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§1. Introduction

All rings in this paper are assumed to be commutative with identity
and the terminology is standard.

Filtrations are a useful generalization of the sets of powers of an
ideal I in a ring R, and there are many important filtrations that are
generally not such powers of an ideal. (For example: {@™},,, Where
is a primary ideal; {(I"),},-,, Where (I™), is the integral closure in R of
I*; and, {u"#Z N R},>,, where & is a graded subring of R[u, f] that contains
R[u, tI] and I is a given ideal of R.) They have played an important
role in many research papers, and there are many results concerning
them in the literature.

In several recent papers a number of important theorems concerning
ideals in a Noetherian ring have been extended to Noetherian filtrations
(e.g., see [1, 13, 14, 15, 25, 28, 29]). And in [6, 26] a number of results
concerning the asymptotic prime divisors of an ideal are extended to finite
collections of ideals. The results in this paper combine both types of
extensions; specifically, we extend the “asymptotic” definitions (for an
ideal) to a collection of g > 1 Noetheian filtrations. (As in the ideal
case, it turns our that when working with filtrations ¢,, ---, ¢, (with
g > 1), for the asymptotic prime divisor case it must be assumed that each
¢,(1) has height at least one, and for the essential prime divisor case the
corresponding assumption is that each ¢,(1) is regular.) Our results then
imply, as a special case, that the corresponding results hold for finite
collections of ideals.

To be more specific, in this paper we extend the definitions of four
types of prime divisors (viz, asymptotic, essential, quintasymptotic, and
quintessential) from a single ideal to a collection @ = (¢,, ---, ¢,) of g >1
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Noetherian filtrations ¢,, We show that each of these four types of
prime divisors is, in fact, the corresponding type of prime divisor of
certain of the ideals ¢,(n,) - - - ¢.(n,), so it follows that the known results
for ideals concerning these types of prime divisors have a valid analog
for ®. As an application of this, we introduce the four corresponding
types of sequences in (and, over) @ and the four corresponding grades
and cogrades of @. It is then shown that these are equal to the corre-
sponding sequences, grades, and cogrades of ¢,(n,) - - - ¢.(n,), so the known
results for ideals concerning these sequences, grades, and cogrades also
have valid analogs for @. As a final application of these results, it is
shown that if R is a quasi-unmixed local ring, then a(®) + acogd(®) =
altitude (R), where a denotes analytic spread and acogd denotes asymptotic
cograde.

In Section 2 we define the four types of prime divisors for @ and
prove a few of their basic properties. In Section 3 we define the four
types of sequences associated with @ for these four types of prime divi-
sors and use them to define the corresponding four types of grade and
cograde of @. Finally, in Section 4 we extend Rees’ theorem concerning
analytic spread and asymptotic cograde in quasi-unmixed local rings from
ideals to finite collections of Noetherian filtrations.

§2. The asymptotic prime divisors of a Noetherian filtration

In this section we define four types of prime divisors associated with
a finite collection of Noetherian filtrations and prove a few of their basic
properties. For this, we begin with some definitions and notational
conventions concerning filtrations.

(2.1) DEerFiNITION. If R is ring, then:

(2.1.1) A filtration ¢ = {¢(n)},»c on R is a descending sequence of
ideals ¢(n) of R such that ¢(0) = R and ¢(i)¢(j) S ¢ + j) for all non-
negative integers i and j.

(2.1.2) If k is a nonnegative integer, then ¢ denotes the subfiltra-
tion ¢® = {¢(nk)},, of ¢. (#© is the filtration each of whose components
is R.)

(2.1.3) If ¢ and 7 are filtrations on R, then ¢ =7 in case ¢(n) = 7(n)
for all n >0, and ¢ <7 in case ¢(n) < 1(n) for all n > 0.

(2.1.4) If ¢ and 7 are filtrations on R, then their sum ¢ + r and prod-
uct ¢7 are defined to be the sequences of ideals ¢ + 7 = {37, s (n — D},
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and ¢7 = {¢(n)r(n)},s,. (It is readily checked that ¢ + r and ¢r are
filtrations on R and that ¢ + r is the smallest filtration # on R such
that 6 > ¢ and 6 >7, so it follows that if ¢, - - -, ¢, are filtrations on R,
then so are ¢, + --- + ¢, and ¢, --- ¢, and ¢, + --- + ¢, is the smallest
filtration # on R such that 6 > ¢, for i =1, ---, g)

(2.1.5) The integral closure ¢, of a filtration ¢ on R is the sequence
of ideals ¢, = {(¢(n)),},>0, Where (#(n)), is the integral closure of ¢(n);
therefore (4(n)), = {x € R; x satisfies an equation of the form x* + bx*-!
+ «++ 4+ b, =0, where b,e(¢(n)) for i =1, ---, k} (see (2.2.2)).

(2.1.6) The weak integral closure ¢, of a filtration ¢ on R is the
sequence of ideals ¢, = {(¢(n)),},>,, Where (¢(n)), is the weak integral
closure of ¢(n); therefore (4(n)), = {xe R; x satisfies an equation of the
form x*+ bx*'+4+ ... 4+ b, =0, where b, e¢(ni) for i =1, -, k} (see
2.2.2)).

@217 If &=, --,¢,) is a collection of g > 1 filtrations on R,
then the Rees ring Z(R, ®) of R with respect to @ is the graded subring
%(R’ @) = R[un Tty Ugs {tﬁbl(i)}:ll? ) {t;¢g(i)}§°=1] of R[uh Tty Ugy by ooy tg],
where ¢, ---, ¢, are algebraically independent over R and u, = 1/t; for
i=1---,8 If ®=(¢), then we will use Z(R,¢) in place of Z(R, D),
and if ¢ = {I"},., is the sequence of powers of an ideal I, then we will
use Z(R, I) in place of Z(R, ¢).

(2.1.8) ¢ is said to be Noetherian in case #(R, ¢) is a Noetherian ring
(see (2.1.7)). (It should be noted that this implies that R is Noetherian,
since it implies that Z(R, ¢)[1/u] = Rl[u, t] is Noetherian.) If ¢ is Noethe-
rian, then we let Int(¢) = {e; e is a positive integer such that ¢(n + e)
= ¢(e)p(n) for all n > e}. (By (2.2.3), Int(¢) = @ (when ¢ is Noetherian).)
And if @ = (¢, -- -, ¢,) is a collection of g Noetherian filtrations on R,
then we let Int(®) = {(e,, - - -, ¢,); e; € Int(¢)}.

