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COMMUTATORS OF BMO FUNCTIONS AND SINGULAR INTEGRAL
OPERATORS WITH NON-SMOOTH KERNELS

XUAN THINH DUONG AND LIXIN YAN

Let X be a space of homogeneous type of infinite measure. Let T be a singular
integral operator which is bounded on IP{X) for some p, 1 < p < oo. We give a
sufficient condition on the kernel of T so that when a function 6 E BMO(X), the
commutator [6,T](/) = T(bf) - bT(f) is bounded on IP spaces for all p, 1 < p < oo.
Our condition is weaker than the usual Hormander condition. Applications include
Z^-boundedness of the commutators of BMO functions and holomorphic functional
calculi of Schrodinger operators, and divergence form operators on irregular domains.

1. INTRODUCTION

Let (X, d, fi) be a space of homogeneous type, equipped with a metric d and a
measure fi. Let T be a bounded operator on LP(X') for some p, 1 < p < oo. A measurable
function K(x, y) is called an associated kernel of T if

(1-1) T(f)(x)= f K(x,y)f{y)dn{y)
Jx

holds for each continuous function / with compact support, and for almost all x not in
the support of / .

The kernel K(x, y) is said to satisfy

(i) the pointwise Hormander condition on x variable if there exist 0 < a ^ 1
and ci ^ 1 such that

(1.2, s ) ^ ( 2 , y ) | , c ,

when d(x,y) ^ C\d(x, z), and B(x;r) denotes the ball with centre x, radius
r;
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(ii) the integral Hormander condition on y variable if there exist constants C
and C2 ̂  1 such that

(1.3) / \K(x,y)-K(x,z)\d»(x)^C,
Jd(x,y)^c2d{z,y)

for all y, z € X.

It is well-known that if T is bounded on Lq(X) for some q, 1 < q < oo, and
b € BMO, the two Hormander conditions (i) and (ii) above are sufficient to imply that
the commutator [b, T]f is bounded on LP{X) for all p, 1 < p < oo, with norm

\\[b,T\(f)\\p<C\\b\\t\\f\\p,

where the commutator [b,T] is defined by \b,T]{f) = bTf - T(bf) and ||6||, is the BMO
semi-norm of b. See [5, 10] for BMO functions on Euclidean spaces X = Rn, and [3] for
spaces of homogeneous type.

Our aim of this paper is to replace the two Hormander conditions (1.2) and (1.3) by
the following weaker conditions (1.4) and (1.5) below which previously appeared in [8],
and still conclude that the commutator [b, T] is bounded on IP{X) for all p, 1 < p < oo.
Roughly speaking, for the case X has infinite measure, we assume the following.

(iii) There exists a class of operators At with kernels at(x,y), which satisfy the
condition (2.3) in Section 2, so that the kernels kt(x,y) of the operators (T-AtT) satisfy
the condition

(1.4) |* t (aM/) |< '

when d(x, y) ^ C2tl^m for some a, m > 0; and

(iv) There exists a class of operators {Bt,t > 0} satisfying condition (2.3) such
that (T — TBt) have associated kernels Kt(x,y) and there exist positive constants c3, c4

such that

(1.5) / \Kt(x,y)\dn(x) ^ c4, for all y € X.
Jd(x,y)>c3t

1/m

Under conditions (1.4) and (1.5), if T is bounded on L9(X) for some q, 1 < q < oo, then
the commutator [b, T]f is bounded on IJ'(X) for all p, 1 < p < oo.

Note that the classes of operators At and Bt play the role of generalised approxi-
mations to the identity. It is not difficult to check that conditions (1.4) and (1.5) are
consequences of conditions (1.2) and (1.3), respectively. See, [8, Proposition 2].

The paper is organised as follows. In Section 2 we give definitions of space of ho-
mogeneous type and the sharp maximal function M * / associated with a "generalised
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approximations to the identity" {At,t > 0} as in [11]. We also recall some known re-
sults and prove a lemma there. Our main result is Theorem 3.1 in Section 3. Our proof
does not use the usual Fefferman-Stein sharp maximal function / * . Instead, we use the
sharp maximal function M * / which was previously introduced in [11]. In Section 4, we
extend our result to the case of the underlying space being a subset of a space of homoge-
neous type of infinite measure. In the last section, applications are given to holomorphic
functional calculi of Schrodinger operators, and divergence form operators on irregular
domains.

