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The local converse theorem for quasi-split
OZn and SOzn>e

Jaeho Haan, Yeansu Kim and Sanghoon Kwon

Abstract. Let F be a non-archimedean local field of characteristic not equal to 2. In this paper, we
prove the local converse theorem for quasi-split O, (F) and SOy, (F), via the description of the
local theta correspondence between O, (F') and Sp,,, (F'). More precisely, as a main step, we explic-
itly describe the precise behavior of the y-factors under the correspondence. Furthermore, we apply
our results to prove the weak rigidity theorems for irreducible generic cuspidal automorphic repre-
sentations of Oy, (A) and SO, (A), respectively, where A is a ring of adele of a global number field
L.

1 Introduction

Let F be a non-archimedean local field of odd residual characteristic, that is, a finite
extension of either Q, for an odd prime p or F,((¢)) for an odd prime power g. Let
V be a 2n-dimensional symmetric space over F, let O(V) be its orthogonal group (the
isometry group of V) and SO (V) be the special orthogonal group of V, the identity com-
ponent of O(V). We fix an element € in O(V) /SO(V). (See Subsection 2.2 for the precise
definition.) We write G,, := O(V) and H,, := SO(V), and assume that both groups
are quasi-split. Let U be the maximal unipotent subgroup of a fixed Borel subgroup
of SO(V) and let U = U x (e). Let I (resp. u) be a generic character of U(F) (resp.
U(F)). In this paper, we prove the following local converse theorem for quasi-split even
orthogonal groups under the following hypothesis on char(F) = p # 2 case.

Working Hypothesis on char p case The y-factors for Sp,,, X GL; are properly defined
in char(F) = p # 2 cases. Furthermore, they satisfy natural properties of y-factors.
(For the precision of the natural properties, see Property 2.5 (i)-(vii) except (vi).)

Theorem 1.1 (Local Converse Theorem for O,,) Assume the above working hypothesis on
char(F) = p # 2 case. Let w1 and 73 be irreducible pi-generic representations of G, (F) with
the same central characters such that

y(s,m X p,¢) =y(s,m2 X p, )
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holds for any irreducible supercuspidal representation p of GL;(F) with 1 < i < n. Then we
have

Ty = 1.

Here, the y-factors are defined as the local gamma factors of G, X GL; (See Definition 2.4.)
From this, we deduce immediately the following theorem.

Theorem 1.2 (Local Converse Theorem for SO5,,)  Assume the above working hypothesis on
char(F) = p # 2 case. Let w1 and 7t be irreducible p1-generic representations of H,, (F) with
the same central characters such that

(s, X p,¢) = y(s,m2 X p, )

holds for any irreducible supercuspidal representation p of GL;(F) with 1 < i < n. Then we
have

Ty =My or M X7

Here, the y-factors are the local gamma factors of H,, X GL; defined by Langlands-Shahidi
method or Rankin—Selberg method and 5 is the conjugation of 75 by €.

There are various versions of the local converse theorem that apply to different
groups. To our knowledge, it seems that Henniart was the first to address this type of
problem. In his work [30], he proved a weak version of the Local Converse Theorem
(LCT) for GL,,. More precisely, he showed that 7y and 7, are equivalent if y(s, 1y X
o, ) = y(s,m X 0,¥) for any generic irreducible admissible representation o of
GL,,_1(F) when char(F) = 0. This was extended by Jiang and Soudry [35] to the case of
odd special orthogonal groups SO+ using the global weak functorial lift from SO,,4;
to GL,,,, the local descent from GL,,, to éi’znr and the Howe lifts from SO,,,,1 to éI)Zn'
They also applied a local-to-global argument to extend Henniart’s result to the case of
SO3p+1. After Jiang [32] proposed the LCT for all classical groups, Chai [13], Jacquet and
Liu[31] and P. Yan, Q. Zhang [50] independently improved upon Henniart’s result to the
best.

Quite recently, Zhang [52, 53] proved the supercuspidal cases of the conjectures for
Sp,, and Uy, using a theory of partial Bessel functions developed by Cogdell, Shahidi
and Tsai in [16]. Following in the same vein as Zhang’s work, Jo [36] extended the results
of Jiang-Soudry [35] and Zhang [52] to generic cases for SO+ and Sp,,, for non-
archimedean local fields of characteristic different from 2. For other classical groups,
Morimoto [45] proved the theorem for even unitary groups using the local descent
method. Recently, Hazeltine and Liu [27] announced that they have also proven it for
split SO,,, using a similar method. Hazeltine extended it for quasi-split SO,,, over alocal
field of characteristic zero and a finite field using the local descent method in [26] (see
[27, Introduction] for more details). It is worth noting that most of the literature cited
above deals with the local field of characteristic zero case, except for [36].

The main purpose of the paper is to prove the LCT for quasi-split SO,,, with arbitrary
type (d, ¢) (see subsection 2.1.1 for the definition of type (d, ¢)) and quasi-split Oy,
when alocal field F is of any characteristic not equal to 2. This can be done by thoroughly
studying the local theta correspondence between O, and Sp,,,. Specifically, we establish
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a precise relationship between the y-factors of Oy, and those of Sp,,,, which enables us
to settle the LCT for quasi-split O,,. Using the restriction method from O;,, to SO,
we then deduce the LCT for the quasi-split SO,,, case. Let us remark that in the case
when F is of characteristic zero, this is a slight generalization of Hazeltine and Liu [27],
which proves the LCT for split SO, of type (1, —1/8).

Remark 1.3 (i) When F is alocal field of characteristic 0, Theorem 1.1 follows rela-
tively easily once we use Arthur’s results [2] on the local Langlands correspondence
for quasi-split O,y,, as explained in [5], together with the LCT for GL,,, [30] and the
uniqueness of generic members in L-packets [3]. Note that our method is indepen-
dent of Arthur’s results. We believe that the proofs independent of Arthur’s results
have intrinsic value.

(ii) The first author has also written a separate paper [25] on the LCT for the metaplec-
tic groups. We present this work separately for two reasons: to avoid making the
notation too complicated, and because the metaplectic case can be achieved using
existing results in the literature, while the even orthogonal case requires more
non-trivial substantial work. We also note that [51] established a refined version
of a local converse theorem for the group SO4 over a p-adic field F. Specifically,
they showed that a generic supercuspidal representation 7 of SO4(F) is uniquely
determined by its GL;, GL,-twisted local gamma factors, together with a twisted
exterior square local gamma factor of 7.

As an application of our main results, the second purpose of the paper is to prove the
rigidity theorem for O,,, over a global number field.

Theorem 1.4 (Weak rigidity theorem for O,,,)  Let L be a global number field and A its adele
ring. Let Y be a non-trivial generic character of U(F)\U(A) and T = ®, 7y and T’ = @, 7
be irreducible cuspidal Y-generic automorphic representations of O, (A). If w1, =~ 7, or
7, =, ® det for almost all v, then 71, ~ 7, or 0, = 7, ® det for all places of L.

The weak rigidity theorem can be obtained using Arthur’s multiplicity formula for
O,y as explained in [5]. Again, we stress that our proof of Theorem 1.4 is independent
of Arthur’s results.

This paper is organized as follows. In Section 2, we prepare the basic setup to state
our theorem precisely. We explain the local theta correspondence and review some of
its relevant results in Section 3. In Section 4, we examine the relationship of y-factors
for Oy, and Sp,,,, through the local theta correspondence for (O, Sp,,,,). We provide a
proof of our main theorem in Section 5. For some technical issues that arise in the local
theta correspondence theory, we divide the proof into two steps: we first prove the tem-
pered case, and then we generalize it to the generic case. In Section 6, we demonstrate
the weak rigidity theorem for quasi-split O,, and SO,,, as an application of the theo-
rems established in the previous sections. The proofs of foundational results that are
essential for establishing Proposition 3.3 and Theorem 4.3 are contained in Appendix A
and Appendix B.
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1.1 Notations

* F :anon-archimedean local field of characteristic different from 2

char(F) : the characteristic of F

* q : the order of the residue field of F such that g = p® for some odd prime p

* iy :anon-trivial additive character of '

* @ :auniformizer of F

* | - |F : anormalized absolute value in F such that |@w|r = ¢~

¢ Irr(G) : the set of isomorphism classes of irreducible smooth representations of
G := G(F), where G(F) is the F-points of a reductive group G defined over F

* Irremp(G) : the set of isomorphism classes of irreducible smooth tempered rep-
resentations of G := G(F), where G(F) is the F-points of a reductive group G
defined over F'

+ 7" : the contragredient representation of 7 € Irr(G(F))

* V =V, :a2n-dimensional orthogonal space, i.e., a 2n-dimensional vector space

1

over F equipped with a non-degenerate symmetric bilinear form (, )y,

* G, := O(V,,) : the orthogonal group of V,,

* H,, := SO(V,,) : the special orthogonal group of V,,

* W, : a 2m-dimensional symplectic space over F), i.e.,, a 2m-dimensional vector
space over F' equipped with a non-degenerate symplectic bilinear form (, )w;,,

* Jm := Sp(W,,) : the symplectic group of Wy,

* SO, := SO(V,,) for some V,,

* Spy,y, = Sp(W,y,) for some W,

* I:the trivial representation

* Ng/r :anorm map from E to F, where E is a quadratic extension of F/

. Indg : the unnormalized induction for an algebraic group G := G(F) and its
closed subgroup B

. indg : the unnormalized compactly supported induction for an algebraic group
G := G(F) and its closed subgroup B

* A(G) : the space of automorphic forms on G for an algebraic group G

* Acusp(G) : the space of cusp forms on G for an algebraic group G

* Uy : an algebraic group of order 2

* 1: the identity element in G(F) for a given algebraic group G

2 Preliminaries

In this section, we prepare the basic setup to state our main theorem. While many of the
theorems and propositions we quote in this paper only address the case where char(F) =
0, most of the proofs apply equally to the positive characteristic cases. Therefore, instead
of repeating the same proof in the references for the case char(F) = 0, we adopt the
position that they also cover the case char(F) = p when it is applicable. However, when
the proof of a proposition or a theorem for char(F) = 0 is not clearly stated in the
references, we provide a proof that covers both cases.
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2.1 Orthogonal and symplectic groups

2.1.1 Orthogonal groups
Let V,, (or V if there is no confusion on the dimension) be a 2n-dimensional vector space
over F equipped with a non-degenerate symmetric bilinear form (-, -)y and let G,, :=
O(V) and H,, := SO(V) be the associated orthogonal and special orthogonal group,
respectively. When n = 0, we define G and Hy as the trivial group.

Define the discriminant of V by

n(n-1)

disc(V) = disc(V, (-, -)y) = 27"(-1) det((e;, e;)v)i,;) mod F*? e FX|F*2.

where {ey, -+, ez, } isabasis of V. Let yy = (-, disc(V))y be the quadratic character of

F* associated with F(4/disc(V))/F, where (-, -)y is the quadratic Hilbert symbol.
Denote by V,, the anisotropic kernel of V. It is easy to check that H, and G,, are
quasi-split if and only if dim(V,,) < 2.
In this case, let {e,---,e,_1} and {e],-- -, e)_,} be subsets of V satisfying

(eisej)v = (e;,e)v =0, (ei,e})v = 0ij.
For1 <k <n-1,let
Xk = Span{ey,-- -, ex} and X; = Span{e], -+, e},

and V,, x be the orthogonal complement of X; & X; inVsothatV = X; @ V,, x ® X.
Next, we consider the flag of isotropic subspaces

Xk, C Xiytky C -+ C Xpyooak, C V.
The stabilizer of such a flag is a parabolic subgroup P of H,, whose Levi factor M is

M =~ GLy, X+ XGLg, XHyp =k, »

where each GLy, is the group of invertible linear maps on Span {ex,+1,: -, €k,,, }. Itis
known that there exist ¢, d € F* such that
Vano1 = F[X]/(X* - d) 2.1)

becomes a 2-dimensional vector space equipped with the pairing

(@.B) =K@, By, = c-tr(a-€(B)),

where € is the involution on F[X]/(X? — d) induced by a + bX + a —bX. The images
of 1, X € F[X] through the isomorphism (2.1) are denoted by e, ¢’, respectively. In this
setting, i.e., Vi, = Xp—1 ® Vi n—1 ® X),_ | with the isomorphism (2.1), we say that V), has
atype (d, ¢). Note that when V,, have the types (d, ¢) and (d’, ¢’) forc, ¢’,d,d’ € F*,
then

d=d (mod F*?), c¢=c (mod Ng/r(E)),

where E = F(Vd).