(2.1.9) 2, (resp., A ;) is the set of all g-tuples of positive (resp.,
nonnegative) integers. If n = (n,, ---, n,) e A ",, then n(i) denotes n,, the
i-th component of n, and it will be said that n is large in case each n(i)
is large. And if m and n are in 4", and A is a positive integer, then
m 4+ n, m — n, mn, and An are defined in the usual componentwise manner,
but we will only use m — n when nt > n (that is, m(i) > n(i) for i =1,
e, 8)

(2.1.10) If b = (b, ---, b,) (resp. I = (I, ---,1,)) is a collection of g
(not necessarily distinct) elements (resp., ideals) of a ring related to R
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and me A", then b" denotes the element br® ... 5Hr®, and J™ denotes
the ideal I7® ... Jn®,

(2.1.11) If &(¢,, - -+, ¢,) is a collection of g (not necessarily distinct)
filtrations on a ring R and if me A4, then by ™ we mean the filtra-
tion ¢{"® ... g"mE = {4 (nm(1)) - - - p(nm(g))},s, (see (2.1.2) and (2.1.4)).
Also, if ne A7, then @™(n) denotes the ideal ¢{"’(n(1)) - - - " (n(g)) =
S(m()n(1)) - - - ¢ (m(g)n(g)), and if n is a positive integer, then O™(n) =
(pm® ... gmEN) (1) = G™"D(n) - - - € (n). (It should be noted that: (a) for
all m, ne A, O™(n) = O™(1) = @ (1), where 1 = (1, - --, 1) e Z,; (b) for
all me A7, O™(1) = O™(1) = @P(m) = ¢,(m(1)) - - - p,(m(g)); and, (c) if m,
ne ., and either m(i) = 0 or n(i) = 0 for some i =1, -- -, g, then @™ (1)
= 0™(n) = ¢(n(Dm()) - -+ ¢,.;(n(@ — Dm(E — ) RP;,,(n@ + Hm@E + 1)) - - -
¢ (n(gm(g)).

Most of the definitions in (2.1) have previously appeared in the liter-
ature. However, the weak integral closure ¢, of ¢ is called the integral
closure of ¢ in [28]. This seems like appropriate terminology to us, but
there is already quite a lot of literature where ¢, is called the weak
integral closure of ¢ and the filtration ¢, is called the integral closure
of ¢, so we decided to stay with the older terminology.

(2.2) lists four facts concerning these definitions that will be needed
in what follows.

(2.2) Remark. (2.2.1) Note that if ¢ is a filtration on a ring R,
then the weak integral closure (¢(n)),, of ¢(n) = ¢™(1) is completely deter-
mined by the subfiltration ¢™ of ¢, since ¢™(i) = ¢(ni) for all i > 0.
Extending this, if @ = (¢,, - - -, ¢,) is a collection of finitely many filtra-
tions on R and m, ne ./, then we use (#™(n)), to denote the weak
integral closure of the ideal @™(n) = @®(mn) = @™(1) with respect to
the filtration @™ = {¢,Em()n(1)) - - - ¢ (Gm(eN(EN}ix0-

(2.2.2) If ¢ is a filtration on R, then it is shown in [13, (4.2.1) and
(2.2)] that ¢, and ¢, are filtrations on R such that ¢ < ¢, < ¢,. Also,
if ¢ is Noetherian and e € Int(¢) (see (2.1.8)), then ¢(ine) = (¢(ne))* for all
positive integers i and n, so it follows from (2.1.5) and (2.1.6) that (¢(ne)),
= (¢(ne)), for all n > 1. Further, if @ = (¢,, -- -, ¢,) is a collection of g
Noetherian filtrations on R and e, eInt(4,) for i =1,---, 8, and if e =
(e; -+, €,), then a short computation shows that @ (ine) = (¢,(n(1)e(1))*®
<o (g (n(ge(g)))® for all i, n e A, so in particular it follows from (2.1.5),
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(2.1.6), and (2.2.1) that (@®(ne)), = (@©(ne)),, for all ne A,.

(2.2.3) If R is Noetherian, then it is shown in [1, (2.2) and (3.6)]
together with [16, (2.7)] that the following are equivalent: ¢ is Noetherian;
there exists a positive integer e such that ¢(n + e) = g(e)p(n) for all
n > e; and, %(R, ¢) is finitely generated over R.

(2.24) If R is Noetherian and @ = (¢,, - - -, ¢,) is a finite collection
of Noetherian filtrations on R, then it is shown in [16, (3.1)] that ¢, + - - -
+ ¢, and ¢, - - - 4, are Noetherian. And it is shown in [16, (4.2)] that if
¢ is Noetherian, then so is ¢™ (see (2.1.2)) for all m > 0 (the assumption
that R is an analytically unramified semi-local ring in [16] is not used
to prove this part of the result), so it follows that @™ is Noetherian for
all me A7,.

In (2.3) we define the various prime divisors of a Noetherian filtra-
tion and of a finite collection of Noetherian filtrations. Three of these
definitions are new (for filtrations) to this paper, but (2.3.2) was given
and studied in [13, 14, 28]. However, the definitions are stated in a man-
ner to emphasize the analogs between quintasymptotic-asymptotic prime
divisors and quintessential-essential prime divisors, so (2.3.2) differs from
the definition given in [13, 14, 28]. (But it is shown in (2.6) that the
definitions are equivalent.) Also, when these four definitions are com-
pared, it will be noted that (2.3.2) is somewhat different from the other
three, since the designator A* for the asymptotic prime divisors of an
ideal is replaced with .«, for filtrations, while the designators 2*, 2, and
& for the quintasymptotic, the quintessential, and the essential prime
divisors of an ideal are continued for filtrations. The reason for this is
because (v"%(R, I)),NR = (I"), and (v"%(R, ¢)),\ R = (4(n)),, (Which may
properly contain (¢(n)),), and it is noted in (2.5.3) (resp., (2.6.1)) that
A*(I) = U{Ass (RI(IM,; n > 1} (resp. ,(¢) = U {Ass (RIG(m).); n = 1)),
so «,(¢) is the appropriate filtration analog of A*(I).)

(2.3) DEFINITION. Assume that R is Noetherian, let I be an ideal
in R, let ¢ be a Noetherian filtration on R, and let @ = (¢,, - - -, ¢,) be
a collection of g Noetherian filtrations on R. Then:

(2.3.1) 2%(I) = {PeSpec(R); I = P and there exists a minimal prime
divisor z of zero in the completion (Rz)* of R, such that I(Rp)* + z is
P(R,)*-primary}, 2%(g) = 2%(¢(1)), and 2%(®) = 2¥(®V(1)) (see (2.1.11) (b)).
The members of 2*(I) (resp., 9*%(4), 2%(®)) are called the quintasymptotic
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prime divisors of I (resp., ¢, O).