We note that there is difference in estimates for boundedness of commutators of BMO
functions and singular integral operators when the underlying space X has finite measure
and when X has infinite measure. In this paper, we only study the case n{X) — oo. The
case n{X) < oo will be studied in a seperate paper [9].

Throughout, the letter "C" will denote (possibly different) constants that are inde-
pendent of the essential variables.

2. DEFINITIONS AND PRELIMINARY RESULTS

Let X be a topological space equipped with a measure fj, and a metric d which is a
measurable function on X x X. We define X to be a space of homogeneous type if the
balls B{x;r) = {y e X : d(y,x) < r} satisfy the doubling property

n(B{x;2r)) ^ cfj.(B{x; r)) < oo

for some c ^ 1 uniformly for all x € X and r > 0. A more general defintion can be found
in [6, Chapter 3].

Note that the doubling property implies the following strong homogeneity property,

(2.1)

for some c, n > 0 uniformly for all A ^ 1. The parameter n is a measure of the dimension
of the space. There also exist c and N,0 ^ N ^n so that

(2-2)

uniformly for all x, y 6 X and r > 0. Indeed, the property (2.2) with TV = n is a direct
consequence of triangle inequality of the metric d and the strong homogeneity property.
In the case of Euclidean spaces Kn and Lie groups of polynomial growth, TV can be chosen
to be 0.

The standard Hardy-Littlewood maximal function MTJ, 1 ^ r < oo is defined by

Mrrf(x) = sup (-±- f |/(2/)|r duly)) \
xeB\H(B) JB )
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where the sup is taken over all balls containing x. If r = 1, Mif will be denoted by Mf.
The Fefferman-Stein sharp maximal function of / , f*(x), is defined by

/*(*) = sup - ^ - f \f(y) - fB\ d»(v),

where fB = l/(/i(B)) fB f dp. We will say / € BM0{X) if / e L}0C{X) and f*[x) € L°
If / G BMO, the BMO semi-norm of / is given by

, = sup/#(z) = supsup —-— / \f(y) - f
x x B9x M ( - D ) JB

A family of operators At, t > 0 is said to be "generalised approximations to the
identity" if, for every t > 0, At can be represented by kernels at(x,y) in the following
sense: for every function / € L?(X),p ^ 1, Atf(x) = fxat(x,y)f(y)dfj.(y), and the
following condition holds:

(2.3) \at{x,y)\^ht(x,y) =

in which m is a positive constant and s is a positive, bounded, decreasing function
satisfying

(2.4) lim rn+N+'s(rm) = 0
r—^oo

for some e > 0, where n and iV are two constants in (2.1) and (2.2).

Note that (2.2) and (2.4) imply that

In [11], the sharp maximal function Mff associated with "generalised approxima-
tions to the identity" {At,t > 0} is defined by

(2.5) M*f (x) = sup ̂ - [\f(y)-AtBf(y)\dn(y),
x€B H\tS) JB

where tB — r'g, and / € L?(X) for some p ^ 1.

We recall some results, which have been proved in the context of spaces of homoge-
neous type in [3, 4, 8]2.

LEMMA 2 . 1 .

(i) For every p 6 [1, oo], there exists a constant C such that for every f
6 LP{X),

AJ{x) ^ CMf(x);
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(ii) Assume b 6 BMO and M > 1. Tien for every ball B(x;r), we have

\bB-bMB\^C\\b\\,logM;

(iii) (John-Nirenberg Lemma) Let 1 ̂  p < oo and B C X, then b £ BMO if
and only if

LEMMA 2 . 2 . Let X > 0 and / e V(X) for some 1 < p < oo. Then for every
0 < T) < I, we can find 7 > 0 independent of X, f in such a way that

H{x e X : Mf{x) > DX, M*f{x) ^ jX} ^ W { z e X : Mf(x) > X},

where D > 1 is a fixed constant which depends only on the space X and the "generalised

approximations of the identity" {At,t > 0}.
As a consequence, we have the following estimate:

(2-6) | |/ | |p

for every / € ̂ (X), 1 < p < 00.

For the proof of this lemma, see [11, Proposition 4.1].

LEMMA 2 . 3 . Let {At,t > 0} be a "generalised approximations of the identity"
and let b € BMO. Then, for every function f e Lp(A'),p > 1, x € X and 1 <r < 00 we
have

(2.7) sup - ± - / |yltl,(& - bB)f(y)\dn{y) < C\\b\\tMrf(x),
&BH{B)JB

[

where tB = r'g.

