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Abstract

For any class of rings 9 it is shown that the class & (M) of all rings each nonzero homomorphic
image of which contains either a nonzero 9N -ideal or an essential ideal is a radical class. If 9 is a
class of simple rings the upper radical generated by I, U(M), is shown to be equal to & (M)
where 9N’ is the class of simple rings complementary to SR.
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The main result in this paper is a new characterization of the upper radical
generated by a class of simple rings. We also give some related results for
general upper radicals. In Section II we establish some properties of essential
ideals, and in Section III prove that if 9 is a class of simple rings the class
& (9N) of all rings A each nonzero homomorphic image of which has either an
M -ideal or an essential ideal is a radical class. We also show that &(9M) =
UM = the upper radical determined by the class M’ of simple rings
complementary to IN.

The definitions and significant radical theoretic properties used throughout
this text may be found in Divinsky (1965) and, in addition, we assume that all
rings mentioned are elements of some universal class QU of associative rings.
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I

Recall that an ideal I of a ring A is called essential if I # A and I has nonzero
intersection with each nonzero ideal of 4. We can show the following:

LEMMA 1. If I is a nonzero ideal of R then either I is a direct summand of R or
there is an essential ideal of R containing I.

PrOOF. Let I be any nonzero ideal of R. Assume [/ is not a direct summand of
R. Consider the collection 9 of all ideals which have zero intersection with 7,
(0)e M so M*= and M is partially ordered by set inclusion. A simple
application of Zorn’s Lemma gives us a maximal element M € 9. We shall
show that I + M is essential in R.

Let A4 be any nonzero ideal of R. If 4 N I # (0) then clearly (I + M) n A #
(0). So assume that A N I =(0). Then A € 9. Now, if 4 C M we have
I+ M)Nn A+ (0) as desired, so let A ¢ M. Then (4 + M) N I # (0) since
A + M contains M and M is maximal with respect to I N M = (0). Thus there
existsa+ me A+ Msuchthat0#*a+m=i€l. Thena=i—-mel+
M which implies that (/ + M) N A # (0) unlessa = 0. Butifa = Othenm = i
and I N M # (0). In any case, we see that A N (I + M) # (0). Since / is not a
direct summand I + M * Rsol + Misessentialin Rand I C I + M.

LEmMMA 2. If R has a homomorphic image with an essential ideal, then R has an
essential ideal.

PrOOF. Let R/ M # (0) be a homomorphic image of R with essential ideal
K/M. Then K/M # (0) so M is a proper ideal of K. Also K/M + R/M so
K # R. We shall show that K is essential in R.

If A4 is any nonzero ideal of R then either 4 C Kor A ¢ K. If 4 C K then
K N A =A% (0) as desired. On the other hand, if 4 ¢ K then 4 ¢ M and
we have (4 + M)/ M a nonzero ideal of R/M. Thus (4 + M)/M N K/M #
(0), i.e. there exists a + m € A + M and k € K such that {a + m] = [k] # [0}
This implies that @ + m + m, = k + m, for some m,, my € M. But M C K so
m+ m; and k + m, € K. Thus a = (k + my) — (m + m,) € K and we have
a€ AN K. Now if a =0 we have m + m; = k + m, which implies £k € M.
But since [k} 7 [0] this cannot happen. Therefore A N K+ (0) and K is
essential in R as desired.

THEOREM 3. The following are equivalent for any ring R.
(1) R has no essential ideals.
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(2) Each ideal of R is a direct summand of R.
(3) R is a direct sum of simple rings.

PrOOF. If R has no essential ideals then by Lemma 1 each ideal is a direct
summand and hence (1) implies (2). If each ideal in R is a direct summand then
clearly it cannot be essential since it has a complementary ideal with zero
intersection and so (2) implies (1).

The equivalence of (2) and (3) has been shown by Armendariz (1968) in the
case that R is a ring with identity. In general the proof goes as follows:

