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On the absolute Norlund summability
factors of a Fourier series

and its conjugate series at a point

Kosi Kanno

The object of this paper is to give generalizations of Okuyama's
Theorem [Bull. Austral. Math. Soe. 12 (1975), 9-21, Téhoku Math.
J. (2) 28 (1976), 563-581] on the absolute Norlund summability

factors of a Fourier series and its conjugate series.

Our theorems imply many results proved by other authors:
especially Theorem 1 includes the results of Bhatt and Kishor
[Indian J. Math. 9 (1967), 259-267 (1968)]1, Dikshit [Pacific J.
Math. 63 (1976), 371-379], and Lal [Publ. Inst. Math. (Beograd)
20 (34) (1976), 169-178], and we can easily deduce lLal's result
[Indian J. Math. 16 (1974), 1-22] from our Corollary 2.

1. Notations and theorems

Let z an be a given infinite series with the sequence of partial
sums {sn} . Let {pn} be a given sequence of constants, real or complex,
n

P = = =
such that P kzg pp#0 for n20 and p =P =0 for n<O0.

The sequence {tn} given by
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n

-1
Poifx =B L Pa,

n n k=0

X
g)[\’l=

- L
(1.1) t =3
n

defines the Norlund means of the sequence {sn} generated by the sequence

{pn} . The series Y a, 1is said to be absolutely summable (w, pn) , or
summable ]IV, pn| , if the sequence {tn} is of bounded variation, that

is, if
(1.2) Y It

is convergent.

Let f(t) bve a periodic function with period 2m and integrable over
(-w, m) . Without any loss of generality we may assume that the constant

term in the Fourier series of f(t) is zero, so that
o] o]

(1.3) Fl£) ~ Z (an cos nt + bn sin nt) = }:" An(t)
n=1 n=1

and
v
j flt)dt = 0 .
-

The conjugate series to series (1.3) is

(o] o
Y (b cos nt -a_ sinnt) = B (t)
n=1 " " n=1 "

In what follows, we use the following notations:

0, (t) = o(t) = ${flatt)+flx-t)} ;
1 ¢ -1
@a(t) = mjo (t-u)" "olu)du (a > 0) ;
<I>o(t) = ¢(t) ;
T
h(u) = J (t-u)™ cos ktdt ;

u
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Pack _ Ppokar

P(n, k) = 5 H
n n-1
L B-a
GB-a(n; Fs L, t) = Z. P(n, k)Akukk cos kt ;

k=j

T
. 2 =0 s .
Hy (ns 2 1 w) = srig ju (410, (n3 4, T, £t 3

{n; 4, L, v)dv .

“ B
I(n; 4, L, u) =J v d—U'HB—G

0
Moreover we write

wx(t) = yl(t) = ¥{flx+t) -flz-t)} ;

A
GB_a(n; gs 1, t) = Y P(n, k)kkukks_a sin kt .
k=4
We employ Wa(t), ﬁB_a(n; ds 1, u) with meanings similar to the above

notations. Throughout the present paper we denote by u(t) a positive

bounded function, A(f) a positive non-decreasing function, and {pn} a

non-negative, non-increasing sequence.

Given a function w(t) , we write for n=1, 2, ... ,
win) = w, Mooy =@, - W

Let [x] denote the greatest integer not greater than x ; in
particular we write m = [n/2] and T = [¥((2n/u)-1)] ; and 4 denotes a

positive constant which is not necessarily the same at each occurrence.
The purpose of this paper is to establish some generalizations of
Okuyama's results (701, [17].
THEOREM 1. Let the sequence {Anun/(n+1)l'8} (0 =B =<1) be non-
increasing.

If the conditions

u
(1.%) ¥ 17_‘87‘ = 0|3 (n=1,2, ...),
k=n k Fk n
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o ) M
k"k m
(1.5) cos = (RB-a+l)| < =,
&2 Tk 2
and
T
(1.6) J A(.?n/t)‘d{t' @a(t)} < w

o]
hold for 0 <o =B =1, then the series
© 6-(1
n§1 A M An(t)

is swmmable |W, pnl at t==zx.

If B = A)\nnB » the right-hand side of condition (1.4) is replaced by
o(1) .

This theorem has wider applications than the results of Bhatt and
Kishore [1], Dikshit [2], and Lal [5], [6]. As special cases of Theorem 1
we obtain the results of Matsumoto [7].

THEQREM 2. Let {Apn} be non-negative non-inereasing. Assume that
1- .
nxnun, n B/)\nun , and Anun/pn are all non-decreasing, where 0 < B =<1 .

