing with respectto t € [0,1] and 0 < k < 1, we have

Azn M2
(/11 _/12)(/11 _/12) >0 and — 22— = Yin <Lorenz Xtins

A2 M12

where p + g = n.

Corollary 3.2. Let X; ~ EW(a,A1,k) (i = 1,...,p) and X; ~ EW(a,A2,k) (j = p+1,...,n),
and Y; ~ EW(a,p1,k) (i = 1,...,p) and Y; ~ EW(a,uz,k) (j = p+1,...,n) be with a common
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Archimedean copula having generator . Then, if

(a+antey” (1 -1)

t
+at)lo (—) +2at —
(@ +ar)log a+at T ¢’ (1-1)
is increasing with respecttot € [0,1] and 0 < k < 1, we have
Axp | M2
(/11 _/12)(,“1 _/12) >0 and 1 b 1a = Yun Zrorenz Xuns

where p + g = n.

We now present some conditions for comparing the smallest order statistics in terms of dispersive
order. In the following theorem, we use the notation I, = {(1;,...,4,) : 0 < 43 < ... £ 4,} and
Dy ={(A1,...,4,) 1 =... =22, >0}

Theorem 3.11. Let X; ~ EW(a,A3,k) (i = 1,...,n) and Y; ~ EW(a,A,k) (i = 1,...,n) and the
associated Archimedean survival copula for both be with generator y,0 < k < 1and 0 < a < 1. Then,
A< (A -/ln)% implies Y1., Zaisp X1:n if(///z/// is decreasing and concave.

Proof. First, let us consider the function

k

-
F(x) = m.
Let us define another function
h(x) = )g (()’:))
Then,
heny < @) ket

F(e)  (1—-ae")
Upon taking derivative of (e*) with respect to x, from Lemma 2.4, we get

_ K2 ee’“ —aek — g ee""+k_x
oh(e*
) _ ( ) > 0. 3.11)

dx (e — @)2

From (3.11), we have h(€*) to be increasing in x and so 4(x) is increasing in x. Again, the second-order
partial derivative of h(e*) with respect to x is given by

=2 2kx+372 kx

kx _ _ _ k _ kx
Ph(e") K (eze + (@e® - 3aet — 2@) e + a@’e a’ed + 0/2) et Hhr

>0, (3.12)

dx? (e — @)3
and so we see from Lemma 2.4 that /(e¥) is convex for all x. Now,

-

log F(x) =log| 1 - ———
gF(x) = log (1= ae)
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whose second partial derivative is

_ k=2 ox* * _ atk — Gk + &
Ploghl) B (k= Det - ake - ak +a)

>0, 3.13
ax? (e — @)2 ©15)

where 0 < k < 1and 0 < « < 1. Hence, from (3.13), we see that F(x) is log-convex in x > 0. Under
the considered set-up, X., and Y}, have their distribution functions as Fy (x) = 1 —¢/(2;_; ¢(F(Axx)))
and H; (x) = 1 — my(n(F(Ax))) for x > 0, and their density functions as

’ & = < /lkh(/lkx)l_*"(/lkx)
= F(A —_—
i) w(;m <kx>>); o)

and

nAh(Ax)F(1x)

_— 3.14
V (@(F () G194

hi(x) = ' (ng(F(x)))

respectively. Now, let us denote Li(x;d) = F~'(y((1/n) X}_, #(F(Axx)))). Then, for x > 0,
H{'(Fi(x)) = (1/4)Li(x; 2) and
nAR(Ly (x; ) ((1/n) Zi_; ¢ (F(Axx)))

& (3.15)
o (1) By o(F ()

7 (F o) = (D) 0(F (e
k=1

Again, concavity property of ¢/ yields

w(L3r ¢(F(4x))) N
W (3 e (F(x)))

o Y GE()
L3y GFa))

1
n

As h(x) is increasing and ¢ /i is decreasing, log F/(¢*) is concave and log i is convex. Now, using the
given assumption that 2 < (4; - - 4,) n , and the fact that log F(x) < 0 is decreasing, we have

B B 1 n B 1 n
log F(Ax) > logF((HZ:l/lkx)%) > - ZlogF (exp(; Zlog (/lkx))).
k=1 k=1

Observe that log F(¢*) is concave, logy is convex, and A € I.or D,. Hence, from Chebychev’s
inequality, it follows that

- 1 n - 1 n - 1 n 1 n -
log F(Ax) — logy (; kZ_; ¢(F(/lkx))) > - 2 log F exp(; ;log (/lkx))) —logy (; 2. ¢(F(/1kx)))
> % log F(x) — % Z log F(Axx) > 0. (3.16)
k=1 i=1
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So, from (3.16), we have L;(x; 1) > Ax. Moreover, we have A(x) to be decreasing as E(x) is increasing
and so, h(x) is convex. Therefore, using A < ([T;_; Ax) %, we have

Ah(Li(x;2)) < )lc/lxh(/lx)
1 1 1
;(Hk 1Akx) " (T Axx) ")
% ( Zlogxlkx) (exp( Zlog/lkx))

Once again, by using Chebychev’s inequality, increasing property of /, decreasing property of v /i’
and A € I,or D,, we obtain

lz": Ah(Aex) F (Aex) lzn: Aeh(Ax)y (¢ (F (A4x)))
nS Y (@Fx)  neg W (@(F(4x))

W (S(F ()
"Z“‘“ 2 wa(mm»

1 & v (; D1 ‘f’(F(/lkX)))
- Z Arh(Ax) —

= v (2 o (F ()
U (5 e @ (F(Akx))

o (L 2 o(F ()

I/\

IA

< ALy (x; 1) (3.17)

Now, using the inequality in (3.14), (3.15) and (3.17), we obtain, for all x > 0,
h(HT' (F1(x))) = fi(x)

Ah(Ax)F (Ax) _1 n
Z U ($(F(x)) n ;ﬂkh(ﬂkx)

v (42 e(F ()

<0,
v (1 i o (F ()

which yields fi (F Y(x) = h(H n I(x)), for all x € (0, 1). This completes the proof of the theorem. O

Remark 3.4. Consider the Clayton copula with generator ¥ (x) = (1 + ax)~'/%, where a > 0, and the
Independence copula with generator i (x) = e, x > 0. After some mathematical calculations, we can
see that both these generators satisfy all the conditions in Theorem 3.11. Moreover, these generators

also satisfy the conditions in Theorems 3.9, 3.10 and Corollaries 3.1, 3.2 for @ = 1.

Remark 3.5. It is of importance to mention that it may be possible to extend the results established
in the previous section to the case when the number of variables in the two sets are random. We are
currently looking into this problem with random sample sizes and hope to report the findings in a future

paper.

4. Concluding remarks

The purpose of this article is to establish ordering results between two given sets of dependent vari-
ables {Xi,...,X,} and {Yy,...,Y,}, wherein the underlying variables are from extended Weibull family
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of distributions. The random variables are then associated with Archimedean (survival) copulas with
different generators. Several conditions are presented for the stochastic comparisons of extremes in the
sense of usual stochastic, star, Lorenz, hazard rate, reversed hazard rate and dispersive orders.
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