(2.3.2) A*(I) = {pNR; pe I*u(R, 1))} (see (2.3.1) and (2.1.7)), «,($)
= {pNR; pe Z*uA(R, ¢))}, and (D) = {pNR; pe I*u'ZA(R, 0))}, where
u = (w, -, u,) (see (2.1.10)). The members of A*(I) (resp., &, ($), (D))
are called the asymptotic prime divisors of I (resp., ¢, ©).

(2.3.3) 2(I) = {PeSpec(R); IS P and there exists a (not necessarily
minimal) prime divisor z of zero in the completion (R,)* of R, such that
I(Rp)* + z is P(Rp)*-primary}, 2(¢) = 2(¢#(1)), and 2(9) = 2(9(1)). The
members of 2(I) (resp., 2(¢), 2(®)) are called the quintessential prime
divisors of I (resp., ¢, D).

(2.34) ¢(I) ={pNR; pe 2uzR, 1)}, @) ={pNER;pe2AuR(R, ),

and &(@) = {pNR; pe 20'%(R, D))}, where u = (u,, - - -, ;). The members
of &(I) (resp., &£(D), £&(@)) are called the essential prime divisors of I
(resp., ¢, D).

(It should be noted that the notation and terminology conerning these
prime divisors for ideals was changed in [5]; in papers before [5], what
we termed “quintessential” in (2.3.3) was called “essential” (and E was
used in place of 2), and what we termed ‘“‘essential” in (2.3.4) was called
“u-essential” (and U was used in place of &). (Some reasons for these
changes are given in the appendix in [5].) The reader should keep these
changes in mind when checking references.)

The sets &7,(¢) and o/, (@) were defined differently in [13, 14, 28], so
we show in (2.6) that these different definitions are equivalent. Before
this, however, we first show that the definitions of 2%(®) and 2(®) imply
that these sets are the sets of the corresponding type of prime divisor
for each of the ideals @(n) for all ne #,.

(2.4) THEOREM. Let R be a Noetherian ring and let @ = (¢, - -+, ¢,)
be a collection of g > 1 Noetherian filtrations on R. Then:

(2.4.1) 2%(@) = F*(@D(n)) for all ne 2,.

(2.4.2) 2(0) = 2PN (w)) for all ne Z,.

Proof. It follows from the definition of a filtration ¢ that Rad(¢(1))
= Rad(¢(n)) for all n > 1, so it follows from (2.1.11) (and since Rad(¢,(n))
= Rad(¢,(m)) for i =1, -- -, g and for all positive integers n and m) that
Rad(9®(n)) = Rad(@(1)) for all ne #,. Also, if I and J are ideals with
the same radical, then it follows from (2.3.1) (resp., (2.3.3)) that 2%(I) =
9*(J) (resp., 2(I) = 2(J)). (2.4.1) (resp., (2.4.2)) readily follows from this
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together with (2.3.1) (resp., (2.3.3)). q.e.d.

To prove some additional results concerning these types of prime
divisors of @ we need to use some known results concerning such prime
divisors in the ideal case, so we next list these.

(2.5) Remark. If I is an ideal in a Noetherian ring R, then:

(2.5.1) It should be noted that if ¢ = {I"},s, is the filtration of powers
of I, then ¢(1) = I and #(R,¢) = #(R, I), so (2.3) shows that 2*($) =
24(I), o ($) = A*(I), 2(I) = 2(I), and &(¢) = &)

(2.5.2) It is shown in [10, (2.2)] that if I = bR is a regular principal
ideal, then 2%(I) = A*(I).

(2.5.3) It is shown in [19, (2.4)] that if Pe Ass(R/(I"),) for some
n > 1, then Pe Ass(R/(I**%),) for all k>0, and it is shown in [19, (2.7)]
that A*(I) = Ass(R/(I"),) for all large n.

(2.5.4) It is readily checked that if b,,- - -, b, are regular nonunits in R,
then A*(b, - -b,R) = U{A*(b,R); i =1, - - -, g} = U{Ass (R/(0"R),); ne A},
where b = (b, - - -, b,).

In (2.6) we show that the definitions of #/,(¢) and «/,(®) in (2.3.2)
are equivalent to their definitions in [13, 14, 28].

(2.6) TueoreM. If R is a Noetherian ring, then:

(2.6.1) If ¢ is a Noetherian filtration on R, then </ ,(¢) = {P € Spec(R);
P e Ass(R/(¢(n)),) for some n > 1} = Ass(R/(¢(n)),,) for all large n.

(2.6.2) If @ =(¢y, -+, d,) is a collection of g Noetherian filtrations on
R such that height(¢,(1)) > 1 fori =1, ---, g, then o (D) = L (¢, - - §,) =
{P e Spec(R); P e Ass(R/(@"V(n)),) for some nonzeron e A ;} = Ass(R/(®®(n)),,)
for all large ne 2,.

Proof. For (2.6.1) let S = {Pe Spec(R); Pe Ass(R/(¢(n)),) for some
n>1} and let Z = %(R, ¢). Then in [13, (3.1.2)] «/,(¢) is defined to be
the set S, and it is shown in [13, (3.3.2)] that S = {pNR; p e A*(u)}.
Also, A*(uZ) = 9*(u®), by (2.5.2), so it follows from (2.3.2) that .7,(¢)
= 8. Further, it is shown in [13, (3.4.3)] that S = Ass(R/(¢(n)),) for all
large n, so (2.6.1) holds.

For (2.6.2) let T = {P e Spec(R); P e Ass(R/(®?*(n)),,) for some nonzero
ne A} Then since height(¢,(1)) > 1 fori =1, --., g, it is shown in [14,
(2.1.3)] that T = o (¢, - - - ¢,) = Ass(R/(d®(n)),) for all large ne Z,, so
it remains to show that .« (®) = T.
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For this, if g = 1, then the conclusion holds by (2.6.1), so it may
be assumed that g > 1 and that the conclusion holds for g — 1 filtrations.
Let Z = A(R, D), let u = (uy, - - -, ), and let Pe T, say P e Ass(R/(2®(n)),).
Then in [14, (4.1.2)] it is shown that (W*%),N R = (2®(n)),, for all ne A4,
so there exists p e Ass(Z/(u"%),) such that pNR = P. Also, u,, ---, u,
are regular elements in #, so it follows from (2.5.4) that Ass(Z/(u"%),)
c A*u'#), and (2.5.2) shows that A*u'%) = 9*(u'%). Therefore pe
2*(u'Z) and P = pNR, so it follows from (2.3.2) that T < .o, (®).