If the conditions (1.h4),

T
(1.7) Jo ————Me"/g‘:é”/t) ¥ (£)]dt <=,
and
(1.8) J““—z"/—”|d\y(t)|<m
' o &8 ¢

hold for 0 =a <B =1, then the series
T 8
-a
Y A untTB (t)
n=1

is summable |N, pn] at t=zx.

THEOREM 3. Let {)\nun/nl-s} be a non-increasing sequence. If the
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conditions (1.h4),
" Met) gy (4] d ¥ (+0)
(1.9) J—d‘l’(t <w , and ¥ (+0) =0
o ¢ ¢ @
hold for 0 =a =B =1, then the series
ngl Anunn Bn(t)

is swmmable |N, p,| at t=x.

In the two theorems above, if Pn = A)\nnB , then the right-hand side
of {1.4) is replaced by 0(1)
If the property

A(2m/t)u(2n/t)

—‘-Z—A(zn/t) = A 7

dt

holds for a suitable constant 4 , it is easy to see that (1.9) implies

(r.7).

2. Proof and corollaries of Theorem 1
We need some lemmas for the proof of Theorem 1.

LEMMA 1. Let {'an} be a given sequence; then for any x , we have

8
(l—x) Z akxk = arxr _ asxs-f-l _ Z Aakxk+l ,
k=r k=r
where r and s are integers such that s =2 r 2 0 .
LEMMA 2, For O0sas=b=w andany n,
b
kg Py exp i(n-k)u| = AP_
=
wniformly in 0 <u = m .
LEMMA 3. Forall k20 and 1 <a=<b =,
b b (P P
, -k k-1
L Pln, k)= ¥ |- F—=|=1.
n=q n=a n n-1
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The proofs of the above lemmas are quite easy and we omit them.

LEMMA 4. For O0<t=mm,and 0<a=B=1,

t B-a_.
J uB—a cos kudu = t zlnkt + 0(1/k8_a+1]
0
\
and
m B-a_.
I uB® cos kudu = 1r[‘(2—_a+1) cos 3 (B-a#l) - 1:Zs<—1nkt + O(l/kB_aﬂ) ,

73

where if o = B we may obviously omit the last term in both cases.

Proof. By integration by parts, we have

t B-a
J u cos kudu

_ [sinku uB-ﬂt , a+1-B J"/k B0 sinku o Jt S R
k 0 0 u w/k

~ B0 et , otl-B {[E)B-a rr/k sinku e s [1]8—01-1 Jn Cin kudu}

N k k k £ u k /K

8-a .
_t Zlnkt + 0(1/k8'°“’l)

where 0 = f =w/k<n <+t . The second formula is obvious by

*

m
2 " g _D(g-ov1)
p- Io u cos kudu = kB-Olﬂ cos (B-a+l) .

Proof of Theorem 1. We suppose O < a < 1 , because we can treat

a =0 or 1 more easily (see [3], [10]). Since

Ak(x)

o (T
= I ¢(t) cos ktdt
o

m t
= T JO cos k¢ IO (t-u) e (u)dt

m 2 i -
. JO iy L (8-4)™ cos kedtde_(u) |,

we have
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Z
z

k=i P p

n n-1

P P
n-k n-k-1 B-o c i< 7 <
- ]Akukk Ak(ac) (L=j<1=n)

m
I d‘i’ (u) _ﬂl—J (t-u) {5‘ P(n, k)Akuk cos kt}dt

d
|

E ]

ds_(u) ml——J (tu) G, (ns 4, 1, £)dt

o

E]

H (n; J, 1, u)d‘ba(u)
0

[HB—a(n; i, 1, u)@a(u)]g - Jﬂo' uP -;—u HB_a(n; Fs L, u){u_Béa(u)}du

T
= [ B (u) rvs g) B a(n; Js L, v)da
0
J P L (ny 4, 1 v)dvd{u_BtP (u)}
dv B o't Js s a

