
ON A CLASS O F C O M P L E T E S I M P L E SETS 

T. G. McLaughl in 

{ rece ived F e b r u a r y 18, 1964) 

1» In t roduc t ion . Since the solut ion of P o s t ' s P r o b l e m 
by F r i e d b e r g and Muchnik, a good dea l of a b s t r a c t knowledge 
about the s e m i l a t t i c e of r e c u r s i v e l y e n u m e r a b l e d e g r e e s h a s 
b e e n deve loped , e s p e c i a l l y in r e c e n t p a p e r s of G. E. Sacks . 
In t h i s no te , we show that one specif ic c l a s s of s imp le s e t s 
con t a in s only s e t s of d e g r e e 0 ! ; no con t r ibu t ion to the g e n e r a l 
t h e o r y is c l a i m e d . One of the s e t s belonging to the spec i a l 
c l a s s c o n s i d e r e d is the o r i g i n a l s i m p i e - b u t - n o t - h y p e r s i m p l e 
S of P o s t [1] . A c c o r d i n g to in format ion r e c e i v e d f rom S a c k s , 
J . R, Myhil l gave a proof, in 1953, of the c o m p l e t e n e s s of S. 
Howeve r , a s far a s we know, Myhil l ' s proof (^presented in a 
s e m i n a r ) does not ex i s t in publ ished f o r m . In any c a s e , it 
m a y be tha t our m o r e g e n e r a l r e s u l t h a s some i n t e r e s t beyond 
i t s app l i ca t ion to the p a r t i c u l a r se t S. 

2. Def ini t ions and Nota t ion . We follow the no ta t iona l 
conven t ions of [3] ; r e g a r d i n g t e r m i n o l o g y , the n e c e s s a r y 
def in i t ions a r e ava i l ab le in [ l ] and [3] with the excep t ion of the 
following one: 

Defini t ion. An infinite n u m b e r set A i s sa id to be 
s t rong ly effect ively i m m u n e if and only if t h e r e is a p a r t i a l 
r e c u r s i v e function p such tha t , for e v e r y n , CJ C A -• p(n) 

n 
i s defined and { Vx)(x € <JJ -+ p(n) > x) . 

n 

R e m a r k s . (1) It i s e a s i l y seen that the ad jec t ive ' p a r t i a l ' 
m a y be omi t t ed in the p r e c e d i n g definit ion without a l t e r i n g the 
c l a s s of s e t s defined* (2) Our notion of s t r ong effect ive i m ­
muni ty is a modi f ica t ion of a concept due to R. M. Smul lyan . 
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Smuliyan calls an infinite number set A effectively immune 

if and only if there exists a partial recursive function p such 

that if u C A then p(n) is defined and is greater than the 

cardinality of u . The differences between our notion and 
n 

Smuliyan' s may be summarized as follows. Sacks [2] shows 

the existence of a simple but not effectively simple set; 

modifying Sacks' argument, D.A. Martin has shown (private 

communication) that there exist effectively simple sets whose 

complements are not strongly effectively immune, J. S. Ullian 

has shown (private communication) that there exists an effectively 

immune set whose complement is also effectively immune. 

Finally, it is not difficult to show that the complement of a 

strongly effectively immune set cannot be immune; we conclude 

section 2 of the note with a proof of this latter fact. 

PROPOSITION. Suppose A is strongly effectively 

immune. Then A' has an infinite r. e. (recursively enumer­

able) subset. 

Proof. Consider the Kleene T -predicate, T (x, y,z); 
- — — 1 1 

by definition, we have CJ = {y|(3z)T (n,y,z)}. Choose to 
n 1 n 

to be nonrecursive , and suppose that r is a recursive function 

which witnesses the strong effective immunity of A. Now, 

there exists (by standard arguments ') a recursive function t 

such that, for each k, 

{(»iz)T1(n,k, z)} , if OzjT^n, k, z) , 

c£> , otherwise. 

Clearly, if (3z)T (n,k, z) and (jiz)T (n, k, z) > rt(k), then 

(uz)T (n, k, z) « A1 . Also, there must be infinitely many k 

for which (3z)T (n,k,z) and (LLZ)T (n, k, z) > rt(k), since 
1 1 — 

t) 
See, for example, Davis, Computability and Unsolvability, 
Chapter 9, sections 1 and 2. The same reference applies, 
regarding functions used in the proof of Lemma 2 below. 
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o t h e r w i s e t h e r e would be an effective t e s t for m e m b e r s h i p in 
OJ . F ina l l y , it is a we l l -known p r o p e r t y of T ( x , y , z) that 

n 1 
T (x, y , z) -*• z > y . F r o m t h e s e f a c t s , it i s c l e a r that we m a y 

1 
e n u m e r a t e an infinite r . e. s u b s e t of A' by e n u m e r a t i n g a l l 
n u m b e r s of the f o r m (fJ.z)T ( n , k , z ) such that (uz)T ( n , k , z ) > r t (k) . 