PROOF: We fix / e L"(X),p > l ;x € X and x € B for some ball JB. Then,

^y^|AB((6-M/)(2/)|^(j/)

^Ats(a:,»)|(6(tf)-6f l)/(y)|d/i(y)d/i(a:)

llJm I I htB{x,y)\{b{y)-bB)f{y)W(y)dix{x)

= 1 + 11.

We now estimate I. By (2.2) we have n(B) ^ 2Nfj.(B(x,rB)) since x € B. Besides, for
y € 2B we have

_ 5(d(«,y)"tjl) 5(0) C < C
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Note that the first inequality is a consequence of the assumption that s is decreasing.
Denote 1/r + 1/r' = 1. By using (iii) of Lemma 2.1, we obtain

I ^ <

< C\\b\\.Mrf(x).

Regarding II, for x € B and y € 2k+1B\2kB we have d(x,y) ^ 2k~lrB and from the
doubling volume property

s(d{x,y)mrB
m)

h { x y )
s ( 2 )

" (B) "

By (2.4) and Lemma 2.1, we thus obtain

The proof of Lemma 2.3 is complete. D

3. THE MAIN THEOREM AND ITS PROOF

Assume that A" is a space of homogeneous type of infinite measure, equipped with
a metric d and a measure \x. In this section, we assume the following:

(a) T is a bounded operator on L2(X).

(b) There exists an "generalised approximations of the identity" {Bt,t > 0}
such that (T—TBt) have associated kernels Kt(x, y) and there exist positive
constants Ci,c2 such that

f
•/d(

\Kt(x,y)\ dn(x) sj c2, for all y € X.

(c) There exists an "generalised approximations of the identity" {At,t > 0}
such that the kernels kt(x, y) of the operators (T - AtT) satisfy
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1 +<*/
(3-1) \kt(x,y)\^

n(B(x;d{x,y))d{x,y)°'

then d(x,y) ^ c3t
l/m for some.C3,c4,Q: > 0.

It is proved in [8] that if T is an operator satisfying (a) and (b) above, then T is of
weak type (1,1) and of strong type (p,p) for 1 < p < 2. In addition, if (c) is also satisfied,
the operator T is bounded on LP{X) for all 1 < p < oo.

The aim of this section is to prove the following theorem.

THEOREM 3 . 1 . Let T be an operator satisfying the above conditions (a), (b) and
(c) and b € BMO. Then the commutator [b,T] can be extended to L?(X) continuously,
and there exists a constant C = C(p, T, X) such that

(3.2) ||[6, T]/|| ^ C||6||t||/||p

for 1 < p < oo.

PROOF: Choose two real numbers r and s greater than 1 such that 1 < rs < p < oo.
We will prove that there exists a constant C = C(p, T, X) such that

(3.3) M*([b,T])(f)(x) < C||6||.MrT/(i) +C||6||.Mrs/(x)

for all x e X.
From (3.3) and (2.6), (3.2) follows by the continuity of T, and of the maximal

inequality ([13]),

\\{b,T]f\\p ^ C\\M#([b,T})f\\p ^ C||6||.(||Mr77||p + ||Mr./||p) ^ C||6||.||/||p

for all 1 < rs < p < oo.
We now prove (3.3). For an arbitrary fixed x 6 X, choose a ball B(xo;r) = {y

6 X : d(x0, y) < r} which contains x. Let /i = fx2B and f2 = f - f\. One writes

[b,T)f = (b- bB)Tf - T((b - bB)h) - T((b - bB)f2),

and

AtB {[b,T}f) = AtB((b - bB)Tf) - AtBT((b - 6B)/i) - ABT((b - bB)f2),

where tB = rg. Then, by (2.5)

7 ^ [j[b,T)f(y) - AtB[b,T}f{y)\d»{y)

r\T{(b(y)-Jj
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~ AtBT((b-bB)f2)(y)\dn(y)

= I + II + III + IV + V.

Let r' be the dual of r such that 1/r + 1/r' = 1. Using the Holder inequality and Lemma
2.1, we have

By Lemma 2.1 and the IP boundedness of T,

n
l / s

^ C\\b\\.Mrsf(x).

Similarly, by Lemmas 2.1, 2.3 and the IP boundedness of T, we obtain

III + IV ^ C\\b\\.MrTf(x) + C7||6||.JWf,./(ar).

