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LIE ALGEBRA AS A UNIFYING 
CONCEPT IN MODERN PHYSICS 

BY 

EDWIN IHRIG 

ABSTRACT. Lie algebras, in the form of algebras of observables, 
play an essential role in the formulation of classical and quantum 
mechanics. We discuss whether lie groups play a similar role in 
general relativity through the holonomy group. We also explore 
what interrelations these ideas provide between classical physics, 
relativity and quantum physics. 

1. Introduction. Groups have played an important role in the development 
of physics. Since simple physical problems often enjoy symmetry which is 
independent of the mathematical models used to represent them, it is not 
surprising to find that symmetry groups are useful in very diverse theories. 
Thus in quantum mechanics the problem of the motion of non-interacting 
electrons around a nucleus can be solved by using the representation theory of 
0(4) [24], the symmetry group. In general relativity the problem of finding the 
motion of non-interacting planets around a star can be solved with the help of 
the restrictions placed on the gravitational potentials by the symmetry group 
0(3) x U [22]. Of course the methods of using the symmetry groups in these 
two cases are quite different because the mathematical formalisms are so 
dissimilar. One of the appealing aspects of symmetry groups is that their 
applicability does not depend on the type of mathematical model used. 
However they have the limitation that they only are useful in simple non-
realistic problems. Also their most important limitation is that they serve only 
as a mathematical tool for solving equations of state, and they do not seem to 
play an essential role in the formulation of the physical theory. 

In quantum mechanics there is another group that enters in a more funda
mental way than do symmetry groups. This group occurs by way of its 
associated lie algebra. In both classical mechanics and quantum mechanics the 
observables can be seen to form a lie algebra (see the appendices for a brief 
outline of the relevant features of these theories). The equations of state 
governing the time evolution of observables can be formulated completely 
within these lie algebras. Thus lie algebras play a fundamental role in the 
foundation of these subjects. 
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Moreover the lie algebra of observables in quantum mechanics can be 
exploited to clarify and solve problems that would be otherwise intractable. In 
considering complicated physical systems many observables enter into the 
theory. For example in an atom, nucleus or crystal there are 3n position and 3n 
momentum observables where n is the number of particles. However, only a 
certain few collective observables which give general measures of the state of 
the whole object in question are of interest. The problem in which all possible 
observables are included is intractable. However if the collective observables 
form a subalgebra 8 of the algebra of observables and if the equations of state 
are well defined on this subalgebra i.e. 

[ H , 8 ] c « 

(see A2.5) then one may remove all the other extraneous variables from 
consideration. As the states in quantum mechanics are rays in a Hilbert space 
on which the lie algebra of observables acts, one then needs only to study the 
irreducible representations of 8 which occur in the usual quantum mechanical 
representation to be able to construct a quantum theory of collective motion. 
Several models of collective motion have been well known (for example the 
rotational and liquid drop models [3], [4]), but it has not been known how to 
relate these models to quantum mechanics. Algebraic formulations of these 
models in the manner described above have been given by Rosensteel et. al. 
(see [18], [20] or [21] for details). This provides a theoretical justification for 
existing models, and it also enables the further development of existing models 
and the creation of more comprehensive models (see [18]). As an example of 
the further development that is possible, the quantum justification of the Bohr 
model gives, for the first time, an expression for the kinetic energy which is 
correct under all circumstances [19]. So quantum mechanics is endowed with 
an algebraic structure which plays an important role in the foundation of the 
theory as well as in the solution of practical problems. 

In this paper we would like to discuss the possibility of there being an 
analogue to this algebra in general relativity. As general relativity can be 
considered a classical system with additional structure, the classical algebra of 
observables is still present. However its practical usefulness is lost in that there 
is no preferred finite dimensional subalgebra, such as the Heisenberg subalgebra 
in quantum mechanics (see A.2.3), due to its coordinate invariant formulation. 
Even the full algebra of classical observables is of questionable theoretical 
importance because the connection between this algebra and the fundamental 
physical quantities (the metric and curvature) seems very tenuous, if present at 
all. 