T
-11-8<1> (mI(ny 4, 1, w) + J I(n;, 4, L, u)d{u-sda (u)} .
a o a

B-a

If, in particular, we suppose that ¢(t) = ¢ , in which case

t
_ 1 a-1 B-a T(B-a+l) ,B
(8) = iy [ (™ - HE) o
and
_ T(B-a+1) T
Ae) = = poar cos g (Ban1)

we get d{t-s‘i’a(t)} =0 and

l Ak T
I(n; §, 2, m) =4 ¥ P(n, k) <3 cos 7 (B-av1) .
k=j

oo
If t_ denotes the nth (N, p ) meanof Y Ay nB% (z) , then by
n n o m n

(1.1) and the above calculations
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n \P P
-k n-k-1 B-a
t -t o= ¥ 2R B u kA, (v)
i n-1 k=1 Pﬁ Pﬁ—l ] Kk k
n AU T
=4 y Pln, k) Z;ck cos g' (B-a+l) + j

k=1
Since, by (1.5) and Lemma 3,
o |z Mty

3 Y P(n, k) 7 cos g (B-a+1)
n=1 'k=1

A

—k=]_ %

&Mk

0

to prove our theorem it is enough to show that

o T @

Y lt,-t, 1 <4 +J Y |In; 2, m, W]

n=1 0 n=1

cos _T2[ (B-a+1)

d{u_Béu( u )}

I(n; 1, n, u)d{u-Béa(u)} .

}: P(n, k) <4 ,

n=k

= 0(1)

Thus it suffices for our purpose to prove that, uniformly in O <u =7 ,

o

(2.1) J= Y |In; 1, n, w| = 0(x(2n/u))

n=1

We divide J into the following three parts:

21+1 ®
(2.2) 4= Y |In; 1,7, )| + ¥
n=1 n=21+2
= Jl + J2 + J3 s
say.

[Z(n; 2, T, u)]|

+

n=

)
2t

+2

[ I(n, 41, n, u)]

Using the first and second mean value theorems, we have
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u+t/k o, -
(2.3) h(w) = J + J (t-u)"" cos ktdt
u utm/k
u+m/k o o M
= cos k& j (t-u)""dt + (k/w) [ cos ktdt
u utn/k
(u <& =utw/k <n =7
_ ka—l a-1 . n
= (1_a)na_l cos kg + § {sin kt]u+n/k .
Thus
(2.4) By (05 3, 1, )
A
2 B-1]mcoskE . .
= ——"— % P(n, kK)A, %k { + sin kn + sin ku} .
ﬂlmr(l—d) k=j k" k l-0

Moreover, for some & (0 =17 < u) ,

I(n; 4, 1, u)

u
B d .
Jo v Hé_a(n, d, L, v)dv

u
uB JC é%-ﬂé_a(n; d, L, v)dv

uB[HB_a(n; J, L, U)]Ig .

Hence we get

B & B-1
(2.5) [Z(n; 4, 1, w)| = 4u"™ ¥ P(n, LR ATY
k=4
Using (2.5),
21+l n
(2.6) J o=l Y Y Pn, T
=1 k=1
21+l 2T+1
8 . B-1
= Au g Ahpk Y P(n, k)
k=1 n=k
2T+l
< 2..B -1
s 4P, ké‘l kBl = o(a(en/u))

by our assumptions and Lemma 3. For the same reasons,
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© T
(2.7) Iy auP Y Y P(n, kA

B-1
, ek
n=21+2 k=1 k'K

A

B « Bl
A Y ALuk Y P(n, k)
k=1 3 n=21t+2

= AuBATTB = o(x(2n/u)) .

For the calculation of J3 , We see

I(n; 4, 1, u)

u B
8 T
[P ytns . 2, 0)]
u

+ B TrvB'ldv 2 Tr(t-v)'mG (n; 4, 1, t)dt
N M (1-a) » B-a " ¥ 72

m
I(n; 4, 2, m) - J 2B ad;li (n; 4, 1, v)dv

In; 4, L, m)

B

I(ny; J, L, m) +u HB_a(n; Js 1, u)

28 [ (ny 4, 1, t)dt ’ B (t—v) Caw
7T (1-a) y B3 ds b u B

8

1]

In; 4, L, ) + uHB_a(n; Js T, u)

1 T
2B B-1 ~Q B-a L
* ey J W (1w)  dw J t GB-a(n’ d, 1, t)dt
u/m 0
(by the second mean value theorem, where u < 0 =< )
Ak

A
] il B .
A kgj P(n, k) % CoS 5 (B-a+l) + u HB-a(n’ Js 1, u)

/A
+ 0[ Y. P(n, k))\kukks_a_les_a sin ke] (by Lemma 4).
k=g

Thus, using (1.5) and (2.4), we have

B ~
2.8) J_ =<4 y . .
( ) 3 u {IGB l(n, 1, n, F,)|+|GB ](n, T+, n, n)l

+|5B J{ns 1, m, W)} 44 ) eB-ala
- n=21+2

B—a—l(n; T+1, n, 8)| + 4 .