We now consider the term V. Using the assumption (c), we have

V ^ ~TS\ I f K(y,z)\\(b(z)-bB)f(z)

l^r W f \b(z)-b2>+1B\\f(z)\d»(z)

+cJT2-ka\b2^B-bB\ \ f \f(z)\dn(z)
^ H(B{xo\2

KrB)) J^X0<z)<2t+iTB'

C\\b\\. J 2~kaMrf(x) + C\\b\\. f ] 2~ka(k
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Combining the above estimates of I, II, III, IV and V, we obtained (3.3). The proof
of Theorem 3.1 is complete. D

4. T H E CASE OF MEASURABLE SUBSETS OF SPACES OF HOMOGENEOUS TYPE

We now assume that fi is a measurable subset of the space of homogeneous type
(X, d, p). An example of Q is an open domain of the Euclidean space R". If 0, possesses
certain smoothness on its boundary, for example Lipschitz boundary, then it is a space
of homogeneous type and Theorem 3.1 is applicable. However, a general measurable set
Q, needs not satisfy the doubling property, hence it is not a space of homogeneous type.
Such a measurable set Q, appears naturally in boundary value problems, for example for
partial differential equations with Dirichlet boundary conditions.

We are interested in dealing with the commutator estimates in these context. Fol-
lowing the approach in [8], we extend the singular integrals denned on fi to the space X.
Since there is no assumption on the regularity of the kernels in the space variables, the
extension of the kernel still satisfy similar conditions. Given a linear operator T which
maps 1/(^1) into itself for some p, defined an associated operator T on V^l) by

f(f)(x)=T(fXn)(x)xn(x),

where xn is the characterisatic function on fi. Then T is bounded on If(D.) if and only
if T is bounded on U'(X). Note that if T has an associated kernel K(x, y) in the sense
of (1.1), then T also has an associated kernel K(x,y) in the sense of (1.1), given by

K(x, y) = K(x, y)xn*n{x, y)-

It is easy to see that the pointwise Hormander condition for K would not necessarily
imply such a condition for K because this kernel can be discontinuous. However, the
kernel assumptions (b) and (c) do not involve their regularity, and they induce similar
properties on the kernels of the extended operators.

From now on, to differentiate between a ball in X and a ball in fi, we use the
notations Bx and Bn. A "generalised approximations to the identity" {At,t > 0} in this
context is given by

AJ{x) = [ at(x, y)f(y) dfx(y), f € LP{Q), for some p > 1,
Jx

where the kernels at{x,y) satisfy the following conditions:
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for all x, y G £1, where ht(x, y) is defined on X x X by

ht(x,y) =

in which m is a positive constant and s is a positive, bounded, decreasing function
satisfying (2.4). We assume the following:

(a') T is a bounded operator on L?(Q) with kernel K(x, y), such that, for every

T(f)(x) = / K(x,y)f(y)dn{y) for fi — almost all x g supp/.
Jx

(b') There exists a "generalised approximations of the identity" {Bt, t > 0}
such that (T—TBt) have associated kernels Kt(x, y) and there exist positive
constants Ci, c2 so that

x) < c2, for all y € Q.

(c') There exists a "generalised approximations of the identity" {At,t > 0}
such that the kernels kt(x, y) of the operators (T — AtT) satisfy

i . , . , 1 t Q / m

when every x, y 6 Cl with d(x,y) ^ c3t1/m for some c3, c4, a > 0,
In [8] it is proved that if T satisfies (a1) and (b1), then it is of weak type (1,1)

and hence bounded on L^fl) for 1 < p ^ 2. The proof of these estimates is based on
extending the operators to X, then showing that conditions (a'), (b') and (c') on T, At,

Bt imply that T satisfies (a), (b) and (c) on X. Hence, the previous results on spaces of
homogeneous type X can be applied to obtain the following theorem.

THEOREM 4 . 1 . Assume that T is an operator satisfying the above conditions

(a1), (V) and (d). Let b{x) be defined on Q such that l{x) is in BMO(X) where Z{x)

= Hx)xn(x)- Then, for every f 6 .Z/(fi), there exists a constant C = C(p,T,Cl) such

that

for all 1 < p < oo.