However there is a natural group present in relativity—the holonomy group. 
We will consider its relationship with the metric, and discuss whether it can 
provide any further insight into the structure of relativity. We will also explore 
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relationships between this group and the algebra of observables. Perhaps the 
results indicated may serve to suggest that the holonomy group has theoretical 
importance in relativity comparable to that of lie algebras of observables in 
quantum physics. In fact, it may turn out that this group will provide a means 
for forming a unified picture of classical, quantum and relativistic physics. 

The appendices are provided to give a brief self-contained presentation of 
the aspects of modern physics we will be concerned with. More details may 
be found in [1] (classical mechanics), [6] (quantum mechanics) and [17] 
(relativity). A general knowledge of differential geometry ([9], [15]), and lie group 
theory ([2], [14], [16]) is assumed. 

2. The holonomy group in general relativity. We would like to explore 
whether the holonomy group plays any special role in the foundations of 
relativity. A general knowledge of differential geometry ([9], [15]), and lie 
group theory ([2], [14], [16]) is assumed. 

2.1. DEFINITION. Let (M, g) be a spacetime. 
(a) If y is a path from m0 to mx and v e T^Af) let yTv e Tmi(M) be the 

result of parallel transport of v along y using the connection V associated with g. 
(b) The holonomy group #m is defined by </>m ={yT/y is closed path from m 

back to itself}. Sometimes just <\> will be used when the base point is not 
important. 

The holonomy group is a lie group and forms a subgroup of the lorentz group 
0(3,1) because 

g(yTv, yTw) = g(v, w). 

This is due to the fact that Vg = 0. The first question that should be resolved is 
whether the holonomy group embodies all the structure in a spacetime. In other 
words we must ask whether the holonomy group determines the metric. The 
answer is yes in a certain sense, as long as the generic situation in which the 
holonomy group's identity component is that of the full lorentz group is 
considered. If there are two metrics g and g' such that yT = yV for any loop 
from m to itself (m fixed) then g = Kg' where K is a constant (see [10] 3.5). As 
the constant K has no effect on geodesies, g and g' produce the same physical 
picture. An interesting offshoot of this idea is that under certain generic 
conditions the Riemann curvature tensor R\jk also determines gtj to within a 
constant conformai factor ([10]2.2). This arises from the fact that the set 

{R(x,y)/x,yeTm(M}} 

generates a sub lie algebra of the lie algebra of <£ under the usual product 
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[A,B] = AB-BA where AyB:Tm(M)-^Tm(M). Under generic conditions 
this subalgebra is the whole lie algebra of <f>, and since the lie algebra of a 
group determines that group's identity component (at least to within a cover
ing), this theorem is quite natural. However this theorem is not strictly a 
corollary of the first theorem because the first result requires more than 
knowledge of what the holonomy group is but also knowledge of the corres
pondence between paths and holonomy elements. A striking aspect of this 
uniqueness theorem is that it is constructive. It permits one to find giy from R\jk 

by solving a first order linear equation in one unknown function. This is a 
considerable simplification of this problem in that the curvature is a non-linear 
second order function of the 10 metric functions giy. Of course these results 
would be more interesting if they could be extended to Ric since Einstein's 
equations (see A 3.3) essentially specify Ric in terms of a given energy tensor 
T. A partial result (see [11] 4.4) is available, however the basic question of 
whether Ric determines &, and if so, how, remains unsolved. This question in 
itself is very fundamental in relativity and the light the holonomy group sheds 
on it is an indication of the group's potential significance to the field. 