Throughout the paper, when V,, appears, we always assume that G, and H,, are quasi-
split, V,, has a type (d,c) and ¢’ is any element in ¢Ng/p(E*)/F*? for fixed c,d €
F*.
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2.1.2 Symplectic groups

Let H be the hyperbolic plane over F, i.e. the split symplectic space of dimension 2, and
forr > 0,let W, = H®" and (, )w,, the non-degenerate symplectic form of W,,. The
collection {W,. | r > 0} is called a Witt tower of spaces. For each m € N, let J,,, :=
Sp(W,,,) be the associated symplectic group. When m = 0, we define ], as the trivial
group. Let {f1,- -+, fin, fi'» - -+, f;n} be a specific basis of W,,, satisfying

<ﬁ’ f‘j>Wn = <f;*7 f;)Wn = O’ <ﬁ’ f‘;)W,l = 61]
For1l < k < m,let
Yk = Span{fl,“"fk}andY* = Span{f]*7""flj},
so that W, = Y,,, @Y. We also set

Wik = Span{ fie1, === fous fros s fran b
sothat Wy, =Y, @ Wy, 1 @ Yk*.

Next, we consider the flag of isotropic subspaces

Yi, CYiaky, €0 CYiwoonk, C Wi

The stabilizer of such a flag is a parabolic subgroup P of J,,, whose Levi factor M is
M =~ GLk1 XX GLkr X_]m—kl—---—kra

where each GLy, is the group of invertible linear maps on Span { fx,+1, -, f., J-

2.2 Representations of SO(V) and O(V)

Let V be a 2n-dimensional orthogonal space over F. Forn > 1, suppose that G, := O(V)
and H,, := SO(V) are quasi-split. Decompose VasV = X, 1 & V,, ,-1 ® X;_, and
fix e € O(Vyn—1)\SO(V,1,n—1) such that e(e) = e, e(e’) = —e’. Through the natural
embedding O(V,, n—1) = O(V), we may regard € as an element in O(V) which acts
trivially on X,y ® X, _,. For 7 € Irr(H,, (F')), denote by 7 the conjugation of 7 by €.
The next proposition follows from the Clifford theory (e.g., see [7, Lemma 4.1]).

Proposition 2.1 ([4, Proposition 2.1])  The following holds true.

(i) For € Irr(H, (F)), the following are equivalent:
€ =m
* there exists 7 € Irr(G, (F)) such that 7|H, (F) = r;

+ the induction IndS"F) () is reducible;

H, (F)
* Indy” Ei; (1) = 7@ (7 ® det) for any 7 € Irr(G, (F)) with 7|H, (F) = .
(ii) For 7 € Irr(G,(F)), the following are equivalent:
s T®det = m;
* there exists 7 € Irr(H,,(F)) such that Ind% (£ (m) =7

H, (F)
* the restriction 7|H,, (F) is reducible;

» #|H,(F) = 7 ® n€ for any 7 € Irr(H, (F)) with Indgngg(n) =7
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The local converse theorem for quasi-split Oy, and SO,,° 7

For 7 € Irr(H,,(F)), we denote the equivalence class of 7 by

[7] = {m, 7} € Irr(Hp(F))/~e.
2.3 Generic characters and generic representations

2.3.1 Generic characters

Throughout the paper, let i be a fixed non-trivial additive character of F. Let U (resp.
U’) be the unipotent radical of a Borel subgroup B = TU (resp. B’ = T’U’) of H,, (resp.
Jm), where T (resp. T’) is the F'-rational torus stabilizing the lines Fe; (resp. F f;) for
eachi=1,---,n—1(resp.i =1,---,m).

A character y of U(F) and a character y of U’(F) are called to be generic if the
stabilizer of y in T(F') and the stabilizer of y in T’ (F') are both equal to the center of
H, (F) and J,,,(F), respectively. By utilizing the structure of V, we can define several
special (and essentially all) generic characters of U(F) and U’ (F).

Suppose that V has type (d, ¢) for some ¢,d € F*.Write E = F(¥d). For an
arbitrary ¢’ € cNg/r(E)/F*?, we define a generic character y. of U(F) by

e (u) = ¥ ((uez, ey +- -+ (uen-1,€,_,)v + (ue, e, _)v), u€U(F)

in which we regard V has a type (d, ¢’).
By [18, Sect. 12], the map ¢’ + s gives a bijection (not depending on )

c¢NE/F (EX)/F** — {T(F)-orbits of generic characters of U(F)}.

Note that € normalizes U and fixes z.+. Put U=Ux (€). Since € fixes y./, we can
extend pcs to U(F). There are exactly two extensions u,, u_, : U(F) — C* which are
determined by

() = £1.
On the other hand, for d’ € FX/F*?, define a generic character u’d, of U'(F) by

Ho (') =’ for fOOW, 4+ fons e DW, + A0 [ fdws), ' € U'(F).

Again by [18, Sect. 12], the map d” > u/,, gives a bijection (depending on )

F*/F** — {T’(F)-orbits of generic characters of U’ (F)}. (2.2)

2.3.2  Generic representations
For 7 € Irr(Hu(F)) (resp. m € Irr(G,(F))), if Homypy (7, uer) # 0O (resp.
HomG(F) (7, u7) # 0), then we say that 7 (resp. 7) is u.r-generic (resp. p;, -generic.)
Note that if 77 is u, -generic, then 77 ® det is y, -generic. Similarly, for 7 € Irr(J,,,(F)),
if Homyr () (7, u);,) # 0, then we say that 7 is y/,, -generic.

Note that in this subsection we follow the setting and notations in [5, Section 7.3] and
parts of ideas in the proof of the results in this subsection are inspired from [5].

The following lemma illustrates the transformation of genericity through the induc-
Gn(F)

tion functor IndHn (F)"

Lemma 2.2 ([5, Lemma 2.3]) Let € Irr(H, (F)).
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(i) Assume that 7t can be extended to G, (F). Then there are exactly two such extensions.
Moreover, the following are equivalent:
(A) mis pcr-generic;
Loy ) _ . )
(B) exactly one of two extensions is y17,-generic but not u_,-generic, and the other is
M, -generic but not ji¥,-generic.

(ii) Assume that 7 can not be extended to G, (F). Then = Indg"gg () is irreducible.
Moreover, the following are equivalent:
(A) mis pcr-generic;

(B) is both u,-generic and p_,-generic.

There exists a global analogue of the notion of generic representations. Consider
a global field L and its adéle ring A. One can define the algebraic groups G,, H,,, U
over L in a similar manner as in the local case. For an automorphic (i.e., left U(L)-
invariant) generic character y of U(A) and an automorphic form ¢ of H, (A), denote
the y-Fourier coefficient of ¢ as

We(g) = / o(ug) - x(u)du.
U(L\U(A)

For an automorphic representation 7w of H,(A), 7 is called globally y-generic if
Wf,f(l) # 0 for some ¢ € 7.

For each place v, let K,, be a maximal compact subgroup of G, (L,) such that K,, is
special if v is non-archimedean. For each place v of L, take €, € K, such that €2 = 1,
det(e,) = —1, €, stabilizes y, and that € = (¢,), € G, (A) isin G, (F).

Fort = (1), € uz(A), define t- € € G,,(A) as

(t'av=€v» ift, = -1,
(t-€), =1, ift, =1.

Since p15(A) - € stabilizes U(A), put U = U x p, - € For an automorphic (i.e., left
U(L)-invariant) character y of U(A), we say that ¥ is generic if Xlu(a) is generic.

Fix a maximal compact subgroup K = [], K,, of G, (A) and let K; := KN U(A),
K; = KN (uz(A) - €). Define Haar measures du (resp. dt) on U(A) (resp. p2(A)) such
that vol(Ky, du) = vol(K,, dt) = 1.

Now we recall the precise definition of automorphic forms on G, (A) [5, Section 6.7]:

Definition 2.1 We say that a function
¢:Gu(A) > C

is an automorphic form on G, (A) if ¢ satisfies the following conditions:

(i) ¢ is smooth and of moderate growth;
(ii) ¢ isleft G, (L)-invariant;
(iii) ¢ is right K-finite
(iv) ¢ is 3-finite, where 3 is the center of the universal enveloping algebra of
Lie (Gp(Keo) ®z C)
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Since there is no definition of cusp forms and global genericity on G, (A) in [5], we
define those concepts precisely as follows:

Definition 2.2 For an automorphic form ¢ on G, (A), we say ¢ is a cusp form if

/ ¢(n)dn =0
N(F)\N(&)

for all nontrivial unipotent subgroups N of all standard parabolic subgroups P = MN C
H,,. If an automorphic representation 7 of G, (A) occurs in the space of cusp forms of
G, (A), we call 7 a cuspidal representation of G, (A).

Write A(G,,) (resp. Acusp (Gp)) for the space of automorphic (resp. cusp) forms of
Gn(A). For an automorphic generic character y of U(A), we define globally y-generic
automorphic representations of G, (A) as follows.

Definition 2.3 Let ¥ be an automorphic generic character of U(A). Assume that 7 is
an irreducible cuspidal representation of G, (A) in A(Gy,) and let ¢ be an cusp form in
7. Let

Wi(g) - / / Fu(t-Dg) - Tt Dydudt.  (23)
2 (L)\pz(A) JU(L)\U(A)

Then 7 is called globally y-generic if Wg (1) # 0 for some ¢ € 7. If 7 is globally y-

generic for some automorphic generic character y of U(A), we say that 7 is globally
generic.

Proposition 2.3 Let 7 be an irreducible globally y-generic cuspidal representation of
G, (A). Then there exists an irreducible globally y -generic cuspidal representation 7 of
H,, (A) that appears in 7Ty, (a)-

Proof Wg(g) absolutely converges forall ¢ € mand g € G,,(A) because U(L)\U(A)
and pp(L)\pz(A) are compact. Since ¢(g) is right K-finite, there is a finite subset S of
places including all archimedean places of L such that ¢ is [, ¢s 2 (L) - €-invariant.

Choose a place vo ¢ S and put Ken = [],gsu(v} #2(Lyv). Then [],g5 u2(Ly) =
{(1,Kn) } LI{(=1,Kgn) }. Here, {(1,Kgn) }is {(1, k) | k € Kgn ).

Since [],es #2(Ly) is a finite set, we can write [],cg t2(Ly) = {(£1,---,x1)}.
Considering both [], cg #2(Ly) and [],¢s #2(L,) as a natural subgroup of u,(A), we
have

D\ = || {1 K}

a€[lyes n2(Ly)

and thus we have

W/_Y‘:‘ = D . -#d d .
- Y /<a,1,1<ﬁ,,> i i, ECt D) T D

a€[lyes p2(Lyv)
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Recall that this is a finite sum since | [ ], cg t2(Ly)] is finite. Therefore, if Wg (1) #0,
there exists some a € [], s t2(Ly) such that

m-a-(/ GE Fu(a-D)(t-9) - T)dudt) # 0.

Kein U(L)\U(A)

Since ¢ is K¢, - €-invariant, we have

)?(a-a«fK_ T Do) - Fula- ) - T du # 0.

U(L)\U(A)

As discussed in [5, Section 7.3], we define the restriction map
Res : A(G,) — A(H,), Res(e) = ¢lu, 4)-

Write ¢ = Res ((a - €) - ¢) and y = ¥|uy(a). Then we have Wg(l) # 0. Moreover, Defi-
nition 2.2 implies that the restriction of a cusp form on G,,(A) to H,, (A) is also a cusp
form on H,, (A). Therefore, there exists an irreducible cuspidal automorphic represen-
tation 7 that appears in 7|y, (a) such that ¢ is a cusp form in the space of 7. We conclude
that 7 is globally y-generic by definition. [ ]

Meanwhile, the converse of the above proposition holds in the following manner.

