THE BIANCHI IDENTITIES IN THE GENERALIZED
THEORY OF GRAVITATION

A. EINSTEIN

1. General remarks. The heuristic strength of the general principle of rela-
tivity lies in the fact that it considerably reduces the number of imaginable
sets of field equations; the field equations must be covariant with respect to all
continuous transformations of the four coordinates. But the problem be-
comes mathematically well-defined only if we have postulated the dependent
variables which are to occur in the equations, and their transformation proper-
ties (field-structure). But even if we have chosen the field-structure (in such
a way that there exist sufficiently strong relativistic field-equations), the
principle of relativity does not determine the field-equations uniquely. The
principle of ‘logical simplicity”” must be added (which, however, cannot be
formulated in a non-arbitrary way). Only then do we have a definite theory
whose physical validity can be tested a posteriori.

The relativistic theory of gravitation bases its field-structure on a symmetric
tensor g;x. The most important physical reason for this is that in the special
theory we are convinced of the existence of a “light-cone’” (g dx’dx* = 0) at
each world-point, which separates space-like line-elements from time-like ones.
What is the most natural way of generalizing this field-structure? The use
of a non-symmetric tensor seems to be the simplest possibility, although this
cannot be justified convincingly from a physical standpoint. But the follow-
ing formal reason seems to me important. For the general theory of gravita-
tion it is essential that we can associate with the covariant tensor gz a con-
travariant g'*, through the relation g;,g** = 8;* = g.:2°* (normalized cofactors).
This association can be carried over to the non-symmetric case directly. So
it is natural to try to extend the theory of gravitation to non-symmetric
gik~ﬁelds.

The main difficulty in this attempt lies in the fact that we can build many
more covariant equations from a non-symmetric tensor than from a symmetric
one. This is due to the fact that the symmetric part, g, and the antisym-

metric part, g:x, are tensors independently. Is there a formal point of view
which makes one of the many possibilities seem most natural? It seems to me
that there is. In the case of the gravitational theory it is essential that be-
sides the g;;, tensor we also have the symmetric infinitesimal displacement T';;.
This is connected with g;; by the equation
1) gir.t — gaxla® — gisTw® = 0.

But in the symmetric case the order of indices does not matter. How shall
we generalize (1) to our case? We make use of the following postulate: there
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is a tensor g;, the “‘conjugate’ of gix, and a T'x;! “‘conjugate’” of I'y;l. It seems
reasonable that conjugates should play equivalent roles in the field-equations.
So we require that if in any field-equation we replace g and T by their conju-
gates, we should get an equivalent equation. This requirement replaces
symmetry in our system. (See sec.2.) If we require that the set of equations
(1) should go over into itself under this operation of ‘‘conjugation,” then the
order of indices must be as in (1).

Our main task now is to find out whether there is a sufficiently convincing
method of finding a unique set of field-equations for the non-symmetric fields
with the above structure. In both previous publications! this was solved by
forming a variational principle in close analogy to the symmetric case. This
way we make sure that the resulting equations will be compatible. The only
reason why this derivation may seem not completely satisfactory is that we
subject the field a prior: to two conditions, for reasons of logical simplicity:

(2) riss = %‘(I‘iss - I‘sis) = 01

3) 6%, = 30 — 0., = 0; (g% = g"*( — det ga)}).

These side-conditions make the derivation more complex than in the
gravitational theory, and their formal justification has not been accomplished
in a fully satisfactory manner so far.?

In the theory of symmetric fields there is a second method of ensuring the
compatibility of the field-equations (R;x = 0). We must have four identities
connecting the equations. These can be derived by contracting the Bianchi-
identities which hold for the curvature tensor:

Rikimin = Ritim;n + Rikmn;1 + Riknt;m = 0.

In this article we shall show that an analogous argument can be used for
the justification of the field-equations also in our case. This will give a deeper
insight into the structure of non-symmetric fields, and it will demonstrate in
a new way that the field-equations chosen for the non-symmetric fields are
really the natural ones.

2. Non-symmetric tensors. For the sake of convenient reference we shall
sum up the main facts of the calculus of non-symmetric tensors.