Now we put
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Gins 3, 1, w) = z P(n, k)A,u, kYetkY
k=g

KMk ’
where Y=8-¢€-1 (=0 or a )and u<w<=<7 . Then, by (2.8), in

order to prove that J_ = O(A(En/u)) , it is enough to prove that

3
N
(2.9) o™t Y |6*n, w1, n, w) |
n=ore2 ¥

1A

N N
wY+l{ Z 'G*( n, T+1, m, (A)) , + Z IG*( n, m+l, n, w) l}
n=2t+2 Y mot+2 Y

K + X = o(M2m/u)) , as N »>w .

Now using Lemma 1, we get

[G*(n; 4, 7, w)| = Aw™ l[:P(n I 0 Y+P(n, 1)A

z“z
-1 (P P A M
n-k-1 n-k k
- SR (k)Y S e, k)A[ ] .
k=g [—ZZ_ } kel kel k=g Ky
Hence
1
N év B )A (1+1)Y g PP pmPrnm A Y
= Aw n, T+l M T+l + — s A um
n=21+2 . THLTTHL n=21+2 PnPn-l mm
il m p
+ z Z‘ n-k—l n—k A u (k+l)Y
n=2T+2 k=T+1 [ n-1 B, ) kTR
N
+ ¥ 5‘ P(n, k)Al k k)
n=27+2 k=T+1 k
y y X g Prom Y
SAw' A T Y P(n, 141) + Aum
™ este2 n=t1+2 Tno1
(#/2] vy o Ip p
AP )‘k+1“k+1(k+l)Y - ;_k
k=T+1 n=2k n-1 n
[¥/2] N
+ X [—"uk) Y P(n, k)
k=t+1 ‘&Y p=px
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N P N P N u
k-1 k'k
Y Zaum+ ¥ w,(k+1)Y + 0y A[——)
Zte2 Fn MM gt M2t Po-1 k=t LY

y+e Y+e
n' AU o k''TAu
< Y -€ nn ~-€ k'k Y
SAh, A |p T ) 5 Ap T Y e+ A, (A1)
n=t n k=t k

Ibecause {pn} and {)\kuk/k_Y} are non-increasing]

A

; Y] Y+H Y
Ary + Aw [T ATp_r/P_r + T )\21,)

o(x(en/u)}  (by (1.4) and I . ).

Finally, by P(n, k) = (Pnpn % Prln p k]/ P el > V€ get

)
Aw'*L Y ler

K, = (n, ml, n, w)l
2 n=2t+¢2 ¥
P
- agY*L v i Ppk Py n-k kY 1kw
= dw Z Z -~ PP 7< k
n=2T+2 |k=m+1 (" n-1 n n-
< agTtt g" 1 | Z p " kyeikm
n=2T+2 Pn—l k=m+1. n-k k k
N P n
Y LoPk k“kkY Lkwl
n=2t+2 n n-1 7'-m+l
. oaaYTl
= Aw [K21+K22]
say. Since {}‘kukkY} is non-increasing,
Y
. y Amumm Tkw
K21 = Z max Z p k
n=2v n-l m+l<isn k=m+l T
© Ay nl€ A vt
-€ nn p \Y _ Y+1
s AP v y —5= AP\) 5 = 0[\) )\T) ,
n=v n \Y]

by Lemma 2 and Condition (1.Lt), where v = [1/w] . Similarly,

N Py, Pn-m L 1k
K = Z F-P—‘ A max y p e |
22 epve2 “nine 1P mum m+12lsn 'k=m+l n-k
L AU mY
< 4P mE_<ap - AP - o[vy*lx ]
n=2+2 m Vo v T
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B8

For the case P-,, < An )‘n , the above estimations of Kl, K_ also hold

2

- -1l-¢
because, for example wY‘r E:pT = wYT

< Y <l 1
P = AlwT) )\T < A)\T . Collecting
these estimations, we obtain (2.9).

Summing (2.2), (2.6), (2.7), and (2.9), we obtain (2.1).
This terminates the proof of Theorem 1.

Now we consider some applications of Theorem 1.