Proposition 2.4  Let 7 be an irreducible globally y-generic cuspidal representation of
H,,(A). Then there exists an automotphic character y of U(A) such that xlu)y= x
and an irreducible globally y-generic cuspidal representation 7 of G, (A) such that &
appears in 7|, (4)-

Proof Note that € acts on H,, (A) by a conjugation. By defining an action of € € G, (L)
on 7 as follows

(€-¢)(h) := o(¢ 'he), forallp € m, h € H,(A),

we may view 7 as a cuspidal representation of G, (L) - H, (A).
Let Indgzgﬁgﬁn( A) () be the induced representation defined by the space of the

functions @, : G, (A) — H(r), g — P, such that

* Dpe(x) = Dg(xh) for h € G, (L) - Hy(A), g € G, (A), and x € Hy, (A);
» foreachx € H,(A), the functiong — ®,4(x) € Cisasmooth function on G, (A).

As discussed in [5, Remark 7.10], the map @, > [g +— P, (1)] gives an embedding

Indgz Eﬁ;'Hn 4) () into Acusp (Gn(A)). Choose an irreducible sub-representation 77 in
Gp (A
IndGnEL;_H" (4) (7). Let Res: Acusp (G (L)) = Acusp (Hn(A)), ¢ — @lu, (4) be the

restriction map. Using the above embedding, we may regard 7 as an irreducible cuspidal
representations of G, (A) such that Res(7) = 7.

Since 7 is y-generic, there exists some ¢ € 7 such that W)‘; (1 =
fU(L)\U(A) @(u)y (u)du # 0. Choose an element ¢ € 7 such that Res(¢) = ¢. It can
be expressed as a sum of pure tensors, namely, b= Zf;l #;, where each @ is of the form
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b;i = ®v$,-’v. Since Res(¢) = Zf;l Res(¢;) = ¢ and Wf,f(l) # 0, thereisal < j < ¢
such that W}){ @ (1) # 0. Let us denote this particular 5,- by p.
€S j
There is a finite set Sy including all archimedean places of L such that p is right
(ITvgs, #2(Ly)) - €-invariant. For each v € Sy, decompose p, = py,1 + py,2 (one of
Py.; might be zero) such that p,, ; is in (—1)"*!-eigenspace of €, in 7, for eachi = 1, 2.
Therefore, we can write p = Z,’;=1 Om such that for each p,; = ®,(Pm)v, (Pm)v is an
eigen-vector of €, for each v € Sy.
Again, since W}){es(ﬁ)(l) # 0 and Res(p) = Zlfn=1 Res(pm), thereisal < ko < k
such that W}){es(ﬁk )(1) # 0.Denote py, by 1, which can be writtenas ¢; = ®,¢1,, € 7.
<0

Letto = (to,v) € [y es, #2(Ly) be given by

, {1, if @7, is an eigenvector of €, with the eigenvalue 1
o,v =

-1, if ¢,y is an eigenvector of €, with the eigenvalue —1.

Let S be a subset of Sy consisting of place v such that 7, = —1. Since (€ - ¢1)(1) =
@1(1), we see that the number of elements in S is even. We define a character ¥ = ®,
of U(A) by xlu(a)= x and

X8 =] [0, fort=(n)em(a).

veS

Since |S|= even, ¥ is an automorphic character of U(A).
Then, we have

Wi (1) - / / G (u(t-©) - Tt D)dudt
#1 1 (L)\ma (&) JUL)\U(A)

= / / o1(u) - x(u)dudt (since @1 = ®, 1., and l_l o = 1)
2 (L)\p2(A) JU(L)\U(A)

veS
= WY _ (1) dt+0.
LZ(L)\ﬂz(A) Res(21)

Hence, 7 is the globally y-generic cuspidal representation of G,,(A). [

2.4 vy-factors

Let G be either H,, := SO, or],, := Sp,,,,. Let m be anirreducible generic representation
of G(F) and o an irreducible generic representation of GLy (F'). Then the local twisted
y-factors y(s, 7 X 0, ) are defined as the proportionality constants appearing in the
functional equations of local Rankin-Selberg type integrals for G X GLj or Langlands-
Shahidi method. It is a product of a monomial of # = ¢™* and a rational function %,
where Q(t), P(t) € C[t] such that Q(0) = P(0) = 1. For the precise definition, see
[37] for local factors in terms of Rankin-Selberg type integrals and see [49, 42, 43] for
local factors of Langlands-Shahidi method. In [37], Kaplan demonstrated the equality
of the definitions of twisted y-factors via Rankin-Selberg integrals with those arising
from the Langlands—Shahidi method as defined in [49]. Consequently, when char(F) =

0, the choice of which definition of y-factors to use becomes inconsequential. In the
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case where char(F) = p, however, we employ the Langlands—Shahidi method to define
twisted y-factors since the definition using Rankin-Selberg integrals has not yet been
established.

On the other hand, when G := GL,, and 7 is an irreducible generic representation of
G(F),y(s,mX0o, ) isalso defined as the Rankin-Selberg y-factor of Jacquet, Piatetski-
Shapiro and Shalika [33] (in the non-archimedean case) and Jacquet and Shalika [34]
(in the archimedean case) or y-factors of Langlands-Shahidi. From the definition of y-
factors for GL; X GLyg, it is easy to infer that

Y(s, x X, ¢) = y(s,IX (y ® 0), %)

for any character y of F* and o € Irr(GLk(F)). For brevity, we write y (s, o, ¢) for
y(s,IxX 0o, ¢).

It is worth mentioning that the Langlands-Shahidi method produces not only y-
factors but also local L-factors and local e-factors as follows:

Let us first consider the tempered case, that is, 7 and o~ are tempered. Write y (s, 7 X
o) =a-qg k. 947 for some @ € CX and polynomials Q(#), P(t) € C[t] such

P(q~%)
that ged(Q(1), P(t)) :q 1and Q(0) = P(0) = 1. Then L(s, 7 X o) and (s, X 0, ¢)
is defined by
L(s,mxo):=0(qg%)! (2.4
L(s,mX0)

e(s,mX0o,¢) =y(s,mX0o,¥) - (2.5)

L(1-s,avxoV)
In general, we follow the Langlands classification to define L-functions from
Langlands-Shahidi method for any admissible generic representations 7 and 0.
We recall some important properties of y-factors of H,, X GLy and J,,, X GLj that
will be utilized later in our discussion. (Caution : the property (vi) does not exist in the
char(F) = p case.)

Property 2.5 (Properties of y-factors in the generic case)

(i) (Unramified twist) y (s, 7 X | det |f£, W) =y(s+so,mX0,) forsy€R.

(i) (Multiplicative property) Let P = MN be a parabolic subgroup of G such that M =
GL,, XX GL,, X G’, where G’ is either SO, or Sp,,,,, which is the same type
as G. Let R = Mg Ny be a parabolic subgroup of GLy such that Mg = GLg, X--- X
GLg,. Let 7y ® -+ ® T ® m be an irreducible generic representation of M(F')
and 0 ® - - - ® 0y be an irreducible generic representation of Mg (F'). Assume that
7 (resp. o) is an irreducible constituent of a parabolically induced representation
Ind(1; ® -+ - ® 7, ® mp) (resp. Ind(o; ® - - - ® 07) of M(F) (resp. Mg (F).)

7(S97T xXo, lﬂ) = V(S, o X 07, l//) H)’(Ss T X0, lﬂ))’(s’ Tiv xXo, w)’

i=1

v(s,t X 0o,¥) = l_[y(s,n X 0, 0).

i=1
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(iii) (Dependence on ¥) Given a € F*, denote by ¢, the character of F given by
Ya(x) = y(ax) for x € F.Let wy,ws be the central character of 7 and o,
respectively. Then,

hk(s—1
V(5,7 X 0, 0a) = wa(@) 0o (@) ]al "y (s, 7 x o).

Here, h =2nif G=H,; h=2m+ 1if G = J,.
(iv) (Unramified factors) When all data are unramified, we have
L(1-s,7"xcY)
L(s,mX0)

y(s,m X0, ¥) =

(v) (Global property: Functional equation) Let K be a global field with a ring of ade-
les A and ¥ be a nontrivial character of K\ A. Assume that [1 and ¥ are generic
cuspidal representations of G(A) and GLx (A), respectively. Let S be a finite set of
places of F' such that for v ¢ S, all data are unramified. Then

LS(s,TIXZ) = l_[y(s, M, x =,)L5(1 - 5,11V x £Y).

veS

Here, LS(5,IIX X) := l_[ L(s, 11, X X,) is the partial L-function with respect to

veS
S.

(vi) (Archimedean property) For an archimedean field F,

y(s,mx o, ¥) =y (s, 1 X 0, ).

Here, yA™" (s, X0, ) is the Artin y-factor under the local Langlands correspon-
dence.
(vii) (Tempered L-function) Let 7, o be irreducible tempered representations of G(F)
and GLg (F). Then L(s, 7w X p) is holomorphic for Re(s) > 0.
(viii) (Functorial lift of H}) Suppose that HY is non-split but quasi-split SO(V). Let I be
the trivial character of H} (F). For any character y of F*,

Y(s,IX x, ) = y(s, x,¥) - (s, x - xvi» ¥).

The properties (i)-(vi) are proved in [49] for the char(F) = 0 case and in [42, 43] for
the char(F) = p case. Property (vii) is proved in [12, page 573] and [28, Theorem 1.1]
for the char(F) = O case, and in [11, Theorem 1.1] for the char(F) = p case. Prop-
erty (viii) is proved in [15, Proposition 5.2, §7.2] for the char(F) = O case, and in [10,
Proposition 5.1.1, §3.4] for the char(F) = p case.

Remark 2.6 Whenn = 0andm = 0, the y-factors of Hy X GLj and Jo X GL are defined
as follows:

Put Iy, (resp. Iw,) the trivial representation of Ho(F) (resp. Jo(F)). Then for any
irreducible generic representation o~ in Irr(GLy),

v(s, Iy, X o, ¢p) =1
Y(s.Iw, X 0, ¢) =y (s, 0, ).

It is clear that these definitions are compatible with the local functorial lifting.
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Remark 2.7 When k = 1, Lapid and Rallis [41] defined y-factors for (possibly non-
generic) irreducible smooth representations of G X GL; which arise from the doubling
method. Further, they proved “Ten Commandments’ which refers to the ten properties
of y-factors. Recently, Cai, Friedberg, and Kaplan made a breakthrough by generalizing
Lapid-Rallis’s Ten Commandments to G X GLy for k > 1 arising from the doubling
method to the twisted doubling method in [9]. It is noteworthy that their y-factors
are defined not only for generic representations but also for non-generic representa-
tions of G(F) X GLi(F) and they proved that three different definitions of y-factors
actually coincide for generic representations. In the proof of Theorem 1.1, we shall use
the twisted y-factors y(s,m X o, ¥) for (possibly) non-generic 7 € Irr(J,,(F)) and
o € Irr(GLy (F)). However, due to the absence of a definition for the twisted y-factor
for non-generic representations of J,,(F) in the char(F) = p case, we propose the
following working hypothesis.

Working Hypothesis on char p case  The ry-factors for J,;, X GLy are properly defined in
char(F) = p case. Furthermore, they satisfy Property 2.5 (i)-(vii) (except (vi)).

When we refer the twisted y-factor of J,, in char(F) = p case, we work under the above
working hypothesis.