Given any tensor A, it can be written as the sum of a symmetric tensor
Airand an antisymmetric 4;;. These are uniquely determined by the relations:
- v

(4) Ap = 3(Aa + Aw),
(5) Ay = 5(Aa — Agi).

v
A complication is introduced into this theory by the fact that besides the
fundamental tensor g;; we also have its conjugate

(6) Fir = s

1Ann. of Math., vol. 46 (1945), no. 4; vol. 47(1946), no. 4.
2]t is a consequence of (1) that (2) and (3) are equivalent. This will be proven in sec. 5.
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The other tensors of our theory are defined in terms of g;z. Given a tensor
Aix, by its conjugate A we mean? the tensor we get by replacing gi in the
definition of 4% by gx:. (This definition agrees with (6) in particular.) We
shall be particularly interested in tensors in whose definition g and § play ana-
logous roles; more precisely those tensors for which replacing g;; by gr; merely
changes A4;; into A, or for which

(7 Ay = Aps.
A tensor having the property (7) is called Hermitian.®* More generally any
function 4 ... ;... of the g;; is Hermitian in (¢&) if

If I';i! is defined by (1), then T is Hermitian in (¢k). This is another way
of stating the principle by which we chose the order of indices in (1).2

We say that 4 ... % . .. is anti-Hermitian if

(8) A.. . g...=—A. .. ...
In analogy to (4), (5), we can decompose any tensor uniquely into
9) Ay = L(Au + Ar) + YA — Ar).

The first term is the Hermitian, the second the anti-Hermitian part of A4 .
Covariant derivatives still have to be generalized. In the symmetric theory,
if A...%...is any tensor, then

A...ik... 1= A...ik...’l:l: ~-~+A...’k...1‘3;i
~A..."s...l‘kl'i---

is also a tensor. This is true in our theory also, but we can order the two lower
indices of I' in two ways, in each term (after the first one). If the differen-
tiation index / is to be on the right in a certain term, we put + under the cor-
responding tensor-index; if on the left, put — under the index. As an illus-
tration we give a new form of (1):

(1a) gﬂ;z = gik1 — Zsklat® — gislu® = 0.

The theorems about covariant differentiation can be taken over from the
symmetric theory, if we are careful to distinguish the two kinds of derivatives.
By raising the indices 7 and & in (1la) we have:

(1b) gtk = g% + gy + g Tk = 0.
Sometimes it is even convenient to write things like
Aitimn = Aikimn — AskimTni® — AisimTen®

3The names ‘“‘conjugate’ and ‘‘Hermitian’ can be justified as follows: an interesting possibi-
lity is to choose g;x imaginary. Then g is really the conjugate of g. Hence 4 is the conjugate
of 4, and the definition of ‘“Hermitian” agrees with the usual one.

4Thus in our theory the condition of symmetry is generalized to that of being Hermitian.
gt Tirt, Rsx are all Hermitian in (k).
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but it must be remembered that such expressions are not always tensors, un-
less + or — occurs under each tensor subscript.

If we let g stand for the square-root of the negative determinant of g,
then g is a scalar density. We can describe a tensor density as a product of g
and a tensor. Let us study these densities. Multiply (1) by g** and sum:

(det gix) 1
(det gsx)
2
(8%).2 — 21, =0,
iy -
(10) g1 — gI‘z_S’ =0.

It is, therefore, natural to define® g;; as g,; — gT'i5°.

—Tg® —Ti* = 0»

If (1a) is satisfied, then ¢;; = 0. If we do not assume (1), then gi kil and

g% .; do not vanish but they have tensorial character. Also g;; has then the
character of a vector density.

We can now calculate the covariant derivative of a tensor density from the
rule for differentiating a product. For example:

g% = (62" = 6. 8% + gg*i1
This vanishes, if (1) is satisfied. More explicitly:
g% = (8.1 — oT°") g% + g(g*.1 + g**T o' + g9T1*)
= gik,l + gakrali + giaplsk - gikr\ba.
Therefore we have:
g‘:‘ﬁ:l = Qgii;z = 0.
For completeness we include the following abbreviation:
A = Aiet + Arii + Auir.

3. Properties of the generalized curvature. We start with a non-symmetric
T and build the curvature tensor as usual by parallel translation of a vector
around an infinitesimal area element:

(11) Rixim = Tittm — Tim'st — Tst'Tim® + Tam'Tit®.
A direct computation shows that the tensor satisfies the identities:
(12) » R‘{'_I;lm;n = Riklm.n + Rsklmrsni - Rislmrkn’ = 0.

From (11) we can form the covariant curvature tensor in analogy to the
symmetric case,

(13) Rikim = g5iR’kim.

