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Abstract. Due to the close distance to the Sun, solar radiation pressure (SRP) plays an impor-
tant role in the dynamics of satellites around near-Earth asteroids (NEAs). In this paper, we
focus on the equilibrium points of a satellite orbiting around an asteroid in presence of SRP in
the asteroid rotating frame. The asteroid is modelled as a uniformly rotating triaxial ellipsoid.
When SRP comes into play, the equilibrium points transformed into periodic orbits termed
as“dynamical substitutes”. We obtain the analytical approximate solutions of the dynamical
substitutes from the linearised equations of motion. The analytical solutions are then used as
initial guesses and are numerically corrected to compute the accurate orbits of the dynamical
substitutes. The stability of the dynamical substitutes is analysed and the stability maps are
obtained by varying parameters of the ellipsoid model as well as the magnitude of SRP.
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1. Introduction
Asteroids generally have small masses and irregular shapes compared to planetary

objects. As a good approximation, the asteroid can be modelled as a uniformly rotating
triaxial ellipsoid. When analysing satellite motion around an asteroid in the asteroid
rotating frame within this model, Scheeres (1994) shows that there are two types of
equilibrium points in the rotation plane, i.e., saddle points, which lie on the long axis of
the ellipsoid and are invariably unstable, and center points, which lie on the short axis
of the ellipsoid and their stability are closely related to the shape of the ellipsoid and its
rotation period.

For the near-Earth asteroid (NEA), solar radiation pressure (SRP) also plays an im-
portant role and has strong influence on the dynamics of an orbiting satellite. Morrow
et al. (2001) analyse the hovering points around the asteroid utilising SRP and Scheeres
(2012) presents two types of frozen orbits around the asteroid considering SRP. Under the
perturbation of SRP, the dynamical system becomes time-dependent and the equilibrium
points discussed by Scheeres (1994) no longer exist. They turn into dynamical substi-
tutes which form closed periodic orbits around the equilibrium points. In this paper, we
analyse those dynamical substitutes and their stability.
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2. Dynamical Model
The dynamical model is constructed in the asteroid-centered rotating frame, where

x and z axes lie along the longest and shortest axis of the asteroid, respectively, and
x − y plane coincides with the asteroid rotation plane. The three semi-axes are a, b and
c with a � b � c. The rotation period and angular velocity of the asteroid are T and ω.
For simplicity, the motion of the asteroid around the Sun is assumed to be circular and
coplanar with its own rotation and Sun-asteroid distance rs is fixed to be 1 AU. Thus
the dynamical problem is reduced to the planar case.

With the nondimentional length and time units taken as a and τ = ωt, the geometry
of the ellipsoid is 1 : b/a : c/a = 1 : β : γ and angular rotation velocity of the Sun is
ωs = 1 − ns/ω in which ns is the true rotation rate of the asteroid about the Sun. The
equations of motion (EOM) are

⎧⎪⎪⎨
⎪⎪⎩

ẍ − 2ẏ =
∂U

∂x
+ ε cos(ϕ + π)

ÿ + 2ẋ =
∂U

∂y
+ ε sin(ϕ + π).

(2.1)

The normalized magnitude of SRP is ε = νPσr2
s /(ω2ar2

s ) in which ν is the eclipse factor
and the cylindrical eclipse model is adopted, P is the solar pressure exerted on a satellite
at 1 AU and takes the value 4.56 × 10−6 N m−2 and σ is the area-to-mass ratio. The
solar position angle is ϕ = −ωsτ + ϕ0 with ϕ0 serving as the initial value.

The effective potential is the same as defined by Scheeres (1994),

U =
1
2
(x2 + y2) − δV (2.2)

where δ = μ/(ω2a3) in which μ is the gravitational parameter of the ellipsoid and V is
the potential of the ellipsoid obtained from the integration

V =
3
4

∫ ∞

u

φ(x, y, z; v)
dv

Δ(v)
(2.3)

in which

Δ(v) =
√

(1 + v)(β2 + v)(γ2 + v), (2.4)

φ(x, y, z; v) =
x2

1 + v
+

y2

β2 + v
+

z2

γ2 + v
− 1, (2.5)

and

φ(x, y, z;u) = 0. (2.6)

3. Dynamical Substitutes and Stability
With the SRP taken into account, Eq. 2.1 becomes time-dependent and equilibrium

points no longer exist. These equilibrium points turn into dynamical substitutes, which
are periodic orbits around them. Obviously, the period of the dynamical substitute Td

should be equal to that of the additional term arising from the SRP, i.e., 2π/ωs . We
mainly focus on the dynamical substitutes for the center points in our following study.
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3.1. Dynamical Substitute

When SRP is small, the dynamical substitute orbits close enough to the equilibrium
point and we can solve for the approximate solution of the dynamical substitute from
the variational equations

{
ξ̈ − 2η̇ = pξ − ε cos ϕ

η̈ + 2ξ̇ = qη − ε sin ϕ
(3.1)

where p = ∂2U/∂x2 and q = ∂2U/∂y2 with respect to the center point (xE , yE ). The
solution is

{
ξ = A1 cos ϕ + B1 sin ϕ

η = A2 cos ϕ + B2 sinϕ
(3.2)

and the coefficients are generally

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A1 =
q − 1

pq + p + q − 3
ε

B2 =
p − 1

pq + p + q − 3
ε

A2 = B1 = 0.