Next, we consider the case of O, groups and define the y-factors for Oy, X GLg.
We first need the following lemma:

Lemma 2.8  For any irreducible generic representation 1t of H, (F) and o of GLy (F), we
have

v(s,mXo,0) =y(s,n€ X0, ). (2.6)

Proof First, we prove the case when 7, 0 are unique unramified quotients of princi-
pal series representations induced from minimal parabolic subgroups. There is a Borel
subgroup B = TU of H,, and characters { x1, - - -, xn} of F* such that 7 is a subquotient

of the induced representation Indgz';;)

I];";;:) (x] ® - ® x;,) for some characters ;] of F*, for
i =1,...,n. Since conjugating the induced representation by € permutes the inducing

characters and their inverses, we see

(x1®-+-® xp)- Similarly, 7€ is a subquotient of

an induced representation Ind

{Xls""Xn?X;I""?erl} = {/\/;""s/\/;nXiils""X;lil}'

Then the multiplicative property of y-factors implies

’y(S,ﬂ'XO', lﬁ) = I—IY(S7XiXO—’ lﬁ)’)/(&/\/i_lxo-’ lﬁ) = I_IY(S’X£XO-7 W)Y(S’)(;_lxo'a ‘ﬁ) = ’Y(‘LTEEXO-? lﬁ)
i=1 i=1

Next, we prove the general case. There exists a parabolic subgroup P = MN of G with
Levi component

M =GL,, x---xGL,, XxH,/
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where H,y = SO(V’) with V' a 2n’-dimensional symmetric space over F, and irre-
ducible supercuspidal representation 7; of GL,,, (F),i = 1,...,r and n’ of H,» (F) such
Hy, (F)

that 7 is a subquotient of Ind (11®---®71 ®n’). Note that

P(F)

P(F)

md" (0. 01 @ (1)), iV #£0
(ﬁ@.__@wﬂ,)éz{ pir (71 »® (1))

Ind?j((:)) (M® - ®1), ifV' =0,

where P€ is the e-conjugate of P.
If V! = 0, then P€ is another Siegel parabolic subgroup of H,, and hence by applying
the multiplicative property of y-factors both to P€ and P, we have

v(s, 7€ X o, ) = l_[y(s, T X o, )y (s, Tiv Xo, ) =y(s,tX0o,¥).
i=1

Suppose that V’ # 0. Then by the multiplicative property of y-factors, we may assume
that m and o are supercuspidal. Now we use a standard global-to-local argument. In the
characteristic zero case (resp. positive characteristic case), [49, Proposition 5.1] (resp.
[20, Theorem 1.1]) implies that we have the following data:

* L, a number field (resp. global function field) such that L,, = F for some finite
place vp of L

* W, a nontrivial additive character of L\ A (where A is the ring of adeles of L) such
that ¥, = ¥

* V, a quadratic space over L of dimension 2n such that V,, =V

* II and %, a globally generic cuspidal representations of SO(V)(A) and GL, (A)
respectively such that I1,, = 7 and X,,) = o~ and for all places v # v of L, I, and
Y., are unramified.

Using a similar argument as in the unramified case, we see that the equality (2.6) also
holds for all archimedean places v of L because 7, is the generic quotient of a principal
series representation (7, ). Then Property 2.5(v) and the equality (2.6) at all places v
except for vy imply

Y(S’ﬂ'x 0',1//) = Y(SvHv X ZV’TV) = 7(5’H5 sz’lpv) = 7(5’7{6 X O-’l//)'

This completes the proof of the lemma. |

Definition 2.4 For w € Irr(G,(F)), choose an irreducible sub-representation 7 of
T |u,(F), the restriction of 7 to H, (F). Assume that 7 is u?,-generic. Then for an
arbitrary element o in Irr(GL, (F)), define

v(s, T Xo,) =y(s,m X0, ¢),

where y(s,m X 0,) is defined by Rankin-Selberg type integrals [37] or Langlands-
Shahidi methods [49, 42, 43].

By Proposition 2.1, if 7|y, (r) is reducible, it decomposes into two irreducible rep-
resentations of H, (F), which are e-conjugate to each other. By Lemma 2.8, the two
y-factors associated with each component of 7|y, (r) are the same, and therefore,
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v (s, T X 0, ) is well-defined. With this definition, we also have

y(s, T X o, ) = y(s, (7 @ det) X o, ¥). 2.7)

Remark 2.9 When F is an archimedean local field, we can define y (s, 7 X o7, ) in the
same way as in the non-archimedean case because the proof of Lemma 2.8 also covers the
archimedean case. As a result, based on Property 2.5(i)-(vii) of the y-factors for H, XGLg
and Proposition 2.3, it is straightforward to verify that the y-factors for G, X GLj also
satisfy these properties. Therefore, when there is no confusion, we will use the same
notation y(s, 7 X o-,¢) and y (s, T X o, ¢).

2.5 Extension of Jo’s result

Now we recall a local converse theorem for Sp,,,, obtained in [36].

Theorem 2.10 ([36]) Let m and ©t’ be irreducible ,u’l -generic representations of ], (F)) with
the same central characters such that

‘Y(S’ﬂ X p, l//) = 7(5771-/ X p, lrb)

holds for any irreducible supercuspidal representation p of GL;(F) with 1 < i < m. Then
o

We extend the above result to general u’,-generic representations of J,,,(F). In order
to accomplish our goal, we rely on the following lemma.

Lemma 2.11 A T’ (F)-orbit of irreducible y’,-generic representations with respect to Y is
equals to a T’ (F)-orbit of irreducible admissible (1 -generic representations with respect to i 5.

Proof Let 7 be an irreducible u,-generic representation of J,, (F) with respect to .
We aim to show that 7 is u7-generic with respect to i ;.

Consider the action of t € T’(F) on a generic character y’ of U’(F), given by
() (u') = x' (t~'u’'t). Specifically, for t € T'(F) with ¢(f;) = t; f; and t(ff) = t_lf
(1 <i < n),wehave

i=1

n-1
(W) W) = (Zr-lzﬁmuﬁ,mom-“ f"’f">).

In particular, if we choose ¢ € T’ (F) specifically with #; = A~("~), then we obtain

n—1
(U)Hu") = Y (Z(u fis fh)+ w f"’f">) _

i=1

erefore, a L-generic representation (with respect to ) is u}-generic wi

Theref uy)E-generic rep tation (with respect to ) is u}-generic with
respect to ¥ . Since the notion of genericity is invariant under T’ (F)-orbits, it follows
that 7 is u} -generic with respect to i . [ ]

Based on Jo’s result and the lemma mentioned above, we obtain the following.
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Theorem 2.12  Let 7 and n’ be irreducible u',-generic representations of J,, (F) with the
same central characters such that

V(SJT X p, lﬂ) = ’)/(Saﬂ" X p, W)

holds for any irreducible supercuspidal representation p of GL;(F) with 1 < i < m. Then
=

3 Local theta correspondence for (O(V,,), Sp(W,,))

In this section, we introduce the local theta correspondence induced by the Weil rep-
resentation of G, (F) X J,,(F), denoted by wy v, w,,. Here, ¢ is a fixed non-trivial
additive character of F, and V,, and W,,, are vector spaces of dimensions 2n and 2m,
respectively. In what follows, we will recall some fundamental results related to the local
theta correspondence.

For 7t € Irr(G,(F)), the maximal 7-isotypic quotient of wy_ v, w,, is of the form

TR @w’vn’wm (7:3,

for some smooth finite length representation ® v, w,, () of ], (F), called the big theta
lift of 7. The maximal semisimple quotient of @y v, w,, (7) is called the small theta lift
of 7. Changing the role of V,, and W,,, for 7 € Irr(J,,,(F)), we obtain a smooth finite
length representation @ w,, v, () of G, (F). The maximal semi-simple quotient of
Oy w,,.v, (T) (resp. Oy v, w,, (7)) is denoted by Oy, w,,.v,, (T) (tesp. Oy v,,.w,, (7)) and
is called the small theta lift of 7.

The following theorem and proposition are independent of the local Langlands
correspondence for G,.

Theorem 3.1 (Howe duality, [22, 23][54]) Let 7 € Irr(G,(F)) and © € Trr(J,,(F)).
If Oy v, .w, (7) and Oy w, v, (T) are nonzero, then Oy v, w,,(T) and Oy w,, v, (T) are
irreducible. Moreover, for w1, m, € Irr(G,, (F)) which occur as quotients of wy v, w,,, if
0y V. W, (T1) = 0y v, W, (T2), then T = T3,

Proposition 3.2 Let T € Irremp(Gu(F)). If Oy v, w,(7) is non-zero, then
Oy v,.w, () is an irreducible tempered representation of J,, (F).

Proof In char(F) = 0, it is a part of [19, Proposition C.4]. The key ingredients of the
proof therein are the Howe duality and the Kudla’s filtrartion on the normalized Jacquet
module of the Weil representation. However, Howe duality does hold for char(F) # 2
case and the Kudla’s computation on the Jacquet module of the Weil representation also
holds for char(F) # 2 (see [40, I11.8]). Except for these, other arguments in [19, Theorem
C.4] equally apply to char(F) = p case too. [ ]

Now we can prove the following proposition. In the case of a split J,, (F), it has been
proved in [24, Corollary 2.5] that when 7 € Irr(J,, (F)) is ¢/,-generic and Oy, w;,,v,, ()
is nonzero, then @y w, v, () is (1—1) ~'-generic.
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Proposition 3.3  Let 7T € Irriemp(Gn (F)).

(i) If 7 is p,-generic, then @y v, w, () is nonzero and 6. v, w, (7) is (,u’_c,)_l-
generic.

(i) If 77 is u_, -generic but not u?, -generic, then @y v, w, (7) is zero or Oy v, w, (7)
is not (u’ )~ '-generic.

Proof Write (wy,v,,.w,)u (F),(u ,)-' for the twisted Jacquet module of wy v, w,
with respect to U’(F) and (yic,)_l (i.e. the quotient space wy v, w,/V, where V

is a subspace spanned by {wy. v, .w, (1) - ¢ — (1’ .) "' () - BYuev’. 6wy v, w,-) BY
Theorem A.2, we have

Homg,, (F)xur (F) (@y v, W, T® (1)) = Homg,, (7) (W, . W, U (F), (e ,)-1> T)

G (F) )

= Homg,, (r) (indﬁ(F) (/1:/), m) = HomG(F) (H:m (77\/ |G(F))v)

= Homg, 7, (W)Y) = Homg (7, 1),

where the last equality follows from the facts that 7 and y, are unitary.
On the other hand,

1R

Homg,, (F)xur (F) (Wy, vy, w» T® (1l_)™") = Homy () (O, v, w, (1), (1" 0)7").

If 7 is pl -generic, then HomG(F) (m, ul) * 0, and henceforth,

Homy: (r) (Oy,v,.w, (T), (1’ .)~") # 0. Therefore, we have ®y v, w,(T) # 0,
and by Proposition 3.2, Homy (r) (8y.v,,w, (), (1" .,)~") # 0. This proves (i).

If 7 is not u,-generic, then Homﬁ( F) (m, uf,) = 0, and from the above argument
we have

HOmU/(F) (@,/,,Vmwn (7?), (/J’_C,)il) =0

which proves (ii). ]

Remark 3.4 Proposition 3.3 can be obtained using the local Langlands correspondence
for G, ([5]) and J, ([2]). However, since our other goal is to prove our main theorems
without using Arthur’s results, we prove it by computing the twisted Jacquet module of
Weil representation, which is independent of Arthur’s results.

The following is an easy consequence of Lemma 2.2 and Proposition 3.3.

Corollary 3.5 ([44, Cor 9.3]) Letm € Irtiemp (Hy (F)). If m is pcr-generic, then there is

a unique ?,-generic irreducible constituent T of Indg"gl;; (1) such that @y v, w, (7) is

nonzero and 0, v, w, (T) is (1’ ..)~'-generic.

4 +y-factors and the local theta correspondence

In this section, we examine the relationship of y-factors under the local theta correspon-
dence for (Ozy, Spy,,,)-
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Let 71 € Irr(G,(F)), T € Irr(J;u(F)). Suppose that they correspond to each other
under the local theta correspondence for (G, J,,). In this section, we establish a pre-
cise relation between the two twisted y-factors of 7 and 7. Consider a unitary induced
representation
Gn(F s S oo =~
Indyr " (p1] det |3 @ - @ p, | det [y ® 7o), (4.1)

where

* V =V,and V) = V,,, are symmetric spaces of dimension 2n and 2no, respectively;

* Pisaparabolic subgroup of G,, with the Levi subgroup isomorphic to GL,,, X - - - X
GL,, X Gpg;

* pi is an irreducible unitary supercuspidal representation of GL,, (F);

* s;is areal number such thats; > ... > s, > 0;

* 7o is an irreducible u7, -generic tempered representation of G, (F).

It is well-known and can be easily verified from [6, Theorem 4.2] and [36, Lemma
4.11] that an irreducible u? -generic representation 7 of G, (F) is a subquotient of
the form (4.1) (See [6] and [36, Lemma 4.11]). Then we say that 7 has a tempered
support (P, p1, -+, pr; To) with exponents (s1, - - -, s, ). Especially, when 7 is super-
cuspidal, we say that 7 has supercuspidal support (P, p1,- -, pr; To) With exponents
(81, -+, 5,). Similarly, we can define the supercuspidal support with exponents of an
irreducible u’,-generic representation of J,,,(F). The notion of supercuspidal support
can also be defined without exponents by allowing the inducing representations p; to
be supercuspidal (not necessarily unitary). It is also well-known that supercuspidal sup-
ports are uniquely determined up to conjugacy class of Weyl group elements. We note
that the central characters and u7, -genericity of 7 and 7o are the same.