The choice of g,; instead of g;; may seem arbitrary, but this is not really
so. We have to lower the index 7 in the identities (12). The contravariant
index ¢ has the + differentiation character, so it must be summed with a similar

5Since I';,® = I's;®, the two kinds of differentiation coincide when applied to §. This must
be so since there is no index which could have a + or — character.
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index, i.e. the first index of g. Only this way can we lower the index ¢ in (12)
without introducing additional terms. Thus we get the covariant identities

14 siRS min — siR® m'n=Rz‘ min = Y.
(14) goilt pimin = (QeiRkim)in = Ri g imin = 0

For what follows we must also find the symmetry properties of Roj];glm.
From (11) it is clear that Ry, is antisymmetric in (/m). From (13) we see
that R;rim has the same property:

(15) Rikim = — Rikmi.

If we differentiate (1) with respect to m and antisymmetrize with respect
to ! and m, we have

(gir1 — gskla® — 2isT1k™)om — (Gikom — Lsklim® — geslmi®)1 = 0

or

— Zskomla® — ZismI'n® + gorilin® + gis,ilms®

— geu(Tit®m — Tim®1) — Zis(Tie*m — Tmx®1) = 0.
Using (1) again on the first four terms and then collecting terms,
—gsk(Tit®m — Tim®t — Tu'Tim® + Tim®Tat®)

— gis(Tie®sm — Tkt — T0' T’ + T’ Tie®) = 0

or, using (11), (13), we have
(16) Riitm = — Rikim

This expresses that R is anti-Hermitian in (¢k); this is the manner in
which the antisymmetry of R;um (in the gravitational theory) generalizes to
our case.

In (14) it is not immediately clear that R; kimin is a tensor. We are now in
+

a position to give a more useful form for (14) in which this is obvious.
R'l klm;n + R'Lkmn,l + Rz knlim = Rz klm n -Riksm]:‘nl8 - -Riklsl‘mna
—+—+ +++ —f—= -
- kasnrml - Rmkmar‘nle - Iail«:slrmns - Riknsrml’-
The first term on the right side of the equation vanishes by (14), the last
six cancel out due to (15). Therefore,

(143) Rzk lmn+R1kmn,l+R1knl,m—O
—t —+ —4++

4. The field-equations. We are now in a position to carry out the deriva-
tion of the identities for the field equations. In analogy to the gravitational
theory, we contract (14a) by g™ig¥’. (Note that the order of the indices is
determined by the differentiation character of the corresponding indices in
(14a).) Making use of (15), we get

g R k tmin — Riknmii — Rik 1 nsm] =0
—+—+ —t++ —+=-=
or using (1a),
(17) gkl[gmiRik lm];n_ gkl[gmiR'ik nm];l - gmi[gklR 1kl n];m = 0
+- ++ - -

https://doi.org/10.4153/CJM-1950-011-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1950-011-4

GENERALIZED GRAVITATION 125

Let us define

(18) Rit = g™ Rikim
(19) Smi = g Rikim
where

(18a) Rii = g™gsiR%im = 8™ Ruim® = Tii®s — Tis®t — Ta’Tis® + Toe®Tirl.
Then we have
(17a) ¢ [Ri 150 — Riknyi — Sn k] = 0.

+- ++

We need some connection between R and S. From (15), (16) we see that

Riimi = Rikim.
Multiply by g™( = ™) and sum (i.e. contract):
(20) S = Ry
If R were Hermitian, R and S would be identical. Hence we have a new

reason for requiring that Rj; should be Hermitian. But from (18a) we see
that Ry; has an anti-Hermitian part (compare with (9) ):

@n +(Ru — Ru) = H(@* ks —Txs%1) — Trt(Tse® — Tes®)]
From (10) we see that

(22) Iy, = -g-g-’ ( log|det gu|)...

Therefore,

T’k — Tre®t = T’ — T
v v

(21a) 3R — le) = - % (sz’,k + I‘kvs’,l - I‘kztI'te")-

From this we see that Ry, is Hermitian if we subject the field to the four
conditions
(2) Piss = (.

It then follows from (20) that
(20a) Su = Ru,
and (17a) becomes

kl -_— . — . = .