1 1 — 

3. S. E. S. Se ts a r e H y p e r s i m p l e or C o m p l e t e . We wi l l , 
for c o n v e n i e n c e , r e f e r to r . e. s e t s with s t rong ly effect ively 
i m m u n e c o m p l e m e n t s a s S. E. S. ( s t rong ly effect ively s imple ) 
s e t s . 

T H E O R E M . If B is a n o n h y p e r s i m p l e S. E. S. se t , then 
B i s c o m p l e t e . 

F o r our proof of t h i s r e s u l t , we r e q u i r e two l e m m a s . 

LEMMA 1. Suppose B is s imple but not h y p e r s i m p l e . 
Then t h e r e e x i s t r . e. s e t s C, D, and E such that B C C, 
C i s s i m p l e , C = D ( j E , D O E ^ , and D is q u a s i c r e a t i v e . 

Proof. The r e s u l t i s p roved in [3] for a p a r t i c u l a r 
s i m p l e - b u t - n o t - h y p e r s i m p l e set (namely , P o s t ' s set S); 
the proof given in [3] , with obvious m o d i f i c a t i o n s , s e r v e s to 
e s t a b l i s h the m o r e g e n e r a l c l a i m of L e m m a 1. 

LEMMA 2. Suppose C and D a r e s imple s e t s , 
C C D, and D = A <J B , w h e r e A H B =4>, A is r . e. , and 
B is q u a s i c r e a t i v e . Then if C is S. E. S. , C ^ B is q u a s i -
c r e a t i v e . 

Proof . Let <p be a r e c u r s i v e function such tha t , for 
e v e r y n, o> = u> O B . Let f be a r e c u r s i v e function 

<p(n) n 
q u a s i p r o d u c t i v e for B ' , Let ^ be a r e c u r s i v e function such 
tha t , for e v e r y n, u> , , . = to U ot rl v ; and define a r e c u r s i v e 

^(n) n f(n) 
function g( i ,n) a s fol lows: 

g( i ,0 ) = i; g ( i , n + l ) - ^ (g ( i > n ) ) . 

Once aga in apply ing r e m a r k (1) of §2 , we let r be a recurs ive-
function w i t n e s s i n g s t r o n g effect ive immuni ty of C ; f u r t h e r , 
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let t be a recursive function such that, for each n, we have 

ûî = u> - { x | x < r<p(n)} . 
£(n) n 

Finally, let f* be the recursive function such that 

a**(n) =
 w , w , Ûf(g(ê(n),k)) * 

k < r<p(n) -f 1 

We claim that (CH B)1 is qua siproductive relative to f * ; 

the easy details of the verification are left to the reader. 

Remark. The assumption, in Lemma 2, that D ~ B is 

r. e. is not really relevant so far as the Lemma is concerned; 

however, we will need this assumption in our application of 

Lemma 2. 

Proof of the Theorem. Suppose B is S. E. S. but not 

hyper simple. By Lemma 1, there is a simple set C such that 

B C C and C = A U D, with D quasicreative, A r. e. , and 

DO A empty. By Lemma 2, B O D is quasicreative, 

Therefore, by [3, Theorem 2], B O D is complete. But B 

is the disjoint union of the r. e. sets B O D and B O A ; it 

follows that the degree of B is the 1. u. b. of the degrees of 

B O D and BO A. Thus B must be complete, 

COROLLARY. Post' s simple set S is complete, 

together with ail of its simple, nonhypersimple extensions. 

Proof. S is nonhyper s impie ([!])> and it is easily 

checked that S is S. E. S. The proof of the Corollary is 

completed by observing that any infinite subset of a strongly 

effectively immune set must be strongly effectively immune. 

Remark. The above discussion does not bear on the 

question of completeness of S. E. S. hypersimple sets; for? 

it can be shown that a quasiproductive set must intersect a 

hypersimple set quasiproductiveiy, so that Lemma 1 is never 

true in the hypersimple case. 
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Added in proof. In a l e t t e r of D e c e m b e r 18, 1964. 
D. A. M a r t i n has c o m m u n i c a t e d to the au thor a proof that 
e v e r y effect ively s i m p l e se t is c o m p l e t e . Th i s r e s u l t sub­
s u m e s both the c e n t r a l a s s e r t i o n in the p r e s e n t note and 
(in v iew of o the r we l l -known t h e o r e m s ) the main content of 
r e f e r e n c e [2]. 

U n i v e r s i t y of I l l ino i s 
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