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Abstract

In a recent paper, Christie and Gopalsamy [2] used Melnikov's method to establish a
sufficient condition for the existence of chaotic behaviour, in the sense of Smale, in a
particular time-periodically perturbed planar autonomous system of ordinary differential
equations. They then concluded with an application to the dynamics of a one-dimensional
anharmonic oscillator. In this paper, the same system is considered and a condition for the
existence of subharmonic orbits in the perturbed system is deduced, using the subharmonic
Melnikov theory. Finally, an application is given to the dynamical behaviour of the one-
dimensional anharmonic oscillator system.

1. Introduction

This paper has been written as a sequel to a recent paper by Christie and Gopalsamy
[2]. In that paper, the authors established a sufficient condition for the existence of
chaotic behaviour, in the sense of Smale, in a particular time-periodically perturbed
planar autonomous system of ordinary differential equations, by using Melnikov's
method [12]. The paper concluded with an application to the dynamics of a one-
dimensional anharmonic oscillator. In this paper, the subharmonic Melnikov theory
[8], [14] is used to obtain a criterion for the existence of subharmonic periodic orbits
of the same perturbed system as in the paper of Christie and Gopalsamy. For examples
of applications of the subharmonic Melnikov theory, see Christie etal. [3], Greenspan
and Holmes [5, 6], Grimshaw and Tian [7], Huilgol et al. [9] and Zhao et al. [15].

To apply the subharmonic Melnikov theory, we need to assume that the correspond-
ing unperturbed system has a continuous family of periodic orbits, and we need to
parametrise this family, which is difficult in many problems, to calculate the subhar-
monic Melnikov function. We want to determine if any of these periodic orbits persist
under perturbation. In [2], Christie and Gopalsamy have established the existence
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of a double homoclinic orbit (a lemniscate) and three continuous families of periodic
orbits for the unperturbed system. They derived a parametrisation for the continuous
family of periodic orbits which filled the interior of the homoclinic loop in the first
quadrant. This parametrisation is used in this paper to calculate the subharmonic
Melnikov function for the perturbed system.

The plan of the paper is as follows. In Section 2, we calculate the subharmonic
Melnikov function and we use the subharmonic Melnikov theory to deduce a condition
for the existence of subharmonic periodic orbits of the perturbed system. Finally, in
Section 3, we apply the results of Section 2 to the one-dimensional anharmonic
oscillator problem.

2. Subharmonic orbits

In this section, we use the subharmonic Melnikov theory ([8], [14]) to investigate
the existence of subharmonic periodic orbits of the system

-4- = a2x - 2y{x2 + v2) + e (bsincot + ex), (2.1),
at
-f = -a2y + 2x(x2 + y2),
at

where 0 < e <£ 1 is a perturbation parameter, a > 0, co > 0 and b and c are real
numbers. We know from Christie and Gopalsamy [2] that the unperturbed system
(2.1)«==0 has a continuous family of periodic solutions given (in the first quadrant) by

dn(a2r, k)-k sn(a2/, k) cn(a2t, k)

(2.2)
+ 1 dn(a2f, k) + k sn(a2t, k) cn(a2t, k)

where sn(-, k), cn(-,k) and dn(-, k) denote Jacobi elliptic functions [1] with elliptic
modulus k = y/a4 — 8a/a2 € (0, 1), in which the solution curves of (2.1)e=0 are level
sets of the Hamiltonian given by

) = a2xy-^(x2 + y2)2 = a, (2.3)

where a is a constant such that a < a4/8.
We concentrate on the dynamics of the one-parameter family of periodic orbits

under perturbation. We want to know if any of these periodic orbits will persist under
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perturbation. The system (2.1)f is of the form

and we write

-r = f\(x,y) + €gi(x,y,t
dJ \ , (*, y, t) e
• / = fi(x, y) + e &(x, y, t)
at

Since the unperturbed system (2.1)e=0 is Hamiltonian, then for relatively prime
positive integers m and n, the subharmonic Melnikov function is defined ([8], [14])
by

pmT/2

Mm/n(t0) = / / ( f t (0) A g(qk(t), t + f0) dt, t0 € R, (2.4)

where ^(?) = (^(f), yk(O), and the resonance condition is T(k) = mT/n, in which
T(it) is the period of qk and F = 2n/co is the period of the perturbation. If the
subharmonic Melnikov function has a simple zero, and the condition ^ ^ ^ 0 is
satisfied, then for 0 < e < e(n), (2.1)e has a subharmonic orbit of period mT [8,
Theorem 4.6.2].

From (2.2), the resonance condition is

T(k) = 2K(k)/a2 = mT/n = 2nm/(oon), (2.5)

where K{k) is the complete elliptic integral of the first kind [1]. In what follows, we
choose n = 1 for simplicity and abbreviate K(k) by K as necessary. From (2. IX,
(2.2) and (2.4), we have for t0 6 R,

Mm/1(r0) = - b [ 2 ^ ( 0 sinMr + to))dt
J-BL dt

(2.6)

- c I [-a2xk{t)yk{t) + 2xk
2(t)(xk

2(t) + yk
2(t))}dt.