For the opposite inclusion let Pe o ,(®) and let p e 2%(u'%) such that
pNR =P. To show that Pe T we now consider the two cases: (a) u; ¢ p
for some i =1, ---,g; and, (b) (u, ---, u)Z < p. If (a) holds, then let
% = Rlu,, ---, Uity Ugpry =00y Uy, {t{QSl(j)}?:u Ty {tg—1¢i—1(j)}?=1: {t{+1¢t+1(j)}?=1»
o {te(DYsal, so B S < Bluy, t,] = R[1/u]. Also, since ¢, is an
indeterminate and u; = 1/¢, it follows from [10, (3.4) and (3.6)] that q =
PR u]lNB e D*(uy - uy s,y - - u,)%#). Therefore by induction on g >1
it follows that pN R = qgN R e Ass(R/(I""(n)),) for some nonzero ne A ,_,,
where I' = (¢;, -+, $i-1, $141» -+, bg). Thus it follows that P=pNRe
Ass(R/(@®(m)),), where m is the element in .#°, such that m(j) = n(j)
forj=1,---,i—1, m@) =0, and m(j)=n(j —1) for j=i+1,---,8, so
PeT, hence «7,(9) < T when (a) holds.

If (b) holds, then since pe 2*'#) = A*u'%) (by hypothesis and
(2.5.2)), it follows from (2.5.3) that if m is large and m = (m, ---, m)e Z,,
then p e Ass(Z/(u"%),). Also, (u"%), is homogeneous, so it follows from
[2, Proposition 1, p. 283] that there exists a homogeneous element bi" e #
such that p = (u"%),: bi"Z. Now possibly n(i) is negative for some i =
1, ---,g. If this is the case, then let # be as in the preceding paragraph,
so X = Blu,, {tig.(N}r-] = A(Z, $,B). Also, p € Ass(Z[(ul'Z),) for all large
m (since u, € p), so it is shown in the proof of [12, (3.6.2)] that ti¢,(j) Zp
for some j > 1. Thus there exists an element c e ¢,(j) such that ct/ ¢ p,
80 p = (U™A),: bt"(ct))*# for all h > 1. By repeating this for each i =
1, - -+, g such that n(i) < 0 it may de assumed that p = (UW™%),: di*Z for
some nonzero g€ ./, and for some de @(q). Now it is shown in [14,
(4.1.2)] that (UW™A),: AI"'ZNR = (@V(m + q)),,: dR, so it follows that pN R
= (@“(m + ¢)),,: dR, hence P = pNRe Ass(R/(@"(n),) for some ne Z,.
Therefore Pe T, so «,(®) < T when (b) holds, so it follows that (2.6.2)
holds. q.ed.
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The first part of the following theorem will help shorten several
proofs below, and the second part shows that the asymptotic and essen-
tial prime divisors of a single filtration ¢ are, respectively, the asymptotic
and essential prime divisors of the ideal ¢(e) for each e e Int(g).

(2.7) TueoreM. If R is a Noetherian ring, then:
(2.71) Let® =(¢y, -+, ¢,) and I' = (1, - - -, T,) be collections of g >1
Noetherian filtrations on R, let ne #,, and assume that & = Z(R, D) is

an integral extension ring of # = R[w®, .-, ui®, {tO7,(n()}isy, -«
{tr @1, ((@)ksil. Then (@) = o/,(4,) and &@) = &(d,), where 4, =
(D, - ),

(2.7.2) If ¢ is a filtration on R, then s ,(¢) = A*(¢(e)) and &(¢) =
&(g(e)) for all e e Int(g).

Proof. For (2.7.1) it follows from the structure of # and # that
2N%B e Ass(B) for all ze Ass(%), so A*u"%B) = {pNA; pe A*uZA)} by
[22, (3.3.4)]. Also, A*u"%) = A*u'®), by [8, (2.4.3)]. Further, A*u'%)
= 2*(w'#) and A*u"P) = I*(u"P) by (2.5.2), and it is clear that # =
(R, 4,), where 4, = (r{"®, ... 70@). Therefore it follows from (2.3.2)
and the isomorphism that .«/,(@) = .« ,(4,). Moreover, &u"%) = {pNF;
pe &R}, by [4, (2.5.4)], and £uR) = £u'R), by [4, (2.5.6)], so it follows
from (2.3.4) and the isomorphism that &(@) = &(4,).

For (2.7.2) let e € Int(¢), let ¥ = A(R, ¢), and let € = Rlu®, {t"*¢(ie)};s.].
Then &% is integral over %, since (t'¢(i))® < t°¢(ie) & € for all i > 1.
Therefore & ,(¢) = 7 ,(¢6) and &(¢) = £(¢'®) by (2.7.1). Also, ¢ = {¢(ie)};=0
= {(¢(e))'}1>0 by (2.2.2), so (2.5.1) shows that 7, (¢*) = A*(¢(e)) and &($*)
= E@(@)), 50 of.(P) = A*(p(e) and &) = £(H(e)). qed.

(2.8) is an interesting and useful application of (2.7.2).

(2.8) CoroLLARY. Let @ be a primary ideal in a Noetherian ring R
and assume that ¢ = {Q™},., is a Noetherian on R. Then (™), is
Rad (Q)-primary for all n > 1.

Proof. (2.7.2) shows that .« ,(¢) = A*(g(e)) for all e e Int(g), and (2.5.3)
shows that if n is large, then A*(¢(e)) = Ass(R/((¢(e))"),). Therefore let e ¢
Int(¢), let n be large, and let P e Ass(R/((¢(e))").). Then Pe Ass (R/((¢(e))’")
for all large m, by [7, Proposition 3.4], and (¢(e))™ = ¢(me) = Q™2, hence
P = Rad(Q), q.e.d.
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Among other things, (2.9) extends (2.7.2) to @ when each ¢,(1) has
height at least one. (It should be noted that (2.9) (together with (2.3.2))
shows the somewhat surprising result that {pN\R;pe 9*(W'%)} ={qNR;qe
2%(us,)} for all e e Int(®), where Z = (R, §) and &, = Z(R, p™ - . . p¢&7),
And a similar statement holds for (2.10).)

(2.9) THEOREM. Let R be a Noetherian ring, let @ = (¢, - -+, ¢,) be a
collection of g > 1 Noetherian filtrations on R such that height(¢,(1)) > 1
fori=1,---,g, and let ¢ = Int(®) (see (2.1.8)). Then o (D) = A*(DV(e)).

Proof. Let # = ZA(R, ®) and let & = R[ui®, - - -, uy®, {ti*V¢,(ie(1))};51,
s {t2®g (le(8)}is1]. Then Z is integral over 4, since the definition of
a filtration implies that (ti¢,()))"> C Vg (ie(j) S # for all i >1 and
for j=1,...,g so it follows from (2.7.1) that o« ,(®) = «7,(4,), where
Ae — (¢{e(1))’ ceey ¢é:(g>)).