The following is a summary of Kudla’s supercuspidal support theorem.

Proposition 4.1 ([40, Theorem 7.1] or [19, Proposition 5.2]) Let 7 € Irr(G,(F))
be such that ®y v, w,, (%) is nonzero. Put 7 = @y v, w,, (7). We assume that 7 €
Irr(G,(F)) and T € Irr(J,,(F)) have supercuspidal supports (o1, -, pr; To) with
my € Irr(Gy,y(F)) and (p7, -+, ps; To) With 79 € Irr(J,,, (F)), respectively. Put [ =
2n —2m — 1 and [y = 2ng — 2mg — 1. Then the following holds:

(i) 7o = Oy, v, W, (70).
(i) If m —mgy < n — ng, then

{pl>’pr}={||l%]’||l%35’||%T+l’pi)(\;,:”p;)(\7,}}
(iii) If m — mgy > n — ng, then
, , —(I+1) —(1+3) —(Ip-1)
(ol st = vl 77 v v T e e, )

For an irreducible smooth representation p of GL, (F) and a 2n-dimensional sym-
metric space V over F, set

(s, 008) oo ~
v(o,V) = y(s,oxv.¥)° if dim(Van) =0
L if dim(Van) = 2.
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The following lemma is an application of Proposition 4.1, which illustrates the pre-
cise relationship between the GL,-twisted y-factors of 77 and 6y, v, w,, (T) when 7 is
an unramified representation. When char(F) = 0, itis a part of [19, Lemma 11.8]. How-
ever, the formula therein is only valid when G,; is non-split but quasi-split. For the case
when G, is split, some adjustments are required.

Lemma 42 Let © € Irr(Gy(F)). Suppose that 7 is unramified and ®y v, w,, (7) is
nonzero. Put T = 0y, v, w,, (). Write | = 2n—2m— 1. Then for any character o of GL; (F),
the following hold:

(i) ifl = 1, then

[
~ I+1 _
Y(s. X0 0) = (0, Vo) ¥ (s, Fx oy, 0) - | [ v(s+ 5 h oY)

i=1

(ii) if | < —1, then

-1
_ 1
Y(s,Tx0o W) =y(0, V) - y(s, T X o), ¥) - l—[ v(s+ — Loy, ¥).
i=1

Proof We keep the notation in Proposition 4.1, i.e, 7 and 7 have supercuspidal
supports (p1,- -+, pr; M) with 79 € Irr(G,,(F)) and (p},---, ps; 7o) with 7o €
Trr(Jm, (F)), respectively. For convenience in notation, set y = yy,,. Note that y = y .
Since Vj,, (resp. Wy,,) is the anisotropic kernel of V,, (resp. Wy,), np = Oor 1 (resp.
mg = 0). Furthermore, p;, p;. are 1-dimensional character of GL;(F) and 7y = Iv,,
(resp. 70 = ]IWmO) the trivial representation of Gy, (F) (resp. J;u, (F)).

We first prove (i). By Proposition 4.1 (i),

Y TX o) = (5T, xoxo ) - | | s, pix ™ x o) v (s (pix ™) T x o)
j=1

-1y

2 I+1 . I+
XH’Y(S"'T_l’O-X’lp)'Y(S+l_T’O—X7w)
i=1
’}/(S, HVno Xox, lﬂ) 5 1
= . ,]I X o, 5 /X s : ) 0~ X0,
ot Xy YO ow)gy(s pix o)y (s (p) 7 X o u)

HL] Y(S + HTI - i’ ax, (p)

12, y(s+ 5% —i,ox.¥)
y(s. Iy, X ox, ) [T y(s+ B —i,ox.y)
y(s,Iw,,, X 0, %) Hf.":ly(s+l"7+1—i,0'/\{,¢/).

=7(S’TXO-’W)'

Here, I—[f":l v(s+ l"T+1 —i,0x,) is defined as y (s, oy, @) "V if [y = —1.
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If ng = 0, then [y = —1. By Remark 2.6, we have

1
Yo =y o) TR [ Tyss S i)

If ng = 1, then /y = 1. By Property 2.5 (viii) and Remark 2.6, we have

V(S,U'X,l/f)')’(s’o"w) ﬁ (S+l+—1—i oy w)

Y, aXox¥) =y(s, T X0 ) - Yool v o) L >

1
[+1
=y(s,TX0,¥) - (s+— —i,ox,¥).
¥( ¥) l:[ Y 5 XY
Next, we prove (ii). By Proposition 4.1 (iii),

V(57X ) = (5, Tw,, X ) - [ |75, ppx x 0,0) - ¥(s, (pjx) ™ X 0, 0)
j=1

= -1 . l-1
Xl_[’)/(s_%_l’o—/\/»lﬁ)"}/(s"'l"'T»O-X 1»¢)
i=1

_ 7(391[Wm0 XU-’W) )
(s Iy, Xox.¥)
M v =52 —i,ox.y)
X
My -8 —ioy.y)
(s, Iw,,, X o, 1) H4(—iﬁﬂaxw
¥(s.Iy, Xox. ) Moy =B i oy,p)

y(s. Iy, Xox.¥) - l_[ y(s.pj X ax. ) -y (s, ()7 X ox )
j=1

=7(S’7?XUX’¢)

Here, H “y(s— (l° G- _ oy, ) is defined as y (s, oy, )L if lp = 1.
If ng =0, then Iy = —1 By Remark 2.6,

’y(S,TXO',lﬁ)='y(S,ﬁXO'X,I,//) ’y’};iso?;(l!/lﬂ)) l_[ ( —i,O'X,l,[/).

If ng = 1, then [y = 1. By Property 2.5 (viii) and Remark 2.6,

- T Y(S’ g, ll’) - (l - l) .
Y TX ) =Y X ) s o) A )T 1_1[ YT )

-1
~ -1
=7(S,7T><0'X,¢) ' l_[)/(s_ % —l',O'X,(!/).
i=1

This completes the proof. |

The following theorem is the generalization of Lemma 4.2.
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Theorem 4.3 Let 1 € Irr(G,(F)). Suppose that 7 is ji,-generic and @y v, w,, (7) is
nonzero. Put T = 8y v, w,, (7). Write | = 2n — 2m — 1. Then for any irreducible generic
representation o of GL,.(F), the following hold:

(i) ifl > 1, then

l
~ I+1 _
Y Txa) = (@ Vo) Y (s Txoxv, ) | |y + == —iouv,. )7

i=1

(ii) if I < =1, then

.
- l,O'XVn,, ‘7//)

-1
Y TX W) = y(0, V) (s, Tx oy, ) - | [r(s+
i=1

Remark 44 Theorem 4.3 can be considered as a generalization of [19, Theorem 11.5].
It is important to note that [19, Theorem 11.5] utilizes Lapid-Rallis’s y-factors for G,, X
GL, and J,,, X GL; defined in [41]. Lapid-Rallis’s y-factors are defined for all smooth
representations, not necessarily limited to generic ones. In Proposition 3.3, we observed
that 7 = 0y v, w,, (7) is generic if n = m. However, when n # m, T need not necessarily
be a generic representation. Hence, for y(s, 7 X 0, ) that appears in Theorem 4.3, we
adopt the definition of y-factors for J,,, X GLy in [9] for char(F) = 0 case and in Working
hypothesis on char(F) = p case. See Remark 2.7.

To begin the proof of Theorem 4.3, we state the following lemma which will be used
in our argument. It directly follows from the Kudla’s supercuspidal support theorem,
i.e,, Proposition 4.1.

Lemma 4.5 Let {W,} be the Witt tower containing Wy, and let ¥ € Irr(Gy(F)). Sup-
pose that Proposition 4.3 holds for some W' € {W,.} such that ® v, w'(7) # 0. Then
Theorem 4.3 holds for all W in {W,.} such that ©y v, w (1) # 0.

Now we are ready to prove Theorem 4.3.

Proof The proof follows a similar line of reasoning in [19, Theorem 11.5]. Write V =
Va-

By the multiplicative property of y-factors, it is enough to consider the case when
7 and o are supercuspidal. This can be proved using a global-to-local argument.
Let 7 be an irreducible supercuspidal constituent of 7|so(v). (See [6, Section 2] for
supecuspidality of 7.) Suppose we have the following data:

* L, atotally imaginary number field (or a global function field) with A its adele ring
such that L,,, = F for some finite place v of L

* ¥, a nontrivial additive character of L\ A such that ¥,,, = ¢

+ U, a generic automorphic character of U(L)\U(A) associated to ¥ such that
uvo = M¢r

* W, a symplectic space over L of dimension 2m, with associated isometry group
Sp(W)
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* V, a symmetric space over L of dimension 2n such that V,; = V, with associated
isometry group O(V) and Hecke character y of A* such that y,, = xyv

* {Wg}, the tower of symplectic spaces over L containing W

+ S, afinite set consisting all archimedean places of L and vy (if L is a global function
field, S = {vo})

* II, a globally U-generic cuspidal representation of SO(V)(A) such that I1,, = 7
and for all places v ¢ S of L, I1,, is unramified

* X, a globally generic cuspidal representation of GL,- (A) such that £, = o and for
all places v ¢ S of L, ¥, is unramified

* ko, the first index of the global theta lift tower {@v v, (IT)} with respect to ¥ and
X such that @y w, (II) is nonzero

* & anirreducible constituent of ©y,w, (II)

The existence of such L follows from a similar argument in [44, Lemma 5.2]. We can
always construct such IT and X. (For the char(F) = 0 case, see [49, Proposition 5.1]
and for the char(F) = p case, see [20, Theorem 1.1].) Furthermore, Theorem B.1
tells that such kg exists and 2 is cuspidal. By Proposition 2.4, there is an automorphic
generic character U of U(A) such that l~I|U(A)= U and a globally ﬁ—generic cuspidal
representation IT of O(V)(A) such that Res(IT) = II. By Proposition 2.1, we have
IT,, = Tor 7 ® det.

Write lp = 2n — 2ko — 1. For simplicity, we assume [y > 1. (The case [j < —1
can be proved similarly.) For unramified places v ¢ S, an unramified representation

2, is considered the unique unramified quotient of a principal series Ind]g;(LZ(?V) (x1®

-+- ® xr), where y; are unramified character of F* and B is a Borel subgroup of GL,.
Therefore, multiplicativity property of y-factors together with Lemma 4.2 imply the
following:

l()+1

lo
y(s, B, XXy, ¥y) = v(Z,, V) -y (s, IT, X2, vy, ‘{’v)~1_[ v(s+ —i, Sy, P L
i=1

(4.2)
Note that for all places v ¢ S, E,,II, and 2, are unramified. Therefore, Property 2.5
(iv) of y-factors implies that by taking products of (4.2) over all places v ¢ S we have

L5(1-5,BY xxV) S V)Ls(l—s,ﬁvxzvxv)xl" L5(1—s =1 443V 1!
= vs Yy)* .

LS5(s,Ex ) LS(s,TI x Zy) il LS(s+ gy

For any archimedean place v of L, L, = C. The theta correspondence for complex
groups is well-understood and can be described in terms of the local Langlands cor-
respondence (see [1]). Applying the archimedean property of y-factors, we have the
identity (4.2) at the archimedean places v of L as well.

By the global functional equation of y-factors,

LS(1-52YxXY)
LS(s,EXX)

x ﬂy(s,av X2, P,) = 1

veS
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LS(1-s,01Y xZVyY) y b [S(1—s— 4 3V y-1)!