(17b) g [R_If_l in Rﬁi’l Rnia) =0

These identities hold for all fields where I' is defined by (1) and is subject
to (2). We might jump to the conclusion that the field equations should
stipulate the vanishing of all Ry;. This set, together with (1) and (2) would,
however, be overdetermined. We can get a weaker set of equations by ob-
serving how R,‘c’, enters (17b). The contribution of Rkvl to the equations is:

R 1:n — Rinsi — Ra 134
+ — ++

which can be written as
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gkl[Rlcz > — Rszrkn’ = RksI‘nl’ - Rkn 1
+ RsnI‘kz + Rkanl - an B Ralen® + Ryl ‘]
= kl[Rkl " Rkn 1= r‘t'l,k]
= kl[Rkvl.n + wak,l + ch.k]

= gkt Rkl
Since we see that Rk; enters the equations only in the combination Ry, n
it is natural to choose the field equations for sz as v
(23) Riin =0
instead of Ry = 0. So we get th; field equations
2 I'is* =0
(24) Rvy =0
(23) Riin = 0,
where the T';;! are defined by:
(1a) gik = 0.
L

The foregoing derivation shows how naturally we can extend general rela-
tivity theory to a non-symmetric field, and that the field-equations previously
published are really the natural generalizations of the gravitational equations.
If we were sure that a non-symmetric tensor g;; is the right means for des-
cribing the structure of the generalized field, then we could hardly doubt
that the above equations are the correct ones.

5. The variational principle. For comparison we include a derivation of
the equations based on a variational principle. This is formally simpler than
the previous derivation, but it has the disadvantage of making use of two
apparently arbitrary restrictions of the g — T field:

2) Tis® =0,
. A\
(3) Q’Vs.s = 0.

On the other hand the equations (1) are deduced from the variation; we
need not postulate them. It isadvantageous to make use of Palatini’s method
in this derivation. As in sec. 3, we form the curvature tensor:

(1) Ritim = Tittm — Tkm',t — Tt'Tkm® 4+ Tem'Tri®

By generalizing Palatini’s method to the non-symmetric case, it is easy to

verify that

(25) 8R%im = BTk 1 4)im — (OThmt) 1.
+- ot
We choose the Hamiltonian function
(26) 9 = "R
(26a) 9 = 8g*' Rxim.
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We vary (26a) relative to the I''s:
(27) 89 = 8¢ (3R 1m)
= 8;"g*[(0Tx 1 +)im — BTk m¥) 1.
+ ++

I

For brevity we set
(28) Am
(29) B!
Then we can write (27) as

89=A%m — (6 i-'l—ngi‘f‘);m(arkli)

— 8L, + (6 s 1050 1 (0T km?).

5imgkl(arkli) — gkl(arklm)
aimgkl(arkmi) — gkl(arkmm).

We have to form the integral of §9. Let us see what A, contributes to
the integral. (See sec. 2.)
(30) mtin-;m = E)Im‘m + ?Isrsmm - E)Iﬂsj
=A™ + A™Toms®.
v
The first term is an ordinary divergence, and hence contributes nothing to
the integral. We see that we need (2) to make the second term vanish. By

subjecting the field to (2) we make sure that A%, (and similarly 8%,;) contri-
butes nothing to the integral. So we may omit these from (27a) and write:

(27) 59 = [~ 6 17040 m + (64 404Dl OTur).
Or since 6 i L. vanishes:
(27¢) 09 =[— gil—;m + g-fﬂ;ma_{_-l*'](arkli)-

We cannot conclude yet that the quantity in brackets vanishes, because the
T'xi* are not independent but satisfy (2). But we could conclude the vanishing
of these quantities if they depended on only 60 parameters instead of the 64
gfl. i This is actually so, for the following reason: we have

(31) Boton — bt = oV — ofruy.

By subjecting the field to (2) and (3), we make sure that these four quantities
vanish. Hence only 60 of the g%L.; are independent. The same must be true
of the square bracketed quantities in (27c). Thus we can conclude from (27c)
that all these vanish Contracting with respect to  and 7 we have gi™.,, = 0.
Hence all the gf*.; vanish. Therefore also the gk 15 (See (1b), (1c).) Thus
we have derived that

(13) g_;'__l_c;l = 0.

(It follows from these and (31) that either of the conditions (2) and (3)
implies the other one.) We still have to vary (21) relative to g**. But we
must remember that the g% satisfy (3). This can be done most easily by setting
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(32) ¥ = g,

gik — gt_k + giks's
and varying with respect to g% and g***, which are independent. (g% is a tensor
density antisymmetric in each pair of indices.) We get the equations

(23) Rz = 0,
24) Ry =0.
This completes the derivation of the field-equations.
We can further justify the a priori assumption of (2) by the fact that this

equation is necessary and sufficient to make Rj; a Hermitian tensor. (See
(21a).)
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