For j=1,...,g let I, = ¢,(e())) (= ¢59(1)) and let € = Rlu,, - - -, u,,
41, - -, t,I.]. Then (2.2.2) shows that ¢,(ne(j)) = (¢,(e(j))* = I? for j =1,
---,g and for all n > 1, so € = #(R, 4,), hence {pNR; pe 2*(W'A(R, 4,)}
= {pNR; pe A*u'¥)} by (2.5.2). Now in [26, (2.1.4)], {pNR; p e A*'¥)}
is defined to be A*(I,, - - -, I,) and it is shown in [26, (2.4)] that A*(Z,, - - -, I,)
= A*(I, .- - I,) (since height(¢,(1)) > 1 implies that height(l,) >1 for
i=1,.--,8). Therefore (2.3.2) implies that ./,(4) = A*(I, - -- I,), hence
oA (D) = o ,(4.) = A*(p(e(1)) - - - $,(e())) = A*(D(e)) by the preceding par-
agraph. g.e.d.

Concerning (2.9) and its proof, it should be noted that the related
conclusion A (@) = A*(@“(e)) for all eeInt(g, --- ¢,) can be proved by
using (2.6.2) and (2.7.2) (since these two results show that .«7,(®) =
A (B1 - ) = A¥(B1 - - - $)E)))-

(2.10) is an essential prime divisor analog of (2.6) and (2.9). The part
corresponding to (2.6) (that is, the subset part of (2.10)) is clearly weaker
than (2.6), since we are not able to prove (even when g = 1) an essential
prime divisor analog of the equality 7, (@) = Ass(R/(@®(n)),) for all
large ne #,. (One reason for this is that #®(n) —» (#®(n)), is a closure
operation that satisfies a cancellation law, and we do not know a good
“essential closure” analog of this.)

(2.10) THEOREM. Let R be a Noetherian ring, let @ = (¢,, - - -, ¢,) be
a collection of g > 1 Noetherian filtrations on R such that each ¢,(1) is
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regular, and let e¢ecInt(®). Then &@) = (@M (e)) < {Pe Spec(R); Pe
E(@®(n)) for some ne P,}, and this containment may be proper.

Proof. Let %, %, 4., I, = $,(e(j)) = ¢$9"(1), and ¥ be as in the proof
of (2.9). Then # is integral over %, so (2.7.1) shows that &(®) = &£(4.).
Also, ¥ = %(R, 4,), hence {pNR; pe SRR, 4)} = {pNR; pe&u'¥)}
Now in [26, (2.1.4.)], {pNR; pe &u'%)} is defined to be &, ---,I,) and
it is shown in [26, (2.5)] that &(L, -+, I,) = &(I, - - - I,) (since each I, is
regular if each ¢,(1)) is). Therefore (2.3.4) implies that £(4,) = &, - - - I),
hence &§(9) = &(¢(e(1)) - - - ¢,(e(g))) = E(@D(e)).

To complete the proof of (2.10) note that it follows from what was
just shown that &(@) < {Pe Spec(R); Pe &(@"(n)) for some neZ,}, so it
remains to show that this containment may be proper. For this, let
R = F[X, Y], where F is a field and X, Y are indeterminates, let g =1,
and let ¢ be the filtration on R such that ¢(n) = (XY)"R, if n is even,
and ¢(n) = (XY)"(X, Y)R, if n is odd. Then (2.2.3) shows that ¢ is No-
etherian, since it is readily checked that Z(R, ¢) = Rlu, tXY(X, Y), t(XY)],
and it is clear that 2eInt(¢), so &(¢) = &(¢(2)) by the preceding para-
graph. Also, R is locally unmixed and ¢(2) is a regular principal ideal,
so [4, (2.4)] shows that A*($(2)) = &(4(2)) = S, where S = {P; P is a mini-
mal prime divisor of ¢(2)}, and it is clear that S = {XR, YR} and that
E(#(2) = E(@™M(2)), hence it follows that &(¢) = £(¢"(2)) = {XR, YR}.
Further, ¢(1) is a normal ideal (that is, all its powers are integrally closed),
so A*¥(¢(1)) = {P e Spec(R); P e Ass(R/($(1))),) for some n > 1}, by (2.5.3),
= {XR, YR, (X, Y)R}, and A*(¢(1)) = &(4(1)) by [4, (2.4)] (since R is locally
unmixed). Therefore &(¢) = {XR, YR} C {XR, YR, (X, Y)R} = &£(4(1)) =
E(@M(1)) < {Pe Spec(R); Pe é(¢p(n)) for some n > 1}. g.e.d.

(2.11) is a corollary of (2.7.2), (2.9), and (2.10); it shows that ./, (@)
= &(@) when R is locally unmixed. (2.12) gives the quintasymptotic-
quintessential analog.

(2.11) CoRroLLARY. Assume that R is a locally unmixed Noetherian
ring. Then:

(2.11.1) If ¢ is a Noetherian filtration on R, then A*(¢(e)) = o (P) =
E(p) = E(ge)) for all e e Int(g).

(2.11.2) If @ = (¢, -+, ¢,) is a collection of g > 1 Noetherian filtra-
tions on R such that ¢,(1) is regular, then A*(@®(e)) = o (D) = &) =
E(@D(e)) for all e e Int(P).
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Proof. For (2.11.2), if R is locally unmixed, then it follows from
[11, Corollary, p. 61] that Z = Z(R, ®) is locally unmixed. Therefore
A*u'R) = 2'%), by [4, (2.4)], and A*u'R) = F*'%), by (2.5.2), so 2(u'R)
= Z*W'#). Thus it follows from (2.3.2) and (2.3.4) that &(@) = (D),
and the other two equalities hold by (2.9), and (2.10).

The proof of (2.11.1) is similar, but use (2.7.2) in place of (2.9) and

(2.10). q.e.d.
(212) Remark. If R is a locally unmixed Noetherian ring and if
O = (¢, - - -, ¢.) 1s a collection of g > 1 Noetherian filtrations on R, then

2¥(@D(n)) = ¥(0) = 2D) = AP (n)) for all ne 2,

Proof. The hypothesis implies that R, is unmixed for all P e Spec(R),
so it follows from (2.3.1) and (2.3.3) that 2*(I) = 2(I) for all ideals I in
R. The conclusion follows from this and (2.4). q.e.d.

(2.13) is another corollary of (2.9) and (2.10) (and its analogs for the
case g = f =1 and for the quintasymptotic-quintessential case are given
in (2.14)). For (2.13), it should be noted that the hypothesis @®(f) =
I'(n) together with (2.1.11) imply that Rad(¢, --- ¢,) = Rad(r,---7)).
Therefore the hypothesis that height(¢,(1)) > 1 in (2.13.1) (resp., ¢,(1)) is
regular in (2.13.2)) for i =1, ---, g implies that each 7,(1) has height at
least one in (2.13.1) (resp., that each 7,(1) is regular in (2.13.2)).