S
=y (2, V) - =
vy LS(s, T x Zy) Ll LS(s+ i vy
~ L) lo+1
Xl_[ y(ZV,V‘,)-y(s,HvXZv)(v,‘Pv)Xl_[)/(s+ 0 —i,Z‘,)(‘,,‘I’vy1 .
ves i=1

By canceling the identities at places outside v, we have
b lo+1
= = 0 . -
V(Sa :\/g XZVO, \PV()) = '}’(Zvo, VVQ)"y(sa HV()XEV()XV()’ ‘PV())'l_[ y(S+T_l7 z“V()/YV()’ ‘PV()) 1-
i=1

Since I, = Tor 7 ® det, ,, = o, V,, = Vand &, = OV, (Wi)y, (), (2.7) implies
the desired identity for this specific theta lift Z,,. Moreover, Lemma 4.5 establishes the
desired identity for any arbitrary non-zero theta lift. |

The following corollary plays a key role in proving our main theorem.
Corollary 4.6 Let T € Irtiemp(Gn(F)) and suppose that 7 is u,-generic. Put 7 =

0y, , W, () € Ittiemp(Jn (F)). Then for any irreducible supercuspidal representation o~ of
GLI‘ (F))

’y(S,T Xo, lﬁ) = 7(0-7 Vl’l) : V(S,EX TXV,» lﬁ) : V(S, 0')(V,,7lﬁ)~

Proof Note that 7 is nonzero and tempered by Proposition 3.2 and Proposition 3.3.

Then this is a special case of Theorem 4.3 whenn = m, [ = —1, and o is a supercuspidal
representation. ]
5 The proof

In this section, we prove our main theorem. The proof consists of two steps; the first
step is to prove the following tempered case.

Theorem 5.1  Let mp and 7, be generic tempered irreducible representations of G, (F) with
the same central characters and the same ., -genericity. Suppose that

y(s, T X p,4h) = (s, T2 X p, )
holds for any irreducible supercuspidal representation p of GL;(F) with 1 < t < n. Then
Ty = 7.
Proof Let W, be a 2n-dimesional symplectic space. Put

(7 7)) = (1, 72) if 71, 3 are p}, -generic
’ (71 ® det, 1, ® det) if 7y, 71 are p, -generic but not y, -generic.

Then by Proposition 3.3, Oy, v, w,(71") and Oy v, w,(7;") are nonzero and
(/lic,)_l—generic. Put 7y := Oy v, w, (') and 12 := Oy v, w, (72’). Since 7; and
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7, have the same central characters, 71, T, also have the same central characters by
Proposition A.1. Furthermore, by Corollary 4.6,

y(s, 11 X p,¢) =y (5,71 X pxv,. ) - v(s, pxv,. %),
y(s, 12 X p, ) =y (5,75 X pxv,, ¥) - y(s, pxv, &)

for any irreducible supercuspidal representation p of GL;(F) where 1 <i < n.
Therefore, we obtain

Y(S’ T Xp, lﬁ) = 7(5, T Xp, lﬁ)
and due to property of the dependence on ¢ of y-factors, i.e., Property 2.5(iii), we have

y(s, i xp, ™) = y(s, 2 x p,y ).

Then by Theorem 2.12, we have 71 ~ 7, and by Howe duality, 7;" =~ 7,". Henceforth,
we have 1] ~ 5. ]

The following proposition is analogous to [35, Proposition 3.2] and [36, Corollary
5.9, Proposition 5.11], representing their extension from the supercuspidal case to the
tempered case.

Proposition 5.2 Let G be either G,, or J,,. For an irreducible generic tempered repre-
sentation 7 of G(F) and irreducible unitary supercuspidal representations p and p; of
GL (F) and GLy, (F), respectively, we have the following:

(1) The product [17_; (s + 54, pi X p, ) has a real pole (respectively, a real zero) at
s = s if and only if p = pl\.’ and so = 1 — s5; (respectively, so = —s;) for some
1<i<r.

(ii) The product [T7_; y(s — si, p; X p, ) has a real pole (respectively, a real zero)
ats = soif and only if p = p; and 5o = 1 + 5; (respectively, so = s;) for some
1<i<r.

(iii) y(s,T X p, ) has no zero for Re(s) > 0.

(iv) If y(s, 7 X p,¥) has a real pole at s = 50, then the pole must be a simple pole at
so=1landp = p".

Proof (i) and (ii) follows a similar line reasoning in [35, Section 3.2]. Note that both T
and p are tempered and generic. From the definition of local L-function (2.4), the zero
of y(s, TX p, ) comes from the poles of L(s, 7 X p). However, Property 2.5 (vii) implies
that L(s, 7 X p) has no pole for Re(s) > 0. Therefore (iii) of the theorem follows.

When G = J,,, (iv) follows from [36, Corollary 5.9] and in the proof of [36, Corollary
5.9], the restriction that 7 is supercuspidal is given to apply ‘Casselman-Shahidi Lemma’
([36, Lemma 5.8]). However, ‘Casselman-Shahidi Lemma’ also holds for tempered rep-
resentations by [38, Proposition 12.3]. Except that, other arguments of [36, Corollary
5.9] equally work for tempered representations. This completes the proof of (iv) when
G =],

When G = G, suppose that 7 is u7,-generic and let 7/ € Irtiemp (G, (F)) be an ele-
ment of, which is either 7 or (r®det), such that 7" be y;, -generic. Put w = 6y v, w, (7).
Then by Proposition 3.2 and Proposition 3.3, 7 is nonzero and (u’ )~ '-generic and
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tempered. By Corollary 4.6,

Y, X pxyl ) -y (s, pxy )7, if Gy s split

S, T X p,) = .
7 pe¥) {y(s,ﬂ X pxy s ¥) - y(s,p.9) 7, if G,, is non-split

Proposition 5.2 (i) says that y(s, p, %)~ and y(s, p)(“/nl ;)" Land y(s, p, )~ have no
pole at s = 59 > 0. Therefore, Proposition 5.2 (iv) in case G = G,, readily follows from
the above equality and Proposition 5.2 (iv) in case G = J,,. [ ]

The following proposition is a direct consequence of Proposition 5.2, and its proof
is essentially the same as that of [35, Theorem 5.1].

Proposition 5.3 Let m; (resp. ;) be an irreducible uZ,-generic representations of
G, (F), which has tempered support (p1,- -, p,; To1) (resp. (p7, -+, pL,; To2)) with
exponents (sq,---,s,) (resp. (87, -+, s;,)). Suppose that

.
ﬂy(Hsi,pi X p,0) - y(s = si, 0] X p, @) | - y(s, 701 X p, )

i=1

[ [7Gs+s 00 % p.9)y(s = 53, ()Y X ) | - ¥(5. Tz X pogp) - (5.1)

i=1

for any irreducible unitary supercuspidal representation p of GL,(F) with 1 < ¢ < n.
Then, r = r’ and there exists a permutation s of {1, 2, - - -, 7} such that

(i) s; = s;(i) and p; ~ p;(i) foralli =1,2,---,r;
(i) y(s, o1 X p, ) = v(s,7To2 X p,¥) for any irreducible unitary supercuspidal
representation p of GL,(F) with 1 <t < n.

Proof By putting p = p; in the equation (5.1), we obtain

.
HV(S +5i, 00 X p1, W) ¥ (s = si,p) X p1, )| - y(s, o1 X p1,¢)

i=1

r/
= l]—[ y(s+si,p; X pr.) -y (s = 57, (p)) Y X pu, t/f)l y(s. w2 X proY). (5.2)
i=1

By Proposition 5.2, ¥(s — 51, p{ X p1,%) hasapole at s = 51 + 1 and the left-hand side
(LHS) of the equation (5.2) has no zero at s = 51+ 1. Therefore, it has a pole at s = 51+ 1.
The poles on the right-hand side (RHS) of the equation (5.2) can arise from one of the
following terms:

(1) Hlsisr’ )/(S + S;9p," X p1, l//)’
() [Ti<i<r (s =5}, (0))" X p1,9); or
(iii) )/(S, o2 Xpl,lﬁ).

If the pole s = s + 1 on the RHS originates from [, ¥(s = s}, (0})Y X p1,¥),
then by Proposition 5.2 (ii), we must have 51 +1 = s;+1and p; = p} forsome 1 <i < r'.

2025/04/02  13:52

https://doi.org/10.4153/S0008414X25000276 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25000276

The local converse theorem for quasi-split Oy, and SO,, 27
Consequently, we can cancel the term

Y(s+51,p1 X 0) - y(s—s1,py Xp, i) = y(s+5}, pi X p, ) -y (s =5, (p))" X p,¥)

on both sides of the equation (5.1).
For later use in the proof, we call the above argument that cancels gamma factors as

Argument A.
By applying the Argument A iteratively for s = s; + 1, there exist some 1 <t < r
and a permutation p of {1,2,---,7"} such that s = s5; + 1 is a pole of H;l_<t_l) y(s —

Shii) (p;(i))VXp,,gb) forj=1,---,f—lands = s;+1isnotapole ofH:;l_(t_l) v(s—

s;(i) N p; (l.))v X pr, ). Thus, we obtain the following refined equality:

,
[ [7Gs+si0ix p.0) - ¥(s = 50,07 X p,w) | - ¥ (s, To1 X p, )

i=t

'7(‘9» @Xp’ (r[/)

r’'—(t-1)

i [ [T 7G+shpha X000 - ¥(s = 530 (Pi)) " X p.0)
i=1

(5.3)

r'—(t-1)

Note that s = 5, +1is a pole of either [];_; y(s+s;(l.),p;(l.) X pg, W) or y (s, Toy X

P ).

If s = 1+s; isapole of y(s, oz X oy, ), then Proposition 5.2 (iv) implies that s; = 0
and p, = p,. Thus, y(s, p; X p;,¥)?* has a double pole at s = 1, while y(s, o, X p;, %)
has a simple pole at s = 1. Again, by putting p = p, in the equation (5.3), we see that
there existsa 1 < i < r’ — (¢ — 1) such that y(s + s;(i),p;(i) X py, ) has a pole at

s = 1, which implies that s;(l.) =0and p; = (p;(i))v. Therefore, if s = 1 + s, is a pole
of y(s, o2 X 1, ¥), then we can cancel out y (s +5¢, pr X p, ) -y (s =51, p; X, ) =
)/(s+s;(l.) , p;(i) X, ) -y(s —s;(i) , (p;)(i) )Y X p, ) on both sides of the equation (5.3).
Similarly, for later use in the proof, in case s is a pole of y (s, oz X 7, ), we call the
above argument that cancels gamma factors as Argument B.
By applying Arguments A and B iteratively, we eventually obtain the following
equality:

.
]_[7(Hsi,pi X p) ¥ (s = si.pi X p,¥) | - ¥ (s, 701 X p. 1)

i=t

'7(5’ @Xp’ W)

r=(t-1)
= [ ]_[ V(S +55 iy Poy iy X P W) - Y(5 =5 115 (P )" X 05 ¥0)
i=1

(5.4)

for some t < t; < r and a permutation p; of {1,2,---,7"} such thats = 1+ s, isnota

’_ _1 —_—
pole of [T, ;"™ y(s =57, 11+ (0} (;))Y X 1) and y (s, 73 X pi, ).
Since s = 1+ s, is a pole of y(s — 51, p; X pys,, %), it follows that the RHS of the
equation (5.4) with p = p,, hasapoleats = 1+s,,. By our choice of 7, it must be a pole of

' (=1 ces
I (h-1) Y(S+5, (i) Pp, (1) X P ¥)- By Proposition 5.2, we have 1+s;, = 1—57 |
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and p;, = (p;l(il))v forsome 1 < i; < r’ — (t; — 1). Therefore, s;, = S;l(il) =0.If
> 0forsome 1 < k < r’ — (t; — 1), then the LHS of the equation (5.4) with
;1(k)' However, this is impossible because 57, = 5,41 =

=0foralll <i <r’ —(t; — 1) and we have:

’
o)
P =p;1(k) hasapoleats = 1+

o e o= — ’
= 5, = 0. Therefore, S (1)

[ [rGspix o) - ¥(sp) X pow) | - (s, Fo1 X p, )

i=t;

r’—(tl—l)

1_[ 7(5,,0;1(,-) X p ) -y (s, (P;l(i))v X p,¢)

i=1

cy(s, 2 X p, ). (5.5)

Since p;, = (p;h(il))v, we can remove Y(s,p;, X p,¥) - y(s,p; X

py) = Y0, X W) - y(s.(py ;)Y X p.¥) on both sides of
the equation (5.5). In this way, applying Arguments A, B, and the above

argument, we can cancel out [HL,I Y(s,pi X p, i) -y (s, p} X p, w)] in
T 70 (5.0, 5y X o) - Y (5, (9}, )" X . )| and we obtain

r'—r

[ 176040 %0 0) - ¥(5. (0}, )Y % oo 40)

i=1

y(s, o1 X p, ) = ~y(s, o2 X p, )

(5.6)
for some permutation p, of {1,2,---,r'}. If ¥’ > r, then we put p = p;Z(l) in the
equation (5.6). It follows that y (s, (pi}zm)v X p;m), ¥) hasapole at s = 1, and hence

’

(s, o1 X p;z(l), ) must also have a pole at s = 1, which implies Poy(1) = (pgz(l))v.