COROLLARY 1., If o0<a=B8<1, Y=Z0, and

J: [log et"]Y|d{t‘6@a(t)}

then the series Z nP % (10g( n+1)]Y n(t) is summable

<00_,

|#, [1og(n+1))>‘/(n+1)l—6| at t=x , where A 20, 6-y>1 for a# B
and X+8-y > 1 for o =8. ’

We can restate Theorem 1 in the following form.
COROLLARY 2. Suppose that {wn} i8 a positive sequence such that

Pw /n 1is non-increasing, P w /ns)\ 18 bounded and
nn nn n

® nB)\n
(2.10) L % =077
k=n n
© P P
y §+§ cos%(B—oﬁl) <o (0=a=g=1)
k=1 k
o Py
hold. Then under the condition (1.6) we conclude that Y "Sn An(t) is
n=l n

summable |W, pn| at t=x. If P < AnB)\n , the right-hand side of
(2.10) is replaced 0(1) .
The next theorem is a special case of Corollary 2.

COROLLARY 3. Let {u,} be a positive sequence such that w /n'™

© vy
18 non-increasing and }‘ ? is convergent. If t~ éa(t) (0=a=1)
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«©

is a function of bounded variation in (0, m) , then the series ) wnAn(t)
n=1

is summable |C, a| at t ==z .

It is worth while to compare the results of Corollaries 2 and 3 with
those due to Dikshit [2], Kishore [4], Lal [5], Mehrotra (8], Mohapatra,
Das, and Srivastava [9], Prasad and Bhatt [12], and Vershney [13]. -

3. Proofs and corollaries of Theorems 2 and 3
We need the following lemmas, which are generalizations of Lemmas
3, 4, and 6 of Okuyama [17].
LEMMA 5. {(Pn_Ph k)/kl'a} (k =1, 2, ..., n) 1is a non-decreasing
sequence for 0 <a =<1.

Proof.

kl—a P _P

n n-k—l) - (k+l)l—a(Pn_P )

n-k

_ 4l l1-a 1-a 1-o
= {k - (k+1) }Pn -k Ph—k—l + (k+1) (E%-k+Pn-k-l)

v

(KT (5,08, 4 ) + o)), )

-k-1

@2 ) (1) {(es1) KO0}

Hence we have

E%_Pn k-1 Pn-Pn x ( ) a L0
XS X > (p-P {(k+1)%-k"}/(k+1) = 0 .
(k+l)l_a kl—a n n-k-1

LEMMA 6. Let {Apn} be non-negative and non-increasing; then
the sequence {(pn_k—pn)/kl-a} (k=1, 2, ..., n) s non-decreasing for
0=a=1,

This follows similarly to Lemma 5.

LEMMA 7. Suppose that - %/A(£)u(t) and EA(£)u(E) arve non-
decreasing for 0 =a <1 . If g(t) is a function of bounded variation
and
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38
Jo M%‘f_c_/_tl lg(t)|dt <

for some constant C > m , then the series

2 Ay le(8,) |
n=2 nt
converges, where en is a continuity point of g(t) such that

w/(n+l) = 6, < n/m, n=x2.

The proof runs similarly to that of Lemma 6 of Okuyama [17].
Proof of Theorem 2. We may confine ourselves to the case

O<a=B<1. When a# B, we only use A(t) = tB_a)\(t) instead of
A(t) . Since

A

T
Bk(a:) J Y(t) sin ktdt
0

|
SIS

1r
[‘l’l(t) sin kt]g - 1—2{ JO ¥, (£)k cos ktdt

e 2 (" os ktar ok [ (t-u)™Y (w)du
= TTOcos F—(mu -U au

2 m " -
= - m JO ‘y(l(u)du Jo (t-u) k cos ktdt N

(=]
we get for the nth (¥, pn) mean En of Y )\nuan(:x:) ,
n=1

o+
1

o2
1]

n
n ™ tno1 kgl P(n, k)AkukBk(x)

™ o n -
- Jo \ya(u)du sy Ju (t-u) Gl(n; 1, n, t)dt

(!
= - J Hl(n; 1,n, u)‘}'a(u)du .
0
Let 6  be a continuity point of Wa(u) such that

m/(n+L) = en <7w/m for m=1 . Then
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-] - . oo en m
(3.1) v |-t .| <4 I + J H(n; 1, n, w)¥ (u)du
o L e n=1 |[/0 0 1 &
n
=L, +1,,
say.
We define
Hl(n; 1, n, u) for 0 =uc< 6, »
e, (u) =
0 for 6 =u=mw.
n

Since Qn(u) =0 for n = 2T+l = w/u , vwe have by (2.3),

@ 21+1 |
Y ole] = ¥ e (w]
n=1 n n=1 n
2T+1 n a
s4 T T P, Nk
n=l k=1
21+l a-1 21+l
=4 kg kxkukk 2 P(n, k)
=1 n=k
2T+l
= 4TA 1