(2.13) CoroLLARY. Let @ =(¢,, ---,¢,) and I' = (1, ---,7,) be finite
collections of Noetherian filtrations on a Noetherian ring R and assume
that O9(f) = I'™(n) for some Y, fe P, such that Ht = qe for some qe 2,
and for some e clInt(®), and for some m, ne #, such that mn = q'¢’ for
some ' € 2, and for some ¢ € Int(I"). Then:

(2.18.1) If height(¢,(1)) > 1 for i =1, ---, g, then o (D) = A*(@N(e))
= A¥(I"'(e")) = A () for all e e Int(P) and for all ¢ e Int(I).

(2.13.2) If ¢,(1) is a regular ideal fori = 1, - - -, g, then &(@) = &(@N(e))
= (') = &) for all ¢ e Int(D) and for all ¢ e Int(I).

Proof. For (2.13.1), (2.1.11) (a)-(b) show that @®(f) = @V(§). Also,
it is readily checked that if e € Int(®), then so is ne for all ne #,. There-
fore bt = qe € Int(®), by hypothesis, and .« () = A*(@(e)) for all e € Int (D)
by (2.9), so A*(@D(bF)) = o (D). And it follows similarly that A*(I"®(mn))
= oA (") = A¥('™()). (2.13.1) follows from this since OV(GHf) = OO(f) =
I'™m) = I'Y(mn).
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The proof of (2.13.2) is similar, but use (2.10) in place of (2.9). q.e.d.

(2.14) gives the analogs of (2.13) for the case g = f=1 and for the
quintasymptotic-quintessential case.

(2.14) CoroLLARY. Let @ = (¢, ---,¢,) and I' = (1, ---,7,) be finite
collections of Noetherian filtrations on a Noetherian ring R and assume
that @®(f) = I'™(n) for some b, f € #, and for some m, ne #,. Then:

(2.14.1) 9*%(@) = 2@V (n)) = 2X(I'°(n)) = 2*(I') for all ne 2,.

(2.14.2) 2(0) = 20°m) = 2(['"()) = 2I') for all neZ,.

(2.14.3) If @ = (¢) and ' = (), if 4 = qe for some q > 1 and for some
eeInt(¢), and if mn = q’¢’ for some q’ > 1 and for some ¢ elInt(y), then
A () = A¥(g(e)) = A*(1(€))) = L (1) and &) = E(H(e) = E(()) = &(7)
for all eecInt(¢) and for all ¢ e Int(y).

Proof. (2.1.11) (a)=(b) show that O®() = OV(G) and that I'™(n) =
I'™(mn). (2.14.1) and (2.14.2) follow immediately from this, the hypothesis
that @9(f) = I'™(n), and (2.4).

The proof of (2.14.3) is similar to the proof of (2.13.1), but use (2.7.2)
in place of (2.9). q.e.d.

It turns out in the ideal case that the asymptotic and essential prime
divisors are quite a bit more useful than the quintasymptotic and quintes-
sential prime divisors. We think this will also be true for Noetherian
filtrations, so since the essential prime divisors of © are new to this
paper we will prove one more result concerning them.

(2.15) THEOREM. Let @ = (¢, ---,¢,) be a finite collection of Noethe-
rian filtrations on a Noetherian ring R such that each ¢,(1) is regular and
let e e Int(®). Then:

(2.15.1) If Pe&(@P(qe)) for some qe #,, then Pe &(@(qe + n)) for
all n >e.

(2.15.2) If Pe &(@M(n)) for some n > ¢, then Pe &(@“(qe + n)) for all
G€ Py

Proof. It is shown in [21, (4.3)] that if I and J are regular ideals in
a Noetherian ring R and if Pe &), then Pe &(IJ), so both parts follow
readily from this and the definition of Int(®) (see (2.1.8)). q.e.d.

Let # denote any one of: quintasymptotic; quintessential; asymptotic;
or, essential. Then because of (2.7.2), (2.9), and (2.10), a number of theo-
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rems for the #-prime divisors of ideals could now be extended to finite
collections of Noetherian filtrations (and, as a special case, to finite
collections of ideals). For example, the #-prime divisors of @ behave
nicely when passing to localizations, factor rings modulo prime divisors
of zero, finite integral extension rings, and faithfully flat Noetherian
extension rings. However, we will not list these results here but will,
instead, now consider #-sequences over Q.

§3. Asymptotic sequenes, grade, and cograde for a Noetherian
filtration

As an application of the results of Section 2 (especially (2.7.2)), in
this section we introduce the four types of sequences (corresponding to
the four types of prime divisors considered in Section 2) in (and, over)
a collection @ = (¢,, - - -, ¢,) of g > 1 Noetherian filtrations and prove a
few of their basic properties. Among these is that they are the same
type of sequence in (and, over) @®¥(e) for each ee N{Int(p,); i =1, ---, g}
and, as in the ideal case, that they lead naturally to the four correspond-
ing grades and cogrades of @.

NotaTioNaL CONVENTION. Throughout this section we let # denote
any one of: quintasymptotic; asymptotic; quintessential; or, essential.
(Here, the same word is to be substituted throughout each result.)

(3.1) DerFiniTION. Let I be an ideal in a Noetherian ring R, let @ =
(¢, - -+, ¢,) be a collection of g > 1 Noetherian filtrations on R, let x,,
..., x, be elements in R, let X, be the zero filtration (each ideal in the se-
quence is the zero ideal of R), and for j =1, ---,hlet X, = {(x, - - -, x,)" R},
Also, let 2,(I) (vesp., Z(®)) denote the set of #-prime divisors of I (resp.,
®). Then:

3.1.1) «x, ---,x, are a #-sequence over I (resp., @) in case (I, x,, - - -,
x,)R #+ R (resp., (§¥(1), x,, - -+, x,)R #= R) and x,,, ¢ U{P; Pe (1, x,, - - -,
x,)} (rvesp., x;,,¢ U{P; Pe 20" + )} for j=0,1,---,h—1. A 4-
sequence over the zero ideal (resp., filtration) is called a #-sequence in R.

(8.1.2) The #-grade of I (resp., @) is the length of a #-sequence in
R that is maximal with respect to being contained in I (resp., @®(1)).