4

However, while the RHS of the equation (5.6) with p = p has at least double pole at

p2(1)
s =1,y(s, o X p;zm, ) has at most a simple pole at s = 1. This is a contradiction,

and thus we conclude that #” = r, completing the proof. |
Now we are ready to prove the following main theorem.

Theorem 5.4  Let | and 7T, be generic irreducible representations of G, (F) with the same
central character and the same i, -genericity. Suppose that

’y(S,ﬁ] Xp’w) = 7(5,7T~2 Xp,lﬁ)

holds for any irreducible supercuspidal representation p of GL,;(F) with 1 < t < n. Then

1 =T,

Proof Suppose that tempered supports of 711 and 7, are as in Proposition 5.3. Then
the central characters of 751 and 7g; are same. By Theorem 5.1 and Proposition 5.3, we
have 7o; =~ 7o, and both 71} and 75, therefore, are y, -generic irreducible constituents
of the induced representation

Indgiy!) (pal det [ @ -+ ® o[ det [y © ).
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Since such induced representation has a unique 7, -generic constituent, it follows that
T = 7. u

The following theorem is an easy consequence of Theorem 5.4.

Theorem 5.5 Let my and 1, be u. -generic irreducible representations of H,, (F) with the
same central character. Suppose that

y(s,m X p,¢) = y(s,m2 X p, )

holds for any irreducible supercuspidal representation p of GL,(F) with 1 < t < n. Then
[71] = [m2].

Proof By Lemma 2.2, we can take 71 and 77, an irreducible u, -generic constituent of

Indgzgg (m1) and Indg:g; (), respectively. Then by the definition of the y-factors

for G,, X GL;, we have

Y(s,mi X p,¥) =y(s,m X p,¢) =y(s,m2 X p,¥) = y(5, M2 X p, ).

Due to Theorem 5.4, 7] =~ 7, and hence by Proposition 2.1, we have [71] = [7;]. =

6 Applications

By applying our theorem directly, we obtain the weak rigidity theorems for O(V)(A)
and SO(V)(A), respectively. The discussion in this section closely parallels that of [35,
Theorem 5.3]. In this section, let L be a number field and A its adéle ring. Let V be a 2n-
dimensional symmetric space over L such that O(V) is quasi-split. As before, we use the
notation G,, := O(V) and H,, := SO(V).

Let 1 = ®,m, and I[I = ®,II, be irreducible automorphic representations of
SO(V)(A) and GL,, (A), respectively. Then we say that IT is a weak functorial lift of 7
if IT,, is the local Langlands functorial lift of 7r,, for all archimedean places and for almost
all places v of L, where m,, and I1,, are unramified.

We are now ready to prove the weak rigidity theorem for G,,.

Theorem 6.1 (Weak rigidity theorem for O(V)) Let Y1, x> be generic characters of
U(L)\U(A) such that Xiluay= Xa2lu) Let T = ®,7, (resp. T = ®,7;,) be an irre-
ducible cuspidal globally ) 1-generic (resp. x»-generic) automorphic representation of G, (A).
Ifm, =~ 7, or {, =~ 7, ® det for almost all v, then T, = 7, or T, =~ 7, ® det for all places

vof L.

Proof Put ¥ = Yilu)= X2luca). Let m and 7’ be irreducible cuspidal globally y-
generic automorphic representations of H,, (A) that appears in 7|y, (4) and 7' |y, (4),
respectively (such 7, 7’ exist by Lemma 2.3.) The main result in [15] implies that there
exists the weak functorial lift IT (resp. IT") of 7 (resp. 7’) to GL;,, (A). The assumption
and Definition 2.4 imply that for almost all places v we have

y(s, Ty Xp,¥) = y (s, 1Xp, ) = y(s, TyXp, ) = y(s, T, xp, %) = (s, 1, Xp, ) = y(s, T, Xp, )
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for any irreducible supercuspidal representation p of GL;(L,) with 1 < ¢ < n. This
implies I1, = II; for almost all places v due to the local converse theorem for GL,,
([13], [31)).

Then by the strong multiplicity one theorem for general linear groups, it follows that
IT ~ I1” and thus I, = IT;, for all places v of L. Then applying the local-to-global argu-
ment again exactly as in the proof of [14, Corollary 4] together with [14, Propositions
4.2 and 4.3], we have for arbitrary place v of L,

Y(S’ﬁvxp’ W) = V(S,FVX.O’ l//) = V(S,Hvxpa W) = ’y(S, H\/)Xp’ l/’) = 7(S’ 7T()Xp, ¢’) = 7(5777lv><.0’¢)

for any irreducible supercuspidal representation p of GL,(L, ) with 1 < ¢ < n. By the
assumption, 7, and 7, are F’Z' -generic or u_,-generic for some ¢’ € L. Theorem 5.5
implies that 7, =~ 7, or 7, = 7, @ det. (Note that local functorial lifting at archimedean
place is injective for generic representations.) ]

The weak rigidity theorem for SO(V) is a consequence of the weak rigidity theorem
for O(V).

Corollary 6.2 (Weak rigidity theorem for SO(V)) Let x be a generic character of
U(L)\U(A). Let 1 = ®, 7y and ©’ = ®,7;, be irreducible cuspidal globally x-generic auto-
morphic representations of Hy, (A). If [m,] = [x},] for almost all v, then [r,,] = [x,] for all
places v of L.

Proof There are generic characters yp, > of U(L)\U(A) such that Xilua)=
Xx2lucay= x and globally y;-generic and y,-generic cuspidal representations 7, 7" of
Gy (A) such that 7 and 7" appear in 7|y, (a) and 7|y, (a), respectively (such 7, g

exist by Lemma 2.4.) For any finite place v of L such that [7,] = [x]], we have

Gn(Ly)
Indy" (")

constituent of Ind

Gl
= Indy" ;")

Gn (L,
HnELv; 7, and Ind

n,, by Proposition 2.1. Since 7, and 7, are irreducbile

Gn(Lv)
Hy (Ly)

Ty

7, respectively, we see that

Ty = T, or m, = T, ® det.

Therefore, since [7,] = [} ] for almost all places of L, we have 7, ~ 7, orm, =
7, ® det for almost all places v of L, and hence by the weak rigidity theorem for O(V),
Ty = @, orm, = T, ® det for all places v of L. Since 7, and n, are an irreducible
constituent of the restriction of 77, and 7, to H,, (L,), respectively, by Proposition 2.1,
we conclude that [, ] = [} ] for all places v of L. This completes the proof. |

Remark 6.3 Note that there is direct proof of Theorem 6.1 without using the restric-
tion method. We can directly apply the arguments of the proof of Theorem 6.1 to the
case of H, (F). Namely, using the existence of the weak functorial lift for H, (A), the
multiplicity one theorem for GL,,, and the local-to-global argument, we can prove the
weak rigidity for SO(V).
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A Computation of the twisted Jacquet module of the Weil
representation

In this section, we compute the twisted Jacquet module of the Weil representation which
is needed in the proof of Proposition 3.3. Write V = V,, and define a symplectic form
(, )onV ® W, as follows:

(Vi ® W, va ®wy) = (vi,va)v - (Wi, W2)w,,-

There is a natural embedding of G,, X J,, into Sp(V ® W,,,). By pulling back the action of
S~p(V ® W,,) on the Schrodinger model of the Weil representation to G, X J,,,, we have
an action wy, v w,, of G,(F) X J;,(F) on the Schwartz-Bruhat function space S(V ®
Y:)(F)on (V®Y,)(F). To describe it, let P’ = M’N’ be a parabolic subgroup of J,,
stabilizing Y,,, with Levi subgroup M’. Then

M’ = GL(Y;,) and N” = {@ € Hom(Y,,,, Y,s) | @ = -},
where o is the element in Hom(Y,,, Y,,) satisfying

(ay1,y2) = (y1,@"yz), forally;,y, €Y,,.

Letm’ : GL(Y,,) — M’ be the isomorphism between GL(Y,;,) and M".Fora € GL(Y,,),
write a* the element in GL(Y,,) satisfying

(ay,y"Iw,, = (v, a"y)w,,, forally €Y,y €¥,.
Then the action of G, (F) X P’ (F) on wy,v,,w,, is described as follows:

* Wy v.w, (8 Do(v) = ¢(g7" - v) for g € G, (F),
* wyvw, (1,m'(a)p(v) = yy(det(a))-|det(a)|"-¢(a”-v) fora € GL(Y,,)(F),
* Wy VW, (1L,n)¢(v) =Y (5(n-v,v)d(v) forn € N'(F),

wherev € (V®Y,,)(F).
Using this action, we can prove the following proposition.
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Proposition A1 Let 1 € Irr(Gu(F)). If Oy v, w,, (7) is non-zero, then the cen-
tral characters wz and wg,, |, (7) of 7 and Oy v, w,, (T), respectively, are related as

e~ .
W(‘)w’v,wm(ﬂ') _Wﬂ XV'

Proof Incasechar(F) = 0, itis stated in [19, Section 5.2]. However, since we were not
able to find a reference for char(F) = p # 2 case, we provide the proof which works
for char(F') # 2 cases.

Since the small theta lift 6y v w, (7) of 7 is nonzero, we have
Homg,, (F)xj,.(F) (Wy,V,W,.» T ® Oy v.w, (7)) # 0. Choose a nonzero element
I € Homg,, (F) ], (F) (Wy,V,W,,» T ® Oy v.w,, (). Denote by I'y and Iy, the identity
element of G, (F) and J,,,(F), respectively. From the above action of G, (F) X P/(F)
onwy,v,w,,, we have

(Wy,v W, (=Iv,~Iw,)®)(v) = (xv(=1))"-¢(v), for¢ € wy v w,.ve ((VaY,)(F).

On the other hand, for a pure tensor fi ® f, € 7 ® Oy v,w,(7), (T ®

Oy.v.w,, (M) (~1v,=Iw,)(fi ® f2) = wz(-1v) - wg, ., 7 (—1Iw,) - (/i ® f2).
Since every element of 7®86y, v w,, () is a sum of pure tensors, for an arbitrary element
fen®0y,v.w,(T), wehave

(T® by v.w,, (M) (=Iv,~1Iw,) - [ = wz(=1v) - wg, v, 7 (~Iw,) - f-
Therefore, for any ¢ € wy, v,w,, such that [(¢) # 0, we have
(v (=1))"1(¢) = L((=1v, ~1w,,)®) = (=Iv,~1w,)1($) = wz(=Iv)-Wg, . (7) (1w, )L($).

Since the center of G,, and J,,, are generated by —Iy and —Iw, , respectively, it completes

the proof.
| |
Let Z’ be the maximal unipotent subgroup of M’. Using a fixed basis {w7,-- -, w;,}
of ¥}, we may regard V ® Y, as V""*. Using the basis {wy, - - -, w;,, } of ¥}, we can write

7' as upper triangular matrix group

3m = . . .| € GLm
.0 el
0--- 0 1
through an isomorphism m’. We denote by My;,x,, the (m X m) matrix group. Similarly
using the basis {wy, - -+, w;,} of ¥y, and {wy},, - - -, wi} of Y}, we consider N as a sub-
group S, of My,x,, and let n’ : S,,, — N’ be the isomorphism between S, and N’.
We can then describe the action of Z’ and N’ on wy, v, w,, in terms of 3,, and &, as

follows:
(ww,V,Wm(l’ m'(z))¢)(v1, R} Vm) = ¢((V17 ) Vm) : Z) forz € Sm (Al)
(@000, (L D1, V) =Y (GG -5 Tu)B(v1, V) o 5 € B,

(A.2)
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wherev = (vi,v2,...,vm), Gr(v) = ({(vi,vj)v,)and @, =| .- | € GLy.

