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1. Introduction. In a recent paper [6], this author has extended the method of the kernel
function [1] to the boundary value problems of the generalized axially symmetric potentials

o*u d*u kou
7+6_y2+;$_0 (k>0,y>0).
This method can also be applied to a more general class of singular differential equations,
namely )
%u u 2udu 2vou
Llul= u_ v, 1.1
e AT AT T (b, v>0,%>0,y>0), 4D

or, equivalently,

ou\ @ ou '
L[u Zuy2y )+—(x2“ 2"——)=0 ,v>0,x>0,y>0). 1.1y
[u] = ( ) T\ 5 V5 (u y>0) .1

We shall‘ derive in the sequel explicit formulas for the Dirichlet problems of (1.1) in the
first quadrant of the x-y plane in terms of sufficiently smooth boundary data, and obtain
an error-bound for their approximate solutions. We shall also indicate how the Neumann
problem can be solved.

2. The kernel function. We introduce the following notations, where P=(x,y) is d
point in the x-y plane, and R is an arbitrary fixed positive constant.

D={P:x*+y*<R*, x>0,y>0},
Cr={P:x*+y*=R%* x20,y =0},
I,={P:0<x<R,y=0},
—{P:x=0,0<y<R)},
= CpuI',UT,,

s = the arc length on C, and n = the exterior normal on C.

Then we have the following Green’s formulas for two regular functions u(x, y) and
v(x, y):

J] vL[u]dxdy = —fj x*#y?u v +u,v,]dx dy+f x"‘y"v ds Q@.1)
D

H (vL[u]—-uL[v])dxdy = J X2 y“( Z: —u %) ds. 2.2)
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Let u be a solution of (1.1). Then, from (2.1), we have

0
E{u,v} = Ji[ x#y?[u, v +u,v,]dxdy = j xz"yz“u—uds. (2.3)
D c on
In particular, forv =1,
f xz”yz'a—uds =0. (X))
c an
Let #(D) be a class of functions satisfying (1.1) in D, such that
E{u}=E{u,u} <o (2.5)
and
J x2#y?y ds = 0. (2.6)
¢

Then || u|| = E {u}!/? represents a Dirichlet norm or D-norm for the class #(D) and any
nontrivial element in #(D) must be a non-constant function. It is known [4, 5] that a

complete set of solutions of (1.1) regular at the origin, when expressed in polar coordinates,
is given by

£ (r, @) = p2P= 2= 1) (1 _25in? §),
where n is a positive integer and P&*#(x) is the Jacobi polynomial of degree n. This set of
functions is orthogonal with respect to the D-norm over the domain D and can be normalized
to

un(r, 0) = [cn.v— 1/2,n— 1/2] - llzran_zn—‘v_”Psv— 1/2.8- l/2)((:05 20)9 (27)
where
. = I'(n+o+DI(n+B+1)
mel T Qnta+ B+ DIMT(n+a+p+1)

The orthonormal property of u,(r, 6) is deduced from the following formula for Jacobi
polynomials 8, p. 68]:

(2.8)

1
f (L=x)*(L+xyP[PEB(x)]* dx = 22" 8+ 1n~ ¢, 5. 9
-1
Let P =(p, ¢) and Q = (r, 6) be two arbitrary points in D. Define
K(P, Q) =K(p, §; 1,6) = ¥, ur(p, O)ur(r, )

o]
—1,2n 2np-4n—2u—2
= Zl[cn,v—l/z,u-I/Z] retp "R AR
n=

X PO 12m=1/2)(co5 20) P~ 1124~ 1) (cos 24). (2.10)
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Using a classical inequality for Jacobi polynomials [8, p. 168]
max |P&P(x)| ~n® for g =max(a, B)= —1/2

-1s5x51
and the asymptotic expansion for the Gamma function, we see that the series (2.10) is domi-
nated by the series

Y. Ar¥"p?"R™42"1 for q=max(v—1/2, u—1/2), (2.11)
n=1

where A is a constant independent of n. Hence the series (2.10) converges uniformly if either
P and Q lie in any closed subdomain of D or Q is in Cy and P is in any closed subdomain of D.
In addition,

u(P)=E{K(P,Q), u(Q)} (PeD). (2.12)
We shall call K(P, Q) the kernel function of the class # (D) with respect to the metric E.

3. Dirichlet problems.
DEerINITION. A function f(x) defined on —1 < x £ 1 is said to belong to the class L if

n/2
(A) J cos?* §sin?* f (cos 26) df = 0,

0
and

(B) f(x) can be expanded into a uniformly convergent series of Jacobi polynomials, i.e.,

100 = 3 a,PEo) (3.1)
where "
a,=[2*"#+1n" Yenapl ™! fi (1 = x)*(1 + x)°f (x) P@P)(x) dx. (3.2)
REMARKS. 1

1. Condition (A) implies that @, = 0 for any f(x) in L.
2. Let g = max(a, f) =2 —1/2 and let p be a positive integer greater than or equal to
2g+2. Then f(x) satisfies condition (B) if f(x)e C’[—1, 1]. (See [7, p. 301].)