(8.1.3) If R is loacl, then the #-cograde of I (resp., @) is the length
of a maximal #-sequence over I (resp., ?).
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Concerning (3.1.2) and (3.1.3), it is known that the #-grade and %-
cograde of an ideal I are well defined. Specifically: for # = ‘asymptotic’,
these are shown in [17, (38.1)] and [3], respectively; for # = ‘essential’, see
[4, (3.10) and (4.1)]; for # = ‘quintessential’, see [9, (5.3)] and [23, (8.2)];
and for # = ‘quintasymptotic’, the results in [10] can be used (however,
quintasymptotic grade and cograde are not specifically mentioned in [10]).
This will be used in this section to show that the #-grade and #-cograde
of @ are also well defined.

And it should be noted that, among other things, the results in this
section show that if g = 1, if @ = (¢), and if ¢ = {I"},, is the sequence
of powers of an ideal I, then the three definitions in (3.1) agree for I and
for @. In fact, this follows from (3.2) for (3.1.2), and (3.3) (resp., (3.5))
show that this holds for (3.1.1) (resp., (3.1.3)) since 1 € Int(g).

Our first result concerning these definitions is a special case of a
more general result, but it is still of sufficient interest and use to warrant
being specifically stated; it shows that each of the various grades of @
defined in (3.1.2) is the corresponding grade of each of the ideals @™(n)
for all ne 2,.

(3.2) TueOREM. With the notation of (3.1) let ne #,. Then g-grade(®)
= #-grade (O (n)).

Proof. Let I be an ideal in R and let b,, ---, b, be a #-sequence in

R that is maximal with respect to being contained in I (so §-grade (I) = A
by the paragraph following (8.1)). Then necessarily I < @ for some Q¢

2,(b,, - - -, b,)R), so it follows that #-grade(Q) = h. Therefore h = f-grade(l)

< #-grade(Rad (1)) < #-grade(Q) = h, so g-grade(I) = #-grade(Rad(I)). The
conclusion follows from this and (3.1.2), since Rad(®* (1)) = Rad(@"(n)).

g.e.d.

Before proving the #-cograds analog of (3.2) we first prove a strongar
result concerning #-sequences over Q.

(3.3) TueoreM. With the notation of (3.1), x,, - - -, X, are a #-sequence
over @ if and only if they are a #-segence over ®®(e) for each e e N{Int(4,);
i=1---,8.

Proof. (Note first that there exists a positive integer e in N{Int(¢,);
i=1,---,g), since (2.2.3) shows that there exists a positive integer e; in

Int(¢,) for i =1, ---, g, and then a brief computation shows thate, --. e,
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eInt(p,) fori=1,..-,8)

Assume first that # denotes ‘quintasymptotic’. Then by (3.3.1) it
suffices to show that J*(@® + 1) = F*(®(e), x,, - - -, x,)R) for j =0, 1,
..., h — 1. For this, as noted in the proof of (2.4), if I and ¢/ are ideals
such that Rad(I) = Rad(J), then 2*(I) = 2*(J). Therefore for j =0,
1, -+, h — 1 it follows that 2%(@® + x,) = *(@® + 1,)(1)), by (2.3.1), =
G¥@D(1) + 7,(1)), by (2.1.4), = 2%@®(1), x,, - - -, x)R) = D¥(DD(e), x,, - - -,
x,)R), since Rad(®"(1)) = Rad(@“(e)). Therefore (@M + 1;) = I¥(D"(e),
%y, - -, %;)R), so the conclusion holds in this case, and a similar compu-
tation (using (2.3.3) in place of (2.3.1)) shows that it also holds when #
denotes ‘quintessential’.

If ¢ denotes ‘essential’, then it is shown in [4, (38.11.1)] that x,, - - -, x,
are a #-sequence over an ideal I if and only if x7, ..., x** are for some
positive integers n, if and only if x, ..., x% are for all positive integers
n;, and if # denotes ‘asymptotic’, then the analogous result also holds.
(We do not know a reference for this, but its proof is similar to the proof
of (3.11.1) in [4] (but use [20, (5.6.1)] and [17, (8.16)] in place of [4, (3.9)]
and ([23, (2.11.1)], respectively).) Therefore when # denotes either ‘asymp-
totic’ or ‘essential’ it suffices to show that x, .-, x, are a j-sequence
over @ if and only if x¢, ---, x5 are a #-sequence over ®P(e).

For this, for j=0,1,---,hA —1 let #, = R, P + X;) and %, =
Rlus, t2(@D(e), x5, - - -, x5)R]. Then since (t"@V(m))e < t™ @ (me) = (t°* PV (e))"
C 4, for all m > 1 (since ec N{Int(4,); i =1, ---, g}), it follows that %,
is integral over #,, so if # denotes either ‘asymptotic’ or ‘essential’, then
it follows from (2.7.1) (with g = 1 and 7, the filtration such that 7,(qe + 1)
= (@), x5, - -+, x5)**'R for ¢ > 0 and for i =1, - .-, ¢) that o, (@® + X,)
= ,(1¥) and @D + X)) = £G¢®), and (2.5.1) shows that ., () =
Ax((@9(e), x5, - - -, x)R) and &£FP) = £(DV(e), x5, - - -, x¢)R) (since 1{?(n) =
@9(e), xt, - - -, x2)"R for all n >1). Therefore the conclusion holds in
these two cases also. g.e.d.

(3.4) Remark. (3.4.1) It follows as in the second paragraph of the
proof of (3.3) that if }# denotes either ‘quintasymptotic’ or ‘quintessential’,
then «x,, ---,x, are a #-sequence over @ if and only if they are a §-se-
quence over @®(n) for all (equivalently, for some) ne Z,.

(3.4.2) If # is either ‘asymptotic’ or ‘essential’, and if «x,, ---, x, are
a f#-sequence over @, then x, ¢ U{Pe P(¢,); i =1, ---, g}, so if each per-
mutation of x, ---, x, is a #-sequence over @ (this holds when R is local,
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by [20, (5.8) and (5.6.1)] (for asymptotic) and [23, (6.2)] (for essential)), then
x;¢ U{PeP(p); i=1---,8}forj=1,---, h.

Proof of (3.4.2). Let Z, = Rlu,, {t;¢,(n)};-1], Z = AR, D), and T =
Ry, oy Uy s Uiy, -y Ugy by -+, 8], Then B, S R T, T =2Z[1u, - - u,l
is a localization of #, and 7 1is a localization of a pure transcendental
extension ring of #,. Therefore assume that # denotes ‘asymptotic’ and
let Pe .o/ ,(¢,). Then there exists pe 2*(w,%,) such that pNR = P, and
then q = pT N % e 9*(u, %), by [10, (3.4) and (3.6)], so since each u, is
regular it follows that ge 9*(u, - - - u,#). Therefore P =qNRe ., (D)
by (2.3.2), so 7, (¢;) < o, (D). The case when # denotes ‘essential’ is
proved similarly, but use [4, (2.5.1) and (2.5.3)] in place of [10, (3.4) and
(3.6)]. q.e.d.