5. HOLOMORPHIC FUNCTIONAL CALCULI OF LINEAR ELLIPTIC OPERATORS

We first review some definitions regarding the holomorphic functional calculus as
introduced by Mclntosh [12]; see also [1]. Let 0 ^ w < n be given. Then

Su= {zeC: |argz| ^ w} U {0}
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denotes the closed sector of angle ui and S£ denotes its interior, while Su = Su\{0}. An
operator L on some Banach space E is said to be of type to if L is closed and densely
defined, a(L) C Su, and for each 0 € (w, IT) there exists a constant Ce such that

If ne (0,7r], then

HooiSl) = {/ : 5° -> C; / is holomorphic and H/IU < oo},

where ||/||oo = supj |/(-z)| : z S 5° >. In addition, we define

*(S£) - {<? G J U ^ ) : 35 > 0,3c £ 0 : |5(z) ^ ^

If L is of type w and g € *(5°) , we define g(L) € L(S) by

(5.1)

where F is the contour {£ = re±>ff : r ^ 0} parametrised clockwise around Su, and
LJ < 6 < ii. If, in addition, L is one-one and has dense range and if / € Hoo(S^), then

(5.2) f(L)=[h(L)]-\fh)(L),

where h(z) = z{\ + z)~2. It can be shown that f(L) is a well-defined linear operator in E
and that this definition is consistent with definition (5.2) for / € ^(S1"). The definition
of }{L) can even extended to encompass unbounded holomorphic functions; see [12] for
details. L is said to have a bounded holomorphic functional calculus on the sector 5M if

\\g(L)\\c{E) ^ jvyioo

for some N > 0, and for all g £ H^S®).

Coming back to our setting, let us suppose that Q is a measurable subset of a space
of homogeneous type X. Let L be a linear operator on L2(Q) with u> < TT/2 SO that (—L)
generates a holomorphic semigroup e~zL, 0 ^ |Arg(z)| < TT/2 - w. Applying [8, Theorem
6] and Theorem 4.1, we have

THEOREM 5 . 1 . Assume the following three conditions.

(a) The holomorphic semigroup e~zL, |Arg(z)| < TT/2 - ui is represented by
kernels az(x,y) which satisfy, for all 6 > io, an upper bound

\az{x,y)\ ^cehM(x,y)

for x,y G £1, and |Arg(z)| < TT/2 - 0, where h\z\ is defined on X x X by
(2.5).
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(b) The operator L has a bounded holomorphic functional calculus in L2(Q).
That is, for any v > UJ and g e H^ffi), the operator g(L) satisfies

lls(£)/IU>(n) < cv\\g\\

(c) Let b(x) be deGned on Q such that b(x) is in BMO(X) where b(x)

Then, for every 1 < p < oo, the commutator [b,g(L)] is bounded on W^l), that is

\\[b,9(L)]f\\ <C\\Z\\.\\9\U\fhw

for all g e H

NOTE. Using assumption (a) and (5.1), it was proved in ([8, Theorem 6]) that the
conditions (b') and (c') of Theorem 4.1 are satisfied.

APPLICATIONS. Theorem 5.1 gives new results when we do not assume smoothness of
heat kernels in the space variables, or when Q. is a measurable set with no smoothness
on its boundary.

(a) Let V be a nonnegative function on R". The Schrodinger operator with poten-
tial V is defined by

L = -A + V(x).

The Trotter formula shows that the semigroup e~tL has a kernel pt(x,y) which satisfies
an upper bound of Gaussian type, that is

for x, y e R" and all t > 0. However, unless V satisfies additional conditions, the heat
kernel can be a discontinuous function of the space variables and the Holder continuous
estimates may fail to hold. See, [1, Lecture 7].

Applying Theorem 5.1, the commutator [&, <7(L)] is bounded on LPiW1) for all 1
< p < oo, that is,

for all g e i/oo(5°).

(b) Let

be the elliptic divergence form operator of real, symmetric coefficients with Dirichlet
boundary conditions on a domain 57 of Rn which is defined by the variational method.
This means that L is the positive self-adjoint operator associated with the form
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on V x V by (Lf, g) = Q(f, g), where V is the Sobolev space Hi (fi). It is known that the
operator L has Gaussian heat kernel bounds without any conditions on smoothness of
the boundary of fi. See [7]. Therefore, when^(x) = b(x)xn(x) is in BMO(W), Theorem
5.1 shows that for all g € Hoo(S°), the commutator [b, g(L)] is a bounded operator on

More general operators on open domain of Rn which possess Gaussian bounds can
be found in [1, 2, 8].
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