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THE RADIO-FREQUENCY BIREFRINGENCE OF POLAR ICE 

By N . D. HARGREAVES 

(Scott Polar Research Institute, Cambridge CB2 I ER, England) 

ABSTRACT. R adio-echo observa tions have shown that polar ice in situ is birefringent. The mos t likel y 
explana tion of the birefringence is a n a nisotropy in the radio-frequency dielectric consta nt o f the ice single 
crys ta l, combined with the ordering o f the ori enta tions o f the ice crystals in pola r ice. It is poss ible to calcula te 
the birefringence of ice which has a distribution of crys ta l ori enta tions using a technique simila r to that used 
to deri ve the dielectric properti es o f he terogeneous m edia . The experimenta lly observed birefringence may 
then be shown to be consistent with the crysta l orienta tio n fabric a t the site of the observations if the aniso­
tropy of the dielectri c consta nt is slightly less than I %, tha t is, slightly less tha n the accuracy o f the la bora tory 
measurements whi ch have fa iled to d etec t any anisotrop y . Further experimental observa tions m ight be used 
to obta in informa tion on not only the level of anisotrop y o f the single crys ta l but a lso on the crys ta l o rienta tion 
fa bric of the ice. 

R ESUME. Birifringell ce de la glace polaire aI/x jrequentes radio . Les observa tions de radio-ech o-sondage ont 
montre que la g lace polaire ill situ es t birefringente. L 'explication la plus pla usible de ce tle birefringence 
repose sur I' existence d 'une anisotropie des constantes dielec triq ues des m o nocristaux de glace a ux frequences 
radio, combinee a une orienta tion ordonnee des cri sta ux d e glace da ns la glace pola ire. 11 es t possible de 
ca lculer la birefringence de la glace possedant une di stribution des ori entatiuns crista llines , en utilisant une 
technique simil a ire a celle utilisee p our obtenir les propri e tes dielec triques d es milieux heterogenes. On peut 
a lors montrer que la birefringence observee experime n ta lem ent es t en accord avec la texture d 'o rienta tion it 
l'endroit de I'observa tion si l'aniso tropie des constan tes dielectriques es t un p eu moins cl e 1%. eette valeur 
est quelques p eu inferieure a la precision des mesures d es labora toires qui n 'ont pas reuss i a d t' tec ter une 
quelconque a niso tropie. La pOUl'suite de tell cs observa tions experimenta le3 pourra ient etre utilisees pour 
obtenir des informa tions, non seulement sur le nivea u d e I'anisotropie du monocrista l mais a uss i sur la 
texture d 'o ri enta tion de la glace. 

ZUSAMMENFASSUNG. Die Doppelbrecll1l1lg von Polareis bei Radarfreqllen:::ell . R adarecho-Un te rsu chungen haben 
gezeigt, dass Pola re is ill situ doppelbrechend ist. Die w a hrscheinlichste E I'kIarung del' Doppelbrechung ist 
eine Anisotropic d e l' DielektriziUitskonstanten des e inkris ta llinen Eises bei R adarfrequenzen, verb u nden mit 
einer Ausri ch tung d er Eiskrista lle im Polareil . Die D oppelbrechung von E is mit verteilten Kri sta llrichtungen 
ka nn ma n mi t Hil fe eines Verfa hrens berechnen, das clem Verfahren fLir clie Ableitung d e l' cl ic lektrischen 
Eigenscha ften he terogener Stoffe a hnlich ist. Es ka nn cla nn gezeigt werclen , cl ass die experi mente ll beobach­
rete Doppelb rechung mi t dem Kris ta llori entierungsge fLi ge an der Beobachtungsstelle Li bere inst im m t, wenn 
die Anisotropic d e l' clielektrischen K onsta nten kna pp un ter I % is!. Dies ist kna pp unter der Genau igkeit del' 
Labormessungen , di e keinerl ei A niso tropie fcs tstelle n konnten. Weite re experimentelle Beobachtungen 
kiinnten clazu ben iHzt werden, K en ntnis nicht nul' Liber d en Grad d er A niso tropic des Ei n kri sta ll s zu 
erhalten. sonclern a uch libel' das Krista llori entierungsgefLige des E ises. 

