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Aspects of the circle composition operation in rings

HELEN L. CHICK

In this thesis we investigate some of the properties of the circle composition (or
adjoint) operation in rings, where the operation o is defined by a o b = a + b + ab. In
an arbitrary ring, R, the properties of addition and multiplication imply that (R, o)
is a semigroup. The Jacobson radical of a ring is the largest ideal in which the circle
composition operation gives rise to a group. Quasiregular rings, in which the whole ring
is the Jacobson radical, include the nil (and hence also nilpotent) rings.

If a quasiregular ring's multiplication is commutative then the circle composition
operation commutes; the ring then has two Abelian group structures associated with
it. The main purpose of this thesis is to investigate whether or not the two groups
can be isomorphic and, if so, what implications this has for the ring. We use /C to
denote the class of all rings in which (R, o) is isomorphic to (R, +). That there are
rings having isomorphic additive and circle composition groups is obvious: zero rings
(where multiplication is trivial) clearly have the desired property, since the additive and
circle composition groups coincide. There are also non-trivial examples and we illustrate
the construction of some, including the so-called quasifields which are constructed on
partially ordered sets. It might be suspected that for these less trivial examples the
isomorphism between addition and circle composition will still force multiplication to
behave in a nearly trivial way, so that perhaps such rings are nil or nilpotent. This need
not be the case as there is a ring in K which has no zero divisors. In fact, we show that
there exist rings in /C which are nilpotent but not zero rings, nil but not nilpotent, and
quasiregular without being nil.

We also construct a family of examples by taking finite Abelian groups and deter-
mining when they can form the additive group of a non-trivial ring in K.. If p is a prime
we can show that there is only the trivial /C-ring with Zp as the additive group, we also
show that Z4 and Z2 © Z2 do not support non-trivial rings in /C. Of the remaining
finite groups, for those of the form Zpn we show exactly how to obtain non-trivial ex-
amples of rings in K. and indicate the number of non-isomorphic classes that arise for
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a given group; while for other finite Abelian groups we indicate how to obtain at least
one non-trivial example of a /C-ring using direct sums or other constructions.

We examine the algebraic properties of the class K,, including the question of its
inheritance under ring theoretic constructions. In particular, we show that K is not a
radical class, that it is closed under direct products, but that it is not hereditary (closed
under taking ideals) nor closed under homomorphisms nor taking quasiregular subrings.
There are, however, certain subclasses of fC which are better behaved, including, for
example, rings which are algebras over Zp or Q and the rings constructed on certain
finite groups.

For.commutative nilpotent rings we prove the existence of a polynomial hornomor-
phism between the additive and circle composition groups, which in certain circum-
stances will be an isomorphism. We show, too, that all finitely generated nilpotent
Q-algebras and Z-algebras are in K. The former result allows us to demonstrate that
all commutative nil Q-algebras are in K.

We conclude by considering a family of ring examples in which the circle compo-
sition semigroup is regular, rather than a group. Our construction is developed from
the idea behind the quasifield construction and also generalised power series rings. We
investigate the existence of nilpotence in such rings, and show that, like /C, the class
of rings in which (R, o) is a regular semigroup is not a radical class. This result also
holds for the stronger property that (i?,°) is a union of groups.

We note that many of the results have appeared in [1, 2, 3] and will appear in [4].
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