We have seen that just as the lie algebra of observables can be used to 
determine the physical states, so too the holonomy group can be used to 
determine the metric and thus the geodesies which are the physical states in 
relativity. A natural question that arises is whether the group structure is 
significant, exp gives a correspondence between every lie algebra element and 
every group element in the identity component. Thus we are asking whether 
the holonomy group may not be connected, and if so whether this has any 
physical significance. To answer the first question we produced a series of 
models for which the holonomy group is Z—a discrete group (see [12]). These 
models are locally flat (K{/k= 0 everywhere). In these models one discovers that 
light following certain paths will become redshifted. In fact this redshift can be 
associated with the holonomy group. If one then considers a generic sub-
collection of the collection of models for which this type of redshift effect is the 
only one present, one is able to find the distribution of these redshifts 
(see [13]). It has several unusual properties. One is that the distribution is 
discrete. This arises from the fact that these redshifts are associated with </>/<£ ° 
where <$>° is the identity component of (f>. Another is that the effect is strongest 
in one spatial direction and its antipodal direction. Thus this gives rise to 
an unusual new type of redshift effect. Certain physical objects, quasi-stellar 
objects, may have some of these characteristics ([15]). Whether they do or not, 
0's group structure provides a new tool in understanding the nature of redshift 
in relativity, and in the process gives a fuller understanding of the complete 
gamut of redshifts possible in this theory. It is also interesting to remark that 
this particular application has physical importance that reaches beyond under
standing redshift phenomena. It provides us with an observational way of 
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detecting that the universe has non-trivial topological structure. If such a 
discrete distribution of redshifts were observed then space could not be simply 
connected. This is so because there is a map from ^ ( M ) to <f>l(f)0 (a closed loop 
y goes to the class of 7T). Since this map is onto and $/<£0 is not 0 (in fact it 
can not even be torsion) rr^M) can not be zero. Since the relationship between 
the topological structure of the universe and locally observable phenomena is 
very subtle indeed, there are very few ways known of actually detecting what 
the universe's topology is. Detecting information about the fundamental group 
is even more difficult in so far as almost all physical quantities known are 
invariant under local isometries such as covering projections. In so far as this 
effect may shed light on the observability of topological structure, it plays a 
significant role in the foundations of relativity. Thus the whole group <£, and 
not just its lie algebra, does have physical importance. 

However, the most central question is whether the holonomy group has 
some relationship to the lie algebra of observables. There is in fact a connec
tion which we are now starting to explore. The holonomy group (as well as the 
full lorentz group) at a point m acts on Tm(M). This action can be made into 
an action of a neighbourhood of m in M using the map expD to identify 
vectors in Tm(M) with points in M (exp° will denote the exp of differential 
geometry). Thus each element in the lie algebra of <f) gives rise to a local vector 
field in M which is the lie derivative of this action. A vector field v on M is a 
special kind of classical observable; that is, v maps P = T*(M) into R simply by 

v{6)=0(v) 6eP 

Thus each element x of the lie algebra of the lorentz group at the point m 
(denoted lm) has a local classical observable i(x) associated with it. We 
summarize this in the following definition. 

2.2 DEFINITION. Let x e lm, the lie algebra of the group 

Lm = {A | A : Tm(Af) -» Tm(M) and g(Av, Aw) = g(v, w)vv, w} 

then 
i (x ) :P=T*(M)-+R 

is defined by 

i(x)6 = e(D(txpD)(Z | ( e x p txU | . - o ) i ^ ) ) 

where & is a linear coordinate system for Tm(Af). 
Notice that i is a one to one lie algebra homomorphism into the algebra of 

vector fields. Let us look at the case M = R 4 with the metric ds2 = 
dx2 + dy2 + dz2-dt2 (Minkowski space). Then UneM^'m) is a finite dimen
sional lie algebra. Its group is the Poincaré group, the group of all trans
formations from R4 to itself that preserves x2 + y2 + z2-f2. It is the lorentz 
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group plus transtations. The generators of the lorentz group give rise to the 
angular momentum observables x^-x^ ijVO and x0Pi + *iPo- The 
generators of the transtations give rise to the momentum observables pt. Thus 
we see that the metric structure on Minkowski space allows us to pick out the 
appropriate momentum and angular momentum observables. With this infor
mation the position observables could be extracted using the fact that they are 
'canonically conjugate' to the momentum i.e. 

{xi,pJ}=ôij 

Thus the metric has provided us with sufficient information to find the 
appropriate kinematical observables. This gives us a precise way of using 
general relativity to find the finite dimensional subalgebra of observables which 
is necessary to formulate a quantum mechanical system. 