We want to determine a function u(P) in (D) such that
lim u(P) = £(Q), (3.3)
P-Q

where Q is a point in Cy and f(x) is an element in the class L. This problem will be called the
Dirichlet problem.

The representation formula for the Dirichlet problem can be obtained formally from
(2.12) as
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n/2
u(P) = E{K(P, 0), u(Q)} = Rz"“"ﬁf cos2#0sin?" OF (p, ¢; r, 6) f(cos 26) do, 3.4)
0 .

by putting u(Q) = f(Q) = f(cos 26) and
0K

F(P,Q)=F(p, $;R,0)= 5 o

0
—2p-2v- —1,2np-2
= lenR #B  eny-1j2,u-12] TP TRT
o=

x PU=1/28=1/2) o5 20) P~ 1/2:8=1/2)(cos 2¢h). (3.5)

Using the classical inequality for Jacobi polynomials and the asymptotic expansion for
the Gamma function, we can readily show that F(P, Q) and its partial derivatives converge
uniformly for P in any closed subdomain of D, and u(P) represented by (3.4) is a solution
of (1.1). To show (3.3), we note that, from our hypothesis,

f(cos20) = 3 a, Py~ 12"~ 12 (cos 20), (3.6)
n=1

where a, i$ given by (3.2). Foreach 8 = 8,,0 < 0, < n/2, the series (3.6) is a convergent series
of constants. Then, by Abel’s theorem, the series

Y a, t"P{ 2= 12) cos 26,) 3.7
n=1

converges uniformly for 0 £¢< 1. The condition (B) implies the uniform convergence of
(3.7) for all  with 0 £ ¢ <1 and 0 with 0 £ 0 < n/2. What we need to show is that u(P)
defined by (3.4) can be written as (3.7) with ¢ = p%/R2.

Let Pe D, (a closed subdomain of D). Then

n/2
u(p, §) = Rz"”"“.[ sin?" f cos?* Of (cos 20)F(p, ¢; r, 0) dO
0

o0
= Zl 2”[Cn.v- 1/2,5- 1/2]_ 1Py 2= l/2)("-705 2¢)
n=

/2
X J cos2* B sin?" §f (cos 20) P{* ~ /2= 1/ (cos 26) 6.
0
As p—> R, we have (3.3). The interchange of integration and summation is valid because of
uniform convergence of (3.5) in D,.

We summarize our result as

THEOREM 1, Let f(x) belong to the class L. Then there exists a solution of (1.1) given by
(3.4) and (3.5) such that u(R, ¢) = f(cos 2¢).

The series (3.5) can be put into closed form by means of the formula for the generating
function of Jacobi polynomials. Explicitly, we have
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F(P,Q)=F(p, ¢; R, 0) = (t._I)R-ZM-Zv—l(\/t)—”—v_l.

*d cos(v—pww
g o dk| {k*—(a*+2abcos y+ b }r*+"/2

kz’(“"‘béOSX)z el I pHvi1
X (kz_—m sin 4 dx, (3.8)

where o is the acute angle (positive or negative) such that

_ ksinyv/k?—(a®+2abcos y + b?)

tw = )
cote k%cos y—~(a+bcos )} (b+acosy)

3.9)

where a =sin¢sin®, b =cospcosh, t = p*/R?, k= [t"V2+1Y2))2. For details, we refer
to the paper of G. N. Watson [9].
When we put u = v = o, (3.8) is simplified to

F,(P,Q) = (t—l)R"“’"n"t""”’J 2ko[k® —(a%+2abcos x4+ b?)] 7" 'sin?* "y dy. (3.10)
(0]

We observe that F,(P, Q) is of constant sign whereas F(P, Q) is not for arbitrary values
of u and v. Hence, if we consider the particular case of equation (1.1) for which p = v =g,
ie., :

*u  0%u 10u 10u
LR W G P 0, x>0, y>0), .
(e %) 0 @>0x>0>0 (.11)

a stronger result on the Dirichlet problem can be obtained.