1 0
Inspired by the proof of [24, Proposition 2.4, Corollary 2.5], we now prove the fol-
lowing theorem, which is crucial when we generalize the converse proposition of [24,
Corollary 2.5] to the case of quasi-split orthogonal groups (Proposition 3.3). We also
note that [21, Proposition 9.2] mentions an analogous statement for metaplectic and odd
orthogonal groups when char(F) = 0.

Theorem A2 Let (wy, v, ,w,)ur,(u ,)-1 be the twisted Jacquet module of wy v, w, with
respect to U’ and (,u’_c,)fl, Then, we have

. Gp
(wl/”VnsWn)U/,(M:C/)—l = lndﬁ (,u:/).

Proof Put
Ve =3v=(vi, -, vn) €V'|Gr(v) = =2c" |1 1 1|},

where Gr(v) = ((v;,v;)). We first claim that
(g VW ur 1 = S(Ver).
Note that V_C/ is a closed subset of V. Therefore, by [8], we have the exact sequence
0 ——=S(V"\Ve) i —=S(V") &8 —= S (Vo) —=0,

where iis induced from the open inclusion map i : V" \V., — V" and tes : S(V") —
S(V.r) is the restriction map. Let Jyr (v -1 be the twisted Jacquet functor with respect

to U’ and (i’ )~ ". Since the functor Jy ,)-1 is exact, we have the exact sequence

)
Sl

0 ——Ju,(u (S(V"\Ver)) — Ju ) (SVM) ——=Ju ) (S(Ver)) —=0.

By the definition of V., Ju,(w ‘,)71(S(V"\V_C/)) = 0and Jy (0 H)-1(S(V") =

S (V_Cr) Therefore, our first claim is proved.
Note that there is an action of G,, X 3, on S(V,) inherited from S(V").
Thereisa (G, X 3,)-action on V.- inherited from the left action of G,, XJponVxW
as follows:

Vs ovn)(8,2) = (€ Vs g W)z (v, ,vn) € Ver, (8,2) € Gax3n.

k-1
From (Al)) for Z € 3}’!7 (Vls""avn) cZ = (v19Z12 sV + VZ?"'?ZI‘:I ik *
Vi + vk,---,Z?:_ll Zin * Vi + Vp). Therefore, if vy is written as a linear
combination of vi,vy, -, Vi_1, then (Vi,: -, Vi_1,Vk,Visl, - »Vn) and

(V1,3 Vk=1,0,Vk41, - -, V) are in the same 3,-orbit. Therefore, every 3, -orbit in
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V. has the representative of the form
(0,--+,0,x1,0,-+,0,x,0,-+,0,x;,0,---,0;x) € Ver C V",

forsomel < j < n—1suchthatx; # Oforalll < i < jandforeach2 < k <
J» X (resp. x) is not expressed as a linear combination of {x;};<;<k (resp. {x;}i<i<;)-
Furthermore, we cannot take the last element x to be zero since if (vi, vy, -+, v,) €
V., is such that v,, is linear combination of v, vy, -+ Vy_1 as v, = Zl'.l:_ll civ;, then
Vn, Vi) = :’;11 ¢i{vp,v;) = 0and it contradicts that (v{,v,,*+,Vv,) € V_c/ From
this, we see that {x1, X2, - -, xj_1,x;, x} should be a linearly independent set.

By Witt extension theorem, we can choose more restrictive representatives of the

(G X 3,)-orbits of V. as
(05“'90561505“'50562503"'5O5ej»09'"?O;e) e‘/_C/C‘/n'

(Here,0 < j < n—1andweseteg =0.)

Therefore, there are finite (G, X 3,,)-orbits in V.- and index them by {V, (i) }1<i<n
so that dim(V, (7)) < dim(V(j)) fori < j.

Note that for each j > 1, V/ (/) is a closed subset of [ ;5 j V. (i) and therefore, we
have the exact sequence

0 ——=S(Uizjn Ver (1)) —= S(Uiz; Ve () —=S(Ver (j)) —=0..

(A3)
We claim that the Schwartz space on each orbit V.- (j) whose representative is of the
form
(0,---,0,e1,0,---,0,e;5,0,--+,0,¢€x,0,---,0;e), fork<n-—1
is zero.

Let V.(j) be an orbit in V. whose representative is ¥ =
(0,---,0,e1,0,--+,0,€2,0,--+,0,eg,0,---,0;¢) for some k < n — 1. Suppose
that V.- (j) is non-zero and put Ry the stabilizer of ¥ in G,, X 3,,. Consider a map

Dy : S(Ver (/) — indy" 3" L ¢ > Dy(9),
where @y, is defined by

Dy (9)(8.2) = (wy,v.w, (8 2)@)(¥).

It is easy to check that @y is a (G, X 3,,)-isomorphism. Since k < n— 1, there is a simple
root subgroup J of 3, such that 1 X J is a subgroup of Ry. However, u’, is non-trivial
on J and it leads to a contradiction.

Therefore, by applying the exact sequence (A.3) repeatedly, we have

S(Ver) = S(Ver (jo)),

where V. (jo) has the representative v/ = (e, - - -, €,-1; €). Let Ry be the stabilizer of
v/ in G,, X 3,,. Then,
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Z a x 3k a
10 = 1
RV’ = {(( 1 a/ 76)7 1 al EGHXJH|}9
()™ ()7
where we described the elements of G, amd ], wusing the basis
{er,---,en_1,e,e’ ey _|,---,eiand {wy, -+, wy, Wy, - - -, W]}, respectively.
za* *
~ 10 ~
Then for u =( | ;, , 6) e Uand ¢ € S(Vo (jo)) = indg’f,XS" I, we have
Z/
d(u-g,1) =¥ (z12+  +Zp—2n—1+an-1)9(g, 1) = ul - () - (g, 1) forallg € G,.
(Here, we view ¢ as a function on G,, X 3, via ®y.) This proves Theorem A.2. ]

B Non-vanishing and cuspidality of global theta lifts

Let L be a global field of characteristic zero or p not equal to 2 and A be its adele ring.
Let (V,,, (, )v, ) be a2n-dimensional orthogonal space over L. Let H be the hyperbolic
plane over L, i.e. the split symplectic space of dimension 2, and we consider the Witt
tower W, = H®X Write Wy = Y, GBYZ, where Y and YZ are maximal isotropic subspaces
of Wy which are dual with respect to the symplectic form (, v, of Wy satisfying 0 =
YocYyC---CYrand0=Y] C ¥ C--- CY/. Asinthelocal case, we use the same
symbol Gy, (resp. Jx) to denote the isometric group of V,, (resp. Wy.)

In this section, we state theorem and lemmas concerning the non-vanishing and
cuspidality of global theta lifts from G, (A) to J,,, (A).

We can define the global Weil representation wy, v, w, = &), Wy, v,,,W,,, of
Gn(A) X Jm(A). Then it is realized in the Schwartz-Bruhat space S(V, ® Y,;)(A) =
X, S(Vp,y ® Y, »)(Ly). Define a symplectic form (, ) on 'V,, ® W, as follows;

(vi ® wi,v2 ® wy) = (vi,va)y, - (Wi, W2)w,,-

Let P’ = N’M’ be a parabolic subgroup of J,, stabilizing ¥,,, with Levi subgroup M’.
Then

M’ = GL(Y;;,) and N’ = {&@ € Hom(Y,,,,Y;s,) | @« € Hom(Y},, ;) | @* = —a},
where a* is the element in Hom(Y;,, Y,,) satisfying

(ay1,y2) = (y1,a*y,), forally,y, €Yy,

Then from the action of the (local) Weil representation, we have the action of G, (A) X
N’(A) onwy v, w,, as follows:

* Wy, W, (8 DO(V) = p(g7" - v) for g € Gu(A)
* Wy, W, (L)) =Y (5(n-v,v))¢(v) forn € N'(A),

wherev € (V,, ®Y;)(A).
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There is an equivariant map 0y v, w,, : S(V, ® ¥;;,)(A)) — A(G, X Jm) given
by the theta series

Op v wn @@ = D @y, (9) ().

y€(Vn®Y,;,) (L)

For an automorphic form f of G, (A), put

Oy, 3, (6, 1)) = / Oy . (6.8, F(g)de

Gn(L)\Gn(A)

and for an automorphic representation m of G,(A), write Oy v, w, (1) =

{0y, w, (¢, f) ] ¢ € wyv,w, f € n}. Then Oy v, w,, (7) is an automorphic
representation of J,, (A).

Theorem B.1  Let it be an irreducible cuspidal representation of G, (A). Then there is a pos-
itive integer t such that @y v, w,(7) = 0 forall 0 < i < tand Oy vy, w, (1) # 0.
Furthermore, @y, v, w, () is cuspidal.

We believe that the above theorem is almost certainly well known to experts. In par-
ticular, it should be noted that [47] deals with a similar statement. However, we are not
able to find a reference for positive characteristic cases and therefore provide a proof
for completeness. We hope this proof will be a useful reference for readers interested in

positive characteristic cases.
To prove this, we need two lemmas.

LemmaB.2 Let f € Acysp(Gn). Let P = N} M be a parabolic subgroup of ] stabilizing
Y so that M} = GL(Yk) X Jyn—k. Then for all h € J;—x(A),

/ Oy, w0, (& F)(h)dn = 64, 5. (& F)(B),
Ny (K)\NY (4)

where ¢ is the restriction of ¢ via the natural inclusion map V,, ® Y, <>V, ®Y,,.

Proof For the case of char(L) = 0, it is proved in [47, Theorem 1.1.1]. Since the proof
for the case of char(L) = p is the same with that of char(L) = 0, we omit it. [ |

LemmaB.3 Let f € Acusp(Gp). If

/ Oy, v, ., (98, h) f(g)dg =0

Gn (L)\Gn(A)

forall ¢ € w, then f = 0.

Proof The proof for the case char(L) = 01is implicitly included in [47, Theorem 1.2.1].

To demonstrate that the argument also holds for char(L) = p, we provide a detailed
proof. We do not claim originality for this proof.
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Put S := {A € Myuxan | A" = —A}. Using bases 8 = {f1,", fon} of Y2, and
B ={f]. . [} of Y], satisfying (f;, f;)wm = 0;j, it is easy to see that

{a € Hom(Y,

ne

Yop)la" = —a} = G.

Letn’ : @ — N’ be the isomorphism between G and N and write J = ({e;, ¢)v,,) for
some basis @ = {eq, -+, ez, } of V.

For a function ¢ of ], (A), define its Fourier coefficient ™ >/ with respect to (N’, J)
by

, 1
Lo e @hu-5uusds.
S(L\S(A)
where ds is the Haar measure of S(A) such that Vol(S(L)\S(A)) = 1. Note that

vt O @) = [y, () (Y (=5l 5)ds

S(L)\S(A)

/ . 1
- [ S wut @ WSO (5 r(Is)ds
S(L)\S(A) Y e(V,8Yy, ) (L)

. 1 1
- D wun (& NG G ()Y (5 r(Is)ds.
S(L)\&(A) y e(V, @Yy, ) (L)

Using the basis 8" of Y}, and the basis @ of V,,, we view y* € (V, ® Y ) asa (2n X 2n)
matrix. Note that (n’(s)y*, y*) = tr((y*)"Jy*s). Therefore,

1 if () Iy* =J
0 otherwise

Lo G ey suts)ds - {
S(L)\S(A)

Since G, = {y* € V,, ®Y;, | (*)'Jy* = J}, we have

O 1,90 (O (2 1) = D w(gWe(").

y*€Gn (L)

Denote by S(G,(A)) (resp. S(G,(L)\G,,(A))) the Schwartz-Bruhat space on
Gn(A) (resp. G, (L)\G, (A).) Because the restriction map S(V, ® ¥ ) — S(G,(A))
is surjective and every function in S(G,(L)\G,(A)) is obtained by averaging
a function in S(G,(A)), we see that {0y v, w,, (DN (., 1)}¢65(Vn®Y2*,,) forms
S(Gn(L)\Gn(A)).

By the assumption, we have (8 v, w,, (N (-, 1), FL2(Gp(L)\Gn(a)) = O. Since
S(G,(L)\G,(A)) is a dense subspace of L?(G,(L)\G,(A)), it follows that f =0. m

Now we can prove Theorem B.1.

Proof Lemma B.3 tells us that ® v, w,, () # 0 and this proves the first statement.
The second statement follows from Lemma B.2. [ ]
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