(¢ B8
u Y k
2T+l 2T+l %=1

o(x* I (en/wu(zn/u))
by Lemma 3 and the non-decreasing property of {kkkuk} . Thus, by (1.7),

we have

1A

T o0
(3.2) L jo v (] 519, u)]du

n=1

gl
< Alen/u)p(en/u) -
=4 [0 1o I\l’a(u)ldu <o,

Observing that
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U U T U v -
J h(v)dv J va (t-v)'_a cos ktdt—J va (t-v) " cos ktdt

5, 8, ®, %, %,
m u _ u u -
= J’ cos ktdt J (t-v) "% - J cos ktdt J (t-v) "dv
en en Bn t
T T
= - li j (t—u)l_(1 cos ktdt + 2 J (z-8 ]l-a cos ktdt
-Q 9 1l-a 8 n
n n
u
PR j (2-)17% cos ktdt ,
l-0 8
n

we get, by integration by parts and simple calculations

2k m ~ ok m T 1-a
~ al{1-a) Je h(u)‘l’a(u)du " om(1-0)T(1-a) {- je d‘i’a(u) J (t-u) cos ktdt
n n U
m 1
- ¥,(0,) Ie (t-en] =% cos ktdt}
n
2 m m
= T (1-a) Ue ¥ (u) J (t-u)™% sin ktdt
u
n
m -0
+¥,00,) Je (t-8)™" sin ktdt} .
n
Hence
£ Il e
(3.3) L, = I H(ny Z,n, w)d¥ ()| + Y |v.(6.)||E.(n; 2, n, &
2 n=1 en 0 o n;l G.( n)l 0( n) l
=lo * Ly s

say. Considering

—2
7Tl+0'r'(

(3.4) Z’O(n; ds L, u)
1-0) k=§

I3
Yy P(n, k))\kukka-l{i-% sin kg

- cos kn - cos ku} (see (2.3)),

we have
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710(11; Fs 1y u) = Z P(n, k-)kkuk K&t
k=g

Thus, using Lemmas 5, 6, and 7, we get by the same calculations as

those of I21 of Okuyama [17],
(s 223
(3.5) L,<4 ¥ ¥ ()] ¥ Pln, k)Auk
22 = O =] Kk
o A v (6,)]
< nn'at'n
< z — i <% -
n=2 n
Next, we shall estimate L21 . We define
o] for 0= u< Gn s
Rn(u) =
A A

Since Rn(u) =0 for n=7T-1< T/u-1, we have

3!
1A

SEN XTI A

IA

T o
Y R (u)[|d¥ (u)
JM:T'n |a¥ ()]

Hence, by (1.7), to prove the finiteness of L21 , it suffices to show

that, uniformly in 0 < ¢ 221w ,

(o]

LR

n=t

(3.6) M

= ¥ E(n; 1, n, w)] = 0(ua(2n/u)
n=t

We divide M in the following form:
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2T+l ®

T N EACTR ARSI ) | (ns 2, T, )]
n=t n=21+2
+ Y ﬁio(n; 1, n, u)|
n=21+2
= M1 + M2 + M3 »
say. Then
2T+l % o1
Mo=4 Y P(n, kK)A u k
1 net k=1 xk
T )‘kuk 2T+1 21+l Ak“k 2T+l
=4 Y PRy Y Pln, k) +4 ¥ 1o Y P(n, k)
k=1 k n=T k=T k n=k
T 2T+l
san. Y *laa Yookl - o[r"‘x ]
T k=1 2T+l k=T 21

Using (3.4) instead of (2.4), we may treat M2 and M3 by easier methods

than those used for J2 and J. in §2. Thus we have (3.6). Combining

3
(3.1), (3.2), (3.3), (3.5), and (3.6), Theorem 2 is completely proved.

Since the calculations to prove Theorem 3 are similar to those for

Theorem 1, we omit them.

Using Theorems 2 and 3, we obtain several corollaries which are

parallel to those of §2 or Okuyama's paper [11].
We shall show one of them.

COROLLARY 4, If o<a=<PB <1,

m Y
Jo t-l-B[log %"—) v, (¢)]dt < (or ¥ (+0) =0)

and

i Y+l
[ 5o 2] a1l <= |
0

then the series Y nB-a(log n)YB

n(t) i8 swmable |N, (log n)x/nl_sl at
n=2 ’

t =z, wiere 0 < Y+l < A
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