To show that (3) implies (2) let R be a direct sum of the rings R,
(i € I), where each R, is simple. Let B be a proper ideal of R. For
each subset J C I let R, = 2., R. Now for any i, B N R, = (0) or
R. If BN R, = R, for all i then B = R which is impossible. Thus
there is a j such that R, N B = (0). We may use Zorn then to choose a
set J maximal with respect to R, N B = (0). If j € J then R, C R, +
B. If i ¢ J then R, C R, + R,. But the containment is proper so
(R, +R) N B # (0) which implies R, N (R, + B) # (0). But then
(R, +B) N R, = R, since R, is simple. Thus R, C R; + B and we
must have R = R; + B with the sum clearly direct.
The proof that (2) implies (3) has three steps. First, however, we
remark:
If each ideal of R is a direct summand of R then we may say the
following about any ideal A4 of R.
(1) Any ideal I of A4 is also an ideal of R.
(2) Any ideal I of A4 is a direct summand of 4 and also of R.
Step (1). Each nonzero ideal of R contains a nonzero simple ideal.
Proof. Let A # (0) be an ideal of R. If a € A such that a # 0 we
can use Zorn’s Lemma to choose an ideal T of 4 maximal with respect
to a & T. Then by the remark above 4 = T @ U. We show U is
simple. For if there is an ideal ¥ of U such that (0) # ¥ then, again by
the above remark, U=V D W and thus A=T DV S W. If
W +#(0), however, T® W 2 Tand TO®V 2 T,s0a € TDW
and a € T @ V (by the maximality of T). Thusin4 = T & V & W,
we have

r+o+0=a=£(+0+w

forsomet,t,€eT,vEV,wE W.Hencev=0=wanda=1t=1
€ T which is a contradiction. Thus W = (0) and ¥V = U so U is
simple as desired. Note again that this simple U is also an ideal of R.
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Step (2). If § = X (all simple ideals of R) then § = R.
Proof. If S * R, then R = S @ K with K # (0). But by Step (1)
we can find a simple ideal of R not contained in S.
Step (3). If R = X (all simple ideals of R) then R is a direct sum of
simple rings.
Proof. Let { R}, be the collection of simple ideals of R and use
Zorn to select J C I maximal with respect to = el Rj being a direct

sum. Then R = @ Z,c; R; by Step (1).
111

Recall that a class 9N of simple rings satisfies property E of Divinsky (1965),
p- 5, and hence we can define an upper radical generated by 9N to be

U(IM) = {4 | each nonzero homomorphic image of 4 is not in M }.

We shall give a new characterization of 2 (IN).
Let 9L be any class of rings. We show that 9L determines a radical class as
follows.

DEFINITION 4. Let & (91L) be the class of all rings each nonzero homomorphic
image of which contains either a nonzero 9l -ideal or an essential ideal.

THEOREM 5. & (9N) is a radical class.

Proor. (0) qualifies vacuously as a member of &(91) and each nonzero
homomorphic image of a member of &(9M) is clearly in & (M) so property
(R1) is satisfied. Now, let 4 & &(9W). Then A has a nonzero homomorphic
image A /I, which has neither a nonzero 9M-ideal nor an essential ideal. Let
K/I be a nonzero & (9N )-ideal of A4 /1. By Theorem 3 K/I must be a direct
summand of 4 /1. Note also that this makes K/ a homomorphic image of 4 /1.
Now since K/I € & (9W) it must have an essential ideal or a nonzero 9N -ideal.
But if K/7 has an essential ideal then Lemma 2 forces A4 /I to have an essential
ideal contrary to the choice of 4/1. Also if K/I has a nonzero 9N -ideal then
this 9N -ideal of K/I is actually an 9N -ideal of A/7 since K/I is a direct
summand of 4 /1. This again is impossible. Thus we have that 4/ has no
nonzero & (I )-ideals which is the property (R2) as desired.

Thus we have that any general class of rings determines a radical class. For a
class M of simple rings this radical turns out to be well known.

THEOREM 6. For any class W of simple rings W(IM) = &(IN") where I’ is
the class of simple rings complementary to .
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ProoF. Let A & & (IN”) then A has a nonzero homomorphic image A4 /I with
no essential ideals nor nonzero ideals from 9W’'. By Theorem 3 A/ is then a
direct sum of simple rings each of which can be considered an ideal of 4/1.
These cannot be in 9N’ since 4 /I has no 9N '-ideals so they are in .. Each of
these summands is a homomorphic image of 4 /1 and thus of 4, so as a result
A & A(IN). On the other hand if 4 & A(SN), 4 has a nonzero homomorphic
image in 9N which, since it is simple, clearly has no essential ideals nor

9N ’-ideals. Thus 4 & & (IN).

Theorems 5 and 6 seem to suggest two problems for further investigation: For
a homomorphically closed class of rings 9L, what is the relationship between
&(9M) and the lower radical class generated by 9? For a class of rings 9N
satisfying property E of Divinsky, is there any way to realize U(IN) as &(2)
for some class © related to M?
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