In the case of a general spacetime the map i manages to define angular 
momentum about the point m. This has been done previously only with the 
help of symmetries [8]. Although angular momentum usually arises as a 
symmetry in free space, it is essentially a kinematical quantity which should not 
rely on symmetry for its definition but only for its conservation. Thus this 
definition seems to be more satisfactory from a physical point of view in that it 
only requires the kinematical structure of relativity for its use. As isometrics 
commute with expD, this definition reduces to the usual one when symmetry is 
present. 

Two critical questions arise immediately. The first is what conditions are 
necessary to enable UmeM*(Jm) to be a finite dimensional lie algebra. Can one 
extract linear momentum in this case? If these conditions are reasonable then 
one will have a precise method of taking the coordinate dependence out of 
quantum mechanics. Classical mechanics together with the kinematical infor
mation provided by a relativistic structure will enable one to pick the approp
riate subalgebra of observables to be dealt with in quantum mechanics (see 
appendix 2). 

The second question is whether giving the system of UmeM*0m) *S equival
ent to giving a spacetime structure. In other words does \JmeMi(lm) uniquely 
determine the metric? It is obvious that UmeM^'m) determines g to within a 
(not necessarily constant) conformai factor. This follows because lm determines 
g to within a constant factor at m due to Schur's lemma, and i(lm) determines lm 

by means of looking at (Dp^m where pt is the integral of i(x) and m is the 
fixed point of p^. The only question lies in the conformai factor, and it seems 
likely that the only source of ambiguity will be a constant conformai factor 
which is insignificant from the physical point of view. If this is so then one may 
take a different viewpoint of relativity. Relativity could then be seen as a 
prescription which gives the angular momentum observables about each point 
in the classical configuration space. Relativity theory would then be a rigorous 
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way of prescribing the relevant kinematical observables in classical systems 
from the physical content of the universe. 

If both of these questions could be answered to the affirmative; that is, if 
relativity is characterized by a specification of angular momentum observables 
and if these observables are all that is needed to extract all the relevant 
kinematical observables, then the role of relativity in physics might seen quite 
different. Relativity with its cosmological applications may not seem as being 
quite so remote from microscopic quantum physics. Rather it may play the role 
of a bridge between classical and quantum mechanics in that it finds the finite 
dimensional subalgebra of classical observables that enables one to proceed 
with the formulation of quantum mechanics. If such a unifying concept can be 
justified, insight into the strengths and weaknesses of modern physics may be 
easier to decipher. Thus lie algebras of observables with the help of the 
holonomy group may indeed enjoy a very important role in the structure of 
modern physics. 

Appendix 1, Classical mechanics. The following is a brief description of 
classical mechancis (see [1] for more details). A particle or system of particles is 
assumed to have a position describable by a point in a manifold M called the 
configuration space. For a single particle allowed to travel freely in space M 
would be IR3. For a particle attached to the end of a rigid pendulum the 
configuration space would be S2, the two dimensional sphere. Configuration 
space for n freely moving particles would be R3n. As both position and 
momentum are needed to characterize the motion of particles, one is actually 
interested in P = T*(M) which is called phase space or momentum space. 
There is a natural two form w o n ? defined in the following way. If xt are local 
coordinate system in M, any one form 0 is expressable as 

n 

0 = Z Pi dx{. 
i = l 

One can verify that 

<Ê:T*(M)-> U2n 

(t>(6) = (* ! , . . . . , xn, p i , . . . , pn) 

forms a local coordinate system for T*(M). Thus 

n 

= X dxi A dPi 
i=\ 

is a closed, non-singular two form defined on an open set in P = T*(M). It can 
be shown that o> does not depend on the coordinate system used so it may be 
extended to a global form on P. 

https://doi.org/10.4153/CMB-1977-063-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1977-063-x


436 E. IHRIG [December 

Now that we have P and o>, we have all the ingredients necessary to define 
classical mechanics. 