(3.3)

when the condition pq + p + q − 3 �= 0 holds. The constraint functions for the dynamical
substitute are generally ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

x(Td + t0) = x(t0)
y(Td + t0) = y(t0)
ẋ(Td + t0) = ẋ(t0)
ẏ(Td + t0) = ẏ(t0).

(3.4)

We adopt differential correction method to numerically solve the constraint functions
Eq. 3.4 for the initial state of the dynamical substitute with⎧⎪⎪⎪⎨

⎪⎪⎪⎩

x(t0) = xE + ξ(t0)
y(t0) = yE + η(t0)

ẋ(t0) = ξ̇(t0)
ẏ(t0) = η̇(t0)

(3.5)

serving as the initial guess. We generally require the discontinuity between the final and
the initial states does not exceed 10−11 in nondimensional unit. The initial guess is only
valid for small SRP perturbation. For the larger SRP, we obtain the dynamical substitutes
through continuation method. Figure 1 shows a family of dynamical substitutes under
the effect of increasing SRP. The red ellipse in the figure represents the x− y projection
of the ellipsoid.

3.2. Stability of Dynamical Substitutes

We analyse the stability of the dynamical substitutes by evaluating the eigenvalues of the
associated monodromy matrix. For the periodic dynamical substitute, the monodromy
matrix is defined as the state transition matrix (STM) over one period. Generally, the
eigenvalues of the monodromy matrix come in pairs which are conjugate as well as
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Figure 1. A family of dynamical substitutes. The red ellipse is the projection of the ellipsoid

reciprocal to each other. For stable dynamical substitute, eigenvalues take the form

e±ik1 , e±ik2 (3.6)

in which k1 and k2 are real and all the modules of the eigenvalues are equal to one. For
the unstable dynamical substitute, eigenvalues take the form

λ,
1
λ

, e±ik (3.7)

in which λ and k are real and |λ| > 1 or

λ, λ,
1
λ

,
1
λ

(3.8)

in which λ is complex and |λ| > 1.
For our dynamical model (Eq. 2.1), there are four free parameters, i.e., β, γ, σ, T . With

each pair of (β, γ), the selection of a pair of (σ, T ) will yield one dynamical substitute.
We search the parameter space of (σ, T ) to obtain the stability map of the dynamical
substitutes for certain ellipsoid shape (β, γ), which we select four pairs, i.e., (0.9, 0.6),
(0.8, 0.6), (0.7, 0.6) and (0.6, 0.6). Fig. 2 shows the four stability maps. The blue and
red regions corresponds to the parameter space where the dynamical substitute is stable
and unstable, respectively. The white space left is the parameter space where either the
dynamical substitute intersects with the ellipsoid or the corresponding center point lies
inside the ellipsoid, the case when we assume the dynamical substitute no longer exists.

One unique feature in all four stability maps is the red gap in the stable blue regions.
We specially designate the rotation period where the base of the gap lies at the “resonant
rotation period” for which the values are listed in Table 1. At this rotation period, the
smallest magnitude of the SRP is needed to achieve the transition for the dynamical sub-
stitutes from stable state to unstable state. This is due to the effect of the 2:1 resonance
between the frequency of the external SRP ωs and the intrinsic frequency of the center
point.
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Figure 2. Stability maps of dynamical substitutes of different ellipsoid shapes. The blue and red
regions corresponds stable and unstable dynamical substitute, respectively. The white regions
left is the parameter space where either the dynamical substitute intersects with the ellipsoid
or the corresponding center point lies inside the ellipsoid

Table 1. Rotation periods for different shapes of ellipsoid

Ellipsoid shape (β : γ) Critical rotation period (h) Resonant rotation period (h)

0.9:0.6 4.56 5.05

0.8:0.6 6.39 7.65

0.7:0.6 8.18 10.18

0.6:0.6 10.05 12.77

Another feature is that there exist these blue stable regions in all four figures where
the rotation periods are smaller than the corresponding “critical rotation periods”, be-
low which the center points become unstable. This indicates that for ellipsoids with
certain rotation periods, we can actually find the stable dynamical substitutes for the
corresponding unstable center points.
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4. Conclusion
We model the asteroid as a uniformly rotating triaxial ellipsoid, and considering the

effect of SRP perturbation, we compute families of dynamical substitutes, which are
equivalent to the equilibrium points in the time-invariant dynamical system.

Different geometries and rotation periods of the asteroids as well as the magnitudes of
the SRP perturbation are taken into account and how those factors influence the stabil-
ity of the dynamical substitutes are investigated and shown in the stability maps. Two
features clearly stand out: one is the steep drop at the resonant rotation periods when
the smallest magnitude of SRP is needed for the stability transition of the dynamical
substitutes; another is the existence of stable regions for dynamical substitutes of aster-
oids with rotation periods below the critical rotation period when the associated center
points become unstable.

To better understand the dynamics of equilibrium points and dynamical substitutes
of asteroid modelled as ellipsoid, future work should extend the numerical computation
to 3D case and the effect of out-of-plane SRP perturbation needs to be accounted for in
the dynamical model.
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