THEOREM 2. Let f(cos20) be a continuous function defined on 0 £ 0 < =2 and satisfying
the condition (A) of the class L. Then there exists a solution of (3.11) given by

/2
u(p, §) = R“"“f sin?? @ cos2° OF (p, ¢; R, 6) f(cos 26) df (3.12)

(o]

sych that
lim u(p, ¢) = f(cos 2¢). (3.13)

Proof. 1t is clear from Theorem 1 that u(p, ¢) is a solution of (3.12). We need only to
show (3.13). Firstly, we note that

x/2
1 = R%* ‘j sin?* @cos*>? OF ,(p, ¢; R, 8)dO 3.19
0
on account of orthonormal property of the functions u,(r, §) defined by (2.7) and the uniform
convergence of F,(P, Q) for P in any closed subdomain of D.
Let Qg = (R, ¢,) be a fixed point in Cp, so that 0 < ¢, S n/2. Lete > 0 be given. Then
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there exists a § > 0 such that |f(cos26)—f(cos2¢,)| < &/2 for all §in S, = {6:]6—¢,| < &}
On the other hand, for all 0 in S, = [0, n/2]—S,, the function F,(P, Q) — 0 uniformly as
P - Q,. Hence, for all P such that | P—Q,| < 6, < 4, we have

R“"“I F,(p, ¢; R, 0)sin?* Ocos?° d0 < /4M, (3.15)
S2

where M = max | f(cos20)|.

050sn/2

Thus we have

/2
f R** 1 5in? 0.cos OF (p, ¢; R, 0)[ f(cos 26)— f(cos 26)] do|

o

|u(p, §)—f(cos2¢0)| =

On splitting the integral into two parts S; and S,, and applying (3.14) and (3.15), we have

|up, ¢)—f(cos2¢,)| < & for all P such that | P—Q,| < 5.
We may obtain approximations to the solution of the Dirichlet problem by taking a
finite number of terms in the series (3.5). Let

N
FN(p’ ¢; Rs 0) = Zl 2nR—2n-2v—l[c",v_1/2"‘_1/2]—1
X p2"R AP =112:=1/2) (co5 20)PL 124~ 12)(cos 29). (3.16)
Since
max |P{T12#71(x)| = T(n+q+1)/T(n+1)(g+1)

-18xs1

for g = max(v—1/2, p—1/2) = 0, we have
| Fp, ¢; R, 0)—Fx(p, $; R, 0)|

< i 2R_2“_2v_1(2n+u+v)F(n+1)F(n+u+v) T(n+q+1) z(p/R)z,,
A Tn+p+1/T(n+v+1/2) | T(n+DI(g+1)
SOR™H-WTIRNHL (3.17)

where p2/R? £ v < 1, and K is the sum of the convergent series

2 (2p+2N+pu+v+ DI+ N+2)[(p+ N+ pu+v+ DTN +p+q+2))?
e T(p+N+p+3/T(p+N+v+3/2)[ (p+N+2)[[(g+ D]

(*[R*).
Thus we have the following theorem.

THeOREM 3. Let f(cos 20) satisfy the hypothesis of Theorem 1,and max | f(cos26) | =M.

050512
Then the error in using the approximating kernel Fy(P, Q) in Theorem 1 is bounded by KMny
for those points P in the closed subdomain Dy = {(p, $): p*/R* S 0,056 £ ¢ S n2-6).

N+1
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REMARk. Bergman and Herriot [2] obtained a numerical solution of boundary value
problem for the equation u,,+u,,—C(x, y)u =0, C > 0. Their method can also be applied
to our case by considering the kernel Fy(p, ¢; R, ) in the representation formula.

4. Neumann problems. The Neumann problem is to determine a function in (D) such
that its normal derivative assumes a given function on the boundary C;. The representation
formula for the solution of the Neumann problem is also given by (2.12),

u(p, ¢) = u(P) = E{K(P, Q), u(Q)} = E{u(Q), K(P, 0)}

n/2
- R2p+gv+1j cos?*0sin?" 0K(p, ¢; R, 0)f(cos 20) do, 4.1)

0o

where

K(p’ ¢; R’ 0) = Zl [cn,v_”2'”_”2]-lpan—Zn—Zu—Zv.
« P V2= 1) (cog 2$) PG~ 1/24= 1120 26). 4.2)

We shall state the main results here and omit all the details since the approach and
arguments are essentially the same as in the Dirichlet problem.

THEOREM 4. Let f(x) belong to the class L. Then there exists a solution of (1.1) given by
(4.1) and (4.2), such that

[ o, 9) _

PR 0

f(cos2¢).

THEOREM 5. Let f(cos26) be a continuous function defined on 0 < 0 < n/2 and satisfying
the condition (A) of the class L. Then there exists a solution of (3.11) given by

nf2
u(p, ¢) = R“"“I cos?? 0sin?? 0K ,(p, ¢; R, 0) f(cos 26) d0, 4.3
o
such that
tim 24229 _ 1cos2),
p—R 6/’
where

® (n+6)(n)(n+20)

Ko, #: R0 = 3 “Fnror 1D

p2"R ™28~ 2VC(cos 2¢)C%(cos 20)

and C3(x) is the Gegenbauer polynomial of degree n.

As in the Dirichlet problem, we can get an approximate solution by taking a finite
number of terms in K(P, Q). However, we shall not go into details for the estimates of its
error-bound.
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