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Nilpotent measures on

compact semigroups

H.L. Chow

Let S be a compact semigroup and P(S) the set of probability

measures on S . Suppose P(S) has zero 0 and define a

measure W € P(S) nilpotent if W' > 8 . It is shown that any
measure with support containing that of 6 is nilpotent, and
the set of nilpotent measures is convex and dense in P(S) . A

measure M 1is called mean-nilpotent if

(b + TS un)/n + 6 , and can be characterized in terms of

its support.

Throughout this paper S 1is a compact topological semigroup such that
its minimal ideal KX(S) is a (compact) group. As is well-known, the set
P(S) of probability measures on S 1is a compact semigroup under
convolution and the weak* topology, [3]. For u, v € P(S) , we then have
[3, Lemma 2.11,

SuppuUv = suppuUsuppV ,

where suppd is the support of U , and so on. It follows that the

(normelized) Haar measure 0 of K(S) 1is the zero of P(S) . Then a

measure WM € P(S) is said to be nilpotent if un + 8 as #n >+« , and ve
denote by N the set of nilpotent elements in P(S) . In [2], the case
when KX(S) is a singleton has been considered; we established a
characterization of nilpotent measures in terms of their supports, and
examined the set N . It is the purpose of this note to obtain some

possible extensions of those results to the general situation.
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For a subset 4 of S or P(S) , let S(A) denote the closed
semigroup generated by A4 and K(S(A)) its minimal ideal. In case
A = {z} , we write S(x) for S(4) . Recall that K(S(x)) is a group

containing exactly the cluster points of the sequence {:cn}. , (see [4,

Theorem 3.1.1]). Now if A4 < P(S) , we write suppd = U suppu , where
u€4

the bar denotes closure; it follows that suppS(4) = S(supp4) , by the
same argument given in the proof of [Z, Lemma 3]. Moreover, the minimal

ideal of suppS(4) is K(suppS(4)) = suppk(S(4)) ; see (1, Theorem 51.
Let Ny = {u € P(S) : suppu D K(S)} , which is easily seen to be an
ideal of P(S) .

THEOREM 1. Ny <N ; that is, any measure with support containing

K(8) is nilpotent.
Proof. Take u € IVO and let T be the identity of the group

X(S{u)) . Then suppt © suppk(S(u)) = K(suppS(n)) = K(S(suppu)) = K(5) .
Hence supppt = suppusupptT = K(S)suppt = X(S) . On the other hand,

suppUT € K(S) since uTt € K(S(u)) . Consequently supput = K(S) . Since
K(S(u)) 1is a group, there exists v € X(S(u)} such that (ut)v =1 . It
follows, therefore, that suppt = supputsuppv = X(S)suppv = K(S) , since
suppv € K(S) . By virtue of Theorem 1 of [6], we see that T is the Haar
measure of KX(S) ; that is, T = 6 , whence K(S(u)) = {8} . This means

that the sequence {un} has only one cluster point 0 and so un >0,

that is y € ¥ , completing the proof.

REMARK. Equality need not hold in the theorem above. For instance
let S be the multiplicative semigroup of real numbers in the closed unit
interval with the usual topology. If &(%) denotes the Dirac measure at
% € S, clearly 6&(%) ¢ Iv\zvo .

COROLLARY 2. Let 1 € P(S) and suppu’ o K(S) for some positive
integer n ; then u €N .

Proof. In view of the fact that un € NO C N ,ve see U €N by

Lemma 2.1.4 of [4].
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THEOREM 3. The set No i8 convex and everywhere dense, and

suppNo =85.

Proof. The argument parallels that in [2]. First, taking

H, VEN ,welet T=tp+ (1-t)v for 0 < ¢ <1 . Then

0

sSuppt = suppU U suppv 2 K{(S) implies T € IVO 3 that is, IVO is convex.

To see that IVo is everywhere dense, let A € P(S) and consider

1 n-1 e . : :
- = + —_— .
A ) A for positive integers = It is obvious that A € IVO

and An > XA as n > ; that is, N. 1is dense in P(S) . Finally, for

]
any z € S, let w = %(6+5(x)) . Since x € suppw and w € Ny » the

result is immediate.

THEOREM 4. The set N 4is connected and everywhere dense, and
supplV = S .

Proof. By Theorem 3, No is convex and so connected. Moreover, IVO

is everywhere dense and N DO IVO , whence N 1is connected. The rest is

clear.

Note that N 1is convex when X(S) is a singleton, (see [2, Theorem
12]). But, in the present case, we can only establish the connectedness of
N .

2+ +77

+ .o
Given u € P(S) , it is known that the sequence [Lll_n__.k'_] must

converge to an idempotent measure L(p) with suppL(p) = K(S(suppu)) ,
[5]. The measure u is termed mean-nilpotent if L{u) =6 . Let M
denote the set of mean-nilpotent measures on S ; it is evident that
M>ON ; that is, a nilpotent measure is mean-nilpotent. That the converse
does not hold may be seen from the example below. .But first we

characterize mean-nilpotency in the next theorem.

THEOREM 5., Let w € P(S). Then w €M <if and only if
S(suppu) O K(S) .

Proof. To prove the "if" part, we note that S(suppp) D X(S) implies
K[S(suppu)) = K(8) , whence suppL(p) = K(S) . Accordingly, L(u) =6 ;

that is, p € ¥ . Conversely, since
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S(suppn) D K(S(suppu)) = suppZ(u) = suppd = X(S) ,

the "only if" part follows easily.
COROLLARY 6. If Wt enM for some n , them u €M .

Proof. Because S(suppu) DS (suppun] , We apply the previous theorem
to obtain the result.

COROLLARY 7. The set M 1is convex and everywhere dense, and
suppM = S .

Proof. We need only to show that M is convex. Take u, v € M and
let T =+¢tu+ (1-t)v for 0 < t<1 . Since

SUppT = SUppU U Suppv O SUPDHU

it follows that S(suppt) D S(suppu) D K(S) . This together with Theorem 5
gives T € M .

EXAMPLE 8. A mean-nilpotent measure is not nilpotent. Take the
group S = {a, e} , e being the identity, and let | = 8§(a) . Then
W €M since S(suppp) = S{a) =5 = K(S) , but p is clearly not
nilpotent.

When the group K(S) is a singleton, it can be shown that a measure
in P(S) is nilpotent if and only if mean-nilpotent, [2, Theorem 1L4], so
that nilpotency of measures is dependent of supports only. The author has
been unable to prove whether this carries over to the general case. That
is, given u, v € P(S) with suppy = suppv , if u € M , is it true that
v € ¥ also?
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