"5f
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Using integration by parts on the first integral results in

fmT/2 dyk
/ -p(0sinM*+ *>)]* (2.7)

J-mT/2 dtnT/2
i-mT/2mT/2 C"

-co
-mT/2 J_n

yk(t)cos[co(t= yk(t)sin[co(t
nT/2

pmT/2
= -co yk(t) cos[co(t + t0)] dt

J-mT/2
r-mT/2 *mT/2

= — co cos cot0 I yk(t) cos cot dt + co sin tot0 I yk(t) sin cot dt.
J-mT/2 J-mT/2

Now substituting (2.2) produces

/ yk(t) cos cot dt (2.8)
J-mT/2

l T / 2 dn(a2?, k) + k sn(a2t, k) cn(a2t, k)
— cos cot dt

mT/2 ^ s n (a t, k) + 1
i) + ksn(u,k)cn(u,k) /mnu

2a

Am,
la

where Am is the /nth Fourier cosine coefficient of the function

dn(u,k) + ksn(u,k)cn(u,k)
Fk(u) = — , u € (-K, K).

ksn2(u,k) + 1

Similarly,

/.mT/2
/ yk(t) sin cot dt (2.9)

J-mT/2

x/F+T fK dn(u,k) +ksn(u,k)cn(u,k) . /mnu\
= ~^r L —ksnKu,k) + i sin \rr)du

KVkTT
= —la—Bm'

where Bm is the mth Fourier sine coefficient of Fk. By using contour integration
([10]), one can show that the Fourier series expansion of Fk is ([11])

Fk(u) = "I (2.10)
IKJk + 1

n
^ [cosh(lnW0)

nnu\ sinh(lnW) . /«7TM\"|

~ F / + cosh(2nlVo) S1" V~^/J '
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where Wo = TIK'/IK and W = n(K' - uo)/2K in which K' = K(k'), where k! =
Vl — k2 is the complementary modulus [1], and u0 satisfies cn(«0, k') = y/k/(k + 1),
0 < M0 < K'. From (2.10), we obtain

jrcosh(2mW0 7rsinh(2mW)
Am = . and Bm = . , (2.11)

£yFKfh(2W) K JFT\ h{2W)
and thus (2.8) and (2.9) lead respectively to

mT'2 7rcosh(2mWO
(2.12)

and

/
• _, 7rsinh(2mW) ^ i o x

yk(t)smcotdt = - v ; (2.13)
r/2 2a cosh (2m Wo)

Hence, from (2.7),
mT/2fmT/2 dyk

/ -^(t)sin[co(t + t0)]dt (2.14)
J-mT/2 dt

7TC0

[smh(2mW) sincot0 — cosh(2mW) cos cot0].2a cosh(2mW0)

We now evaluate the second integral in (2.6). Substituting (2.2) in this integral and
simplifying produces

rmT 12

\ [-a2xk(t)yk(t) + 2x2
k(tKx2

k(t) + y2
k(t))]dt (2.15)

J-mT/2

aAk(k + 1) fmT/z r 1 + (Jfc - 2)sn2(a2f, jfc) + (it2 - 2A:)sn4(a2f, it)rr/2n
J-mT/2 L4

khn6(a2t, k) + (-2Jfc - 2)sn(a2f, A:)cn(a2f, k)dn(a2t, k)
+ (l+ksn2(a2t,k))3

(2k2 + 2k)sx\\a2t, k)cn(a2t, k)dn(a2t, k)~\
+ (1+Jtsn2(a2f,it))3 J '
a2k(k + 1) fK f 1 + (Jfc - 2)sn2(w, k) + (k2 - 2k)sn4(u, k)

£[•4 J-KL (l+ksn2(u,k))i
khn6(u, k) + (~2k - 2)sn(u, A:)cn(t<, k)dn(u, k)

(l+ksn2(u,k))*
(2k2 + 2k)sn\u, k)cn(u, k)dn(u,k)-\

(1 +A:sn2(«, Jfc))3

a2k(k + 1) fK l + (^-2)sn2(M, k) + (k2 - 2k)sn4(u, k) + k3sn6(u, k)

* J-K

du

\<in4(u i-1 -A- t3sn6Cu k}
du,
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since the functions

sn(w, k)cn(u, k)dn(u,k) sn3(u,k)cn(u,k)dn(u,k)
U ~* ( l + A:sn2(M,A:))3 m " ~* (1 + ksn2(u, k))3

are both odd. The integrand in (2.15) is an even function of u, so
r.mT/2

[-a2xk(t)yk(t) + 2x2
k(t)(x

2
k(t) + y2

k(t))] dt (2.16)
-mT/2

a2k(k+\) fK l+(k -2)sn2(«, Jfc)+(fc2-2A:)sn4(M, A:)+it3sn6(«, k)
•- / : — du

^ Jo C1 •
a2k(k+l) f fK duI" f

[Jo (l+ksn2(u,k)y v

+k{k-2) / S° ' " + k3 / S° ' " .
i/O \ i r»v oil \_w j "-// ,/n \ i^»v3ii \** ̂  "•// I