A l . l DEFINITION Let P be a manifold with a closed non-singular two form o>. 
(1) An observable on P is a function / : P - > M 
(2) # : T * ( M ) - * T ( M ) is given by # = b~1 where b : T(M) -* T*(M) 

(b(tO)* = û>(t>,x) 
(3) If / and g are observables then the poisson bracket of / and g is a new 

observable defined by 

{/,g}=*K#W/),#Wg» 

Some examples of observables are X^pf—the kinetic energy, £jcf—the poten
tial energy for the harmonic oscillator, or xtPj - x^—the angular momentum. 
Notice that the set of observables together with the poisson bracket form a lie 
algebra (which is infinite dimensional) because co is closed. We now define the 
second ingredient needed in a physical theory—the collection of states. A state 
is that element in the mathematical theory which characterizes all the relevant 
physical properties of the objects under study. In classical mechanics an object 
is completely specified by its position and momentum at all time. Thus we 
make the following definition: 

A1.2. DEFINITION, (a) A state is a smooth path y:U —> P 
(b) If / is an observable and y is a state then foy : R -> U is the function 

which gives for each time t the result of making the observation / on the state y 
at time t. 

We now have observables, states and the method of making observations. All 
we need are the equations of state which determine what states represent 
actual physical processes. 

A1.3. DEFINITION. Let h be the observable (called the hamiltonian) which 
takes a point in P to its energy. Then the equations of state are 

f = {f,h} 

for all observables /. Here / is d(foy)/dt; that is, / is Dyf, the directional 
derivative of / along y. 

One can easily verify that this equation reduces to saying that #{dh) is the 
tangent field to y. Thus y is uniquely specified given initial conditions (i.e. 
y(0)—the initial position and momentum of the system). The advantage of 
leaving the equation in the form stated is that in this form the time evolution 
of a system is manifestly determined by the structure of the lie algebra of 
observables. 
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Appendix 2, Quantum mechanics. The principal difference between classical 
mechanics and quantum mechanics lies in the states and not in the observables. 
The set of observables is assumed to be a lie algebra. This assumption can be 
justified in terms of basic properties of observables with the help of a few 
theorems (see [7]). The Dirac quantization procedure requires that this lie 
algebra actually is the same as the lie algebra of classical observables (see [6]). 
However this is not possible because of the nature of the state space which we 
will describe below (see [23]). In practice this difficulty is avoided by restricting 
attention to a subalgebra of classical observables that is small enough so that 
problems with quantum mechanical state space do not arise. We will give a 
concrete example of this later. 

A2.1. DEFINITION. In quantum mechanics the lie algebra of observables is a 
subalgebra of the classical lie algebra of observables. 

We now need to define a state. 

A2.2. DEFINITION. A state is a path in the ray space of a Hilbert space X. 
Moreover the elements of the lie algebra of observables are assumed to act on 
X as skew adjoint operators. 

It can be shown there is no space X as above which carries a representation of 
the whole lie algebra of observables [23]. We give an example which is called 
the Heisenberg representation and which is the standard form of quantum 
mechanics used in physics. 

A2.3. EXAMPLE. We consider an n particle system. Thus the appropriate 
classical phase space is 

T*(R 3 n )=R 6 n 

This has a natural chart described by xia and pia where 1 < i < n and 1 < a < 3. 
The set 

consisting of these linear projections and the constant function 1 is a sub
algebra of the classical lie algebra of observables for this system. It is called the 
Heisenberg lie algebra. This is the algebra of observables for this example. We 
now describe the set of quantum mechanical states. Let X = <2>2(IR3n, C) be the 
set of square integrable complex functions of R3n. This is a Hilbert space with 
inner product 

R3n 

3 
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Now we define the action of the observables on this state space by 

(xia(il/))(xia) = ix^ix^) 

this gives a skew adjoint lie algebra action on X. 

Our last task is to describe how to make observations and what the equations 
of state are. Quantum mechanics is not a deterministic theory in so far as it 
does not predict exactly what the outcome of an observation of a state will be. 
It simply says the observation of a fixed state with a fixed observable will have 
a distribution of results whose mean is predictable. This mean is called the 
expected value of the observable. 

A2.4. DEFINITION. The expected value of the observation of a state iji by an 
observable A is given by 

i(& AiP) | (ifc <« 

where (,) is the inner product and if/ is any vector in the ray t//. 