(3.5) ComroLLARY. With the notation of (3.3) assume that R is a local
ring. Then #-cograde(®) = #-cograde(@V(e)) for all ec N{Int(p,); i =1,
ce g}

Proof. This follows immediately from (8.3) and (3.1.3) (together with
the fact, noted in the paragraph following (3.1), that the #-cograde of
ideals in R is well defined). q.e.d.

Because of (3.2), (3.3), and (3.5), a number of theorems concerning
#-sequences in (and, over) an ideal, as well as the #-grade and #-cograde
of an ideal, could now be extended to finite collections of Noetherian
filtrations (and to finite collections of ideals). For example, they behave
nicely when passing to the same types of rings as mentioned at the
end of Section 2. However, we will not list these results here but will,
instead, now consider the application of the results in this section to the
analytic spread of @.

§4. On the analytic spread of a Noetherian filtration

In this section, by using the results in Section 3, we extend a couple
of important theorems concerning the analytic spread of an ideal in a
local ring R to the analytic spread of a finite collection of Noetherian
filtrations on R. We begin with the definition of analytic spread.

(4.1) DerFInNITION. Let (R, M) be a local ring, let I be an ideal in
R, and let @ = (¢,, - - -, ¢) be a collection of g > 1 Noetherian filtrations
on R. Then:

https://doi.org/10.1017/S0027763000003524 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000003524

60 J. S. OKON AND L. J. RATLIFF, JR.

(4.1.1) The analytic spread a(I) of I is the integer a(I) = altitude(%/
(u, M%), where # = Z(R, I).

(4.1.2) The analytic spead a(®) of @ is the integer a(®) = altitude (Z%/
(u, MYZ), where # = %(R, OV).

It should be noted that if @ = (¢) and ¢ = {I"},., is the sequence of
powers of an ideal I, then (4.1.1) and (4.1.2) agree; this follows from
(4.2.2) (Since 1eInt(¢)). In fact, (4.2.2) shows the stronger result that
if ee N{Int(¢,); L = 1, - - -, g}, then the analytic spread of @ is the analytic
spread of the ideal @W(e).

(4.2) THEOREM. Let @ = (¢,, -+, $,) be a finite collection of Noetherian
fitrations on a local ring R. Then:

421) If ' =, ---,7;) is another finite collection of Noetherian
filtrations on R such that Z = A(R, ®V) is an integral extension ring of
# = R[u, t*I'™] for some n > 1, then a(®) = a(I).

(4.2.2) a(®) = a(@®(e)) for all eec N{Int(p); i =1, ---, g}

Proof. For (4.2.1), if # is an integral extension ring of %, then
(u*, MY%# < (u*, M)ZN % < (u", M)%),, the integral closure of (u*, M)%,
so it follows that altitude(#/(u", M)#) = altitude(B/(u*, M)ZN %#)). Also,
altitude (Z/((u*, M)Z N #)) = altitude(Z/(u", M)Z), by integral dependence,
and altitude (Z/(u", M)Z) = altitude(Z/(u, M)Z) = a(®) by (4.1.2). Further,
B = AR, '), so altitude(Z/(u", M)#B) = a(I") by (4.1.2) and the isomor-
phism, so it follows that a(®) = a(I').

For (4.2.2) let ec ﬁ{Int(qSi); i=1, -, 8} (see the start of the proof
of (3.3)) and let € = R[u¢, i*¢'"(e))]. Then it follows as in the last
paragraph of the proof of (3.3) that Z is integral over ¥. Also, € =
AR, DV{e)) = A(R,7) = #(R,7"), where 7 = {(?®(e))"},», Therefore a(®)
= a(y), by (4.2.1), and a(t) = a(@@(e)) by (4.1.1). g.e.d.

It is a fairly important result that adding an asymptotic sequence
over an ideal I to I increases the analytic spread by the length of the
sequence. (4.3) shows that this continues to hold for @.

(4.3) CororLrarYy. With the notation of (4.2) assume that x,, ---, x,
are an asymptotic sequence over @ and let X = {(x,, -, X,)R},50. Then
(D + %) = a(D) + h.

Proof. Let # = Z(R,(® + 0)W), let ee N{Int(¢,);i=1,---, g}, and
let # = R[ue’ te(@(e)’ xi T x?L)R] Then # = '%(R, (@(l)(e)y Xyt e x?z)R) et
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AR, 7) = (R, ™), where 7 = {(?9(e), x5, - - -, X;)"R},50. Also, it follows
as in the last paragraph of the proof of (3.3) that Z is integral over 4%,
so (4.2.1) shows that a(® + ) = a(?), and a(¥) = a(@D(e), x5, - - -, x5)R) by
(4.1.1) and (4.1.2) (since Z(R, 1Y) = A(R,7) = A(R, (DV(e), x5, - - -, x5)R)).
Further, x,, ---, x, are an asymptotic sequence over ®“(e), by hypothesis
and (3.3), so xf, ---,x% are (as noted in the proof of (3.3)). Therefore
(D@D (e), x5, - - -, x5)R) = a(@(e)) + h, by [8, B.1)], = a(@) + h by (4.2.2),
hence a(® + X) = a(®) + h. q.e.d.

(4.4) extends to @ the following theorem of Rees [27, (3.3)]: a(l) +
acogd () = altitude(R) for all ideal I in a quasi-unmixed local ring R.
(Here, acogd denoted asymptotic cograde.)

(4.4) CororrLarY. With the notation of (4.2) assume that R is quasi-
unmixed. Then a(®) + acogd(QP) = altitude(R).

Proof. Let ee N{Int(¢,);i=1,---, g} Then a(@) = a(@®(e)), by
(4.2.2), and acogd (@) = acogd(®?(e)), by (3.5), so a(P) + acogd (9) = a(@V(e))
+ acogd(@D(e)) = altitude (R) by [27, (3.3)]. q.e.d.

Our final result shows that the formula in (4.4) characterizes when
R is quasiunmixed.

(4.5) CoroLLARY. If R is a local ring such that a(®) + acogd(®d) =
altitude (R) for all collections of g > 1 Noetherian filtrations on R, then R
is quasi-unmixed.

Proof. Let I be an ideal in R and let 7 = {I"},»,- Then 1eInt(y)
and 7®(1) = I, so (4.2.2) shows that a(r) = a(7r*°(1)) = a(I), and (3.5) shows
that acogd (7) = acogd (r®(1)) = acogd(I). Therefore the conclusion follows
from [18, (4.4)] which shows that R is quasi-unmixed if a(I) + acogd(l)
= altitude(R) for all ideals I in R. q.e.d.
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