Evaluating the integrals in (2.16) by using [1] produces the results

where E(k) is the complete elliptic integral of the second kind [1]. Substituting
(2.17)-(2.20) in (2.16) and simplifying, finally produces

/
J-

mT/2 2 2

/ [-a2xk(Oyk(O+2x2(tXx2
k(t)+y2(t))]dt = -(Jc2-\)K{k)+-E{k). (2.21)

-mT/2 l *•

Overall, from (2.6), (2.14) and (2.21), the subharmonic Melnikov function for
n = 1 and t0 e R is

,, Jib co
Mm/l(t0) = [cosh(2mWOcos<»ro - sinh(2wW) sin cot0]

2acosh(2mW0) (2 22)
O. C (7. C

+ —(l-k2)K(k)-—E(k)

nb <u v/cosh(4m W) a2c , a2c

2acosh(2»iWb) 2 2
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where £ = — arctan(coth(2m W)) and K(k) = jrma2/co is the resonance condition.
It has been verified that

lim Mm/1(fo) = Af(f0), t0 e K,
m—*-oo

as required by Guckenheimer and Holmes [8, Theorem 4.6.4], where M is the standard
Melnikov function obtained in Christie and Gopalsamy [2].

From (2.22), the subharmonic Melnikov function has infinitely many zeros provided

fi)= f T h (
h

2 r / l [ ( * 2 - !>*(*> + *<*>]• (2.23)
n Vcosh(4 W)

The zeros of the subharmonic Melnikov function will be simple if dMm/x /dt0 ^ 0 at
the zeros of Mm/i. From (2.22), we have

J?o 2acosh(2/nWb)

Hence, Mm/1 has simple zeros if

(2.24)

and using (2.23), this reduces to

a6c2cosh2(2mW0)[(l - k2)K(k) - E{k)f < 7r2&Vcosh(4mWO. (2.25)

Note from (2.25) that the subharmonic Melnikov function has simple zeros for
c = 0, and if c ^ 0, then c has to be small enough to satisfy (2.25). Now in order
to use Guckenheimer and Holmes [8, Theorem 4.6.2] to establish the existence of a
subharmonic periodic orbit of (2.1)f of period mT for sufficiently small e, we need to
show that £ ^ ^ 0, where a(k) = H(qk(t)). We use (2.5) and k = V«4 - Sa/a2 to
obtain

dT(k) dT{k) dk 8 dK n

< 0,da(k) dk da(k) a4«Ja4 - 8a dk
since ^f > 0. Hence, we conclude that if (2.25) is satisfied where K(k) = nma2/u>,
then for sufficiently small e, the system (2.1)e has a subharmonic orbit of period m T.

3. An application to a one-dimensional oscillator

In [2], Christie and Gopalsamy considered the dynamics of an anharmonic oscillator
parametrically driven at twice the resonant frequency a)0. Such a system has recently
been applied in optics in relation to the squeezing of light by DiFilippo et al. [4], and
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Wielinga and Milburn [13] have considered an equivalent model in the context of
quantum-mechanical tunnelling. Christie and Gopalsamy [2] studied the potential for
a one-dimensional oscillator with a small (|at|z2 <C 1) quartic anharmonic correction
whose frequency is modulated at 2<w0 by a weak (ei <c 1) parametric drive :

U(z,t) = i ^ w g z M l +e , sin(2ojbO + \<xz2\, (3.1)

where JZ denotes the mass of a particle undergoing the oscillatory motion. Neglecting
the higher-order harmonics, oscillations with frequency co0 together with a dynamic
phase were considered as follows :

(3-2)

= C(t) cos co0t + 5(0 sin a^t,

where C(t) = r(t)cos(6(t)) and S(t) = r(t) sin(0(O).
By making use of an approximation, Christie and Gopalsamy [2] derived the

equations of motion

dS e ^ 3aa>0

If we assume that €\ > 0 and a < 0, the system (3.3) is identical to (2.1)e=0 with
a2 = eiCt)0/4 and a = —l6/3coo.

Then, an external potential of the form €2z sin a>at sin cot was applied, where 0 <
e2 <S 1 is a perturbation parameter and co > 0 the frequency of the perturbation. The
perturbed system is governed by the equations

dC_ _
~dl ~
dS

dt 4 8

The system (3.4) is identical to the system (2.1)f with a2 = e^o/4, a = — 16/3a>o,
fc = 1, c = 0 and e = €2/2^(CI)Q. From (2.25), if K(k) = nma2/(o, the subharmonic
Melnikov function for the system has simple zeros, so a subharmonic orbit of period
2nm/a> exists for sufficiently small e.
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