The fact that A acts as a skew adjoint operator simply insures that the 
expected value of an observation will be a real number. All known laboratory 
methods of observation give real numbers as results; this is the reason the 
observables are assumed to act as skew adjoint operators.* 

We now will give the equations of state in quantum mechanics. They are 
completely analogous with the classical equation of state. 

A2.5. DEFINITION. Let H represent the energy observable of the system. If 
A is any other observable and [,] denotes the lie product in the set of 
observables then 

A = [AH] 

where A is defined by 

(<k«M dt\ Ofcfc) y 

Here ijj. is any state and ijj. is any path from R into X such that \\ft lies in the ray 
i//f for all t. 

*One could require the action to be self adjoint and thus eliminate fs from the formulae. 
However such an action is not possible since self adjoint operators do not form a real lie algebra as 
do the skew adjoint operators. 
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In the last part of this definition, the observation of À on any state iji is defined 
to be the time derivative of the observation of A made on i/r, just as in classical 
mechanics. 

Appendix 3, General relativity. From the point of view of physical applica
tions general relativity and quantum mechanics stand as the two pillars of 
modern physics. Relativity describes cosmological physics while quantum 
mechanics describes microscopic physics. Classical mechanics sits between 
these two pillars and enjoys a range of applicablility which is in the intersection 
of the ranges of these two. 

However from the point of view of the structure of physical theories, 
relativity enjoys a less special role. In fact it may be considered as a restricted 
example of classical mechanics. It is concerned only with the problem of 
kinematics in a classical system, i.e. the motion of particles when no forces are 
present. It is perhaps fortuituous that gravitation turns out to be a 'fictional 
force' in so far as it seems to be completely describable in the kinematical 
setting of general relativity. As gravitational considerations predominate in 
cosmology, this gives relativity its important role in physical applications. 

Why is kinematics a problem in classical mechanics? Of course everything 
needed to deal with a classical problem is available once one knows h (see 
A1.3). For a system with no forces h is just £ p2

t—the kinetic energy. However 
this function involves the coordinate projections. If another coordinate system 
is chosen then a different h will occur. This will give a different equation of 
state. In fact one can easily use A1.3 to find 

Xi = q ct constant. 

Thus particles with no forces on them travel in straight lines in the coordinate 
system which is used to define h. How does one pick out this special coordinate 
system? 

General relativity takes the following approach. It assumes that free particles 
travel on straight paths, in order to specify 'straight' the added structure of a 
pseudo*-metric is needed. 

A3.1. DEFINITION. A space time (M, g) consists of a 4-dimensional manifold 
M (the classical configuration space with time added) and a pseudo-metric g 
with signature + + + - (which is called a lorentz metric or a gravitational 
potential). 

A3.2. DEFINITION, (a) The states and observables for a spacetime are the 
same as the states and observables for the classical configuration space M. 

(b) The equation of state for y are the geodesic equations for y in g ; that is, 

v,.r. = o 
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where V is the unique connection with 

Vg = 0,TorV = 0. 

Note that these equations of state may be related to those of classical 
mechanics by observing that the pseudo-metric g defines a vector field in 
T*M whose integral curves project to the geodesies of g in M. This vector 
field is the hamiltonian vector field H which is related to h by #dh = H, h = g. 

Of course, the main question remains: How does one determine g? g must be 
determined by some physical aspect of the universe. The distribution of energy 
throughout the universe is perhaps the most obvious candidate for this task, if 
not the only one. This energy is characterized by a symmetric rank 2 tensor T. 
We now need only relate this to g. We let R(-, •)* (or just 2? when no 
ambiguity arises) denote the Riemann curvature of V in A3.2. Ric is the non
zero trace of the Riemann curvature. R, called the scalar curvature, is the trace 
of Ric obtained with the help of the isomorphism induced by g from T(M) to 
T*(M). 

A3.3. DEFINITION. Let (M, g) be a spacetime. The equations that determine 
g in terms of the energy tensor T are 

Ric + |Rg + A g = T 

where A is a constant and R is the scalar curvature. 

These equations, known as Einstein's equations, enable one to determine g. 
This gives the kinematics of a classical system once the matter distribution of 
the universe is known. 
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