I . I NTROD UCTIO N 

The crysta l structure of ice Ih has an hexagonal symmetry, a nd, in accorda nce with 
N eumann's Principle (see, e.g . Nye, 195 7, p. 20- 24), the physical properties of the ice crysta l 
must, in turn , h ave a t leas t this symmetry. In the case of those physical properties which a re 
represented by second-rank tensors, such as th e e lectri cal properti es, this implies that the 
tensors have a t the most two independent coeffi cients, with the hexagonal symmetry axis of 
the crysta l coinc iding with an axis of rotationa l symmetry of the physical property. H ence 
the dielec tric consta nt of ice m ay be uniaxia ll y a nisotropic, a nd ice may possibly exhibi t 
uniax ia l birefringence, a lthoug h no t definitel y, since Neumann's Principle onl y predicts the 
minimum a llowa bl e symmetry of the ph ysical prop erty. 

The ex istence of birefrin gence in ice a t optical frequencies is well known, a nd it has been 
used, as in ma n y o ther minera ls, to determine c rystal orienta tion fabrics of na tura l poly­
crystalline samples (Langway, 1958) . The birefringence is very sm all in compa rison with 
most other minera ls, a nd corresponds to a difference between the two principa l values of the 
dielectric constan t of 3.7 X 10- 3, o r 0. 2% at - I QC a nd the frequency of the sodium-D line 
(Ehringhaus, 1917) . It has been suggested tha t this a nisotropy, a n anisotropy of the electroni c 
pola rization in ice, is caused by a n a nisotropy of the loca l fi eld in the ice la tti ce (] oha ri , 1976) . 
The a bsorption of light at optical frequencies a ppear to be isotropic within the limits of 
experimenta l accuracy (Lyons a nd Stoiber, 1959, p . 13), and the ea rly measurem ents by 
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Plyler (1924) which detected an anisotropy of absorption in the near infra-red have not been 
confirmed by Ockman ( 1958) and Lyons and Stoiber ( 1959, p. 13) ' 

Little is known about the existence of anisotropy in the vibrational polarizations which 
contribute to the dielectric response at radio frequencies. Preliminary results of isotopic 
dilution studies (private communication from M. Falk) of the OH (or OD) stretching 
resonances show that OH stretchings occurring parallel to the c-axis of the crystal are indistin­
guishable from the other OH stretchings. There is unlikely to be a significant contribution 
to the anisotropy of the dielectric constant from this mechanism. J ohari and Charette ( 1975) 
present the most recent measurements of the dielectric properties of ice in the radio frequency 
range. They conclude that the anisotropy in the dielectric constant is less than 1% ; the 
difference between the principal values is therefore not greater than about 3.2 X 10-2 . 

J ohari and J ones (1978) are unable to detect any anisotropy in the static dielectric 
constant of ice, to within 2%, although both Humbel and others (1953) and Von Hippel and 
others (1972) have observed a significant anisotropy. The consequent anisotropy in the 
conductivity at frequencies above the low-frequency dispersions has been observed by Ruepp 
(quoted in Paren, unpublished). Johari and Charette (1975), however, did not observe any 
anisotropy in their absorption measurements, although within the limits of their accuracy a 
difference as large as 6 % would remain undetected. 

Thus we can say, on the evidence to date, that the upper limit of the radio-frequency 
anisotropy of the dielectric constant is set by the measurements of J ohari and Charette (1975)' 
AI though the sign and magnitude of the anisotropy of the vibrational polarizations contributing 
to the radio-frequency dielectric constant are not known, it would seem unlikely that it should 
cancel the anisotropy of the electronic polarization, a lso contributing to the radio-frequency 
dielectric response. As a tenative lower limit of the anisotropy, we might use the anisotropy 
of the dielectric constant at optical frequencies, which is equivalent to a difference between 
the principal values of 3.7 X 10- 3 • 

There have been several observations of a change in the polarization state of radio waves 
after propagation and reflection in polar ice sheets (Jiracek, 1967; Bogorodskiy and others, 
1970; Kluga and others, 1973), which could be attributed to the birefringence of the ice 
crystal, among other possibilities. From radio-echo observations in the region of DYE-3 base 
in central southern Greenland, Hargreaves (1977, unpublished) shows that the radio echo 
reflected from the internal layers of the Greenland ice sheet is elliptically polarized, and, by 
observing the change of the polarization of reflections from successively deeper layers, obtains 
an estimate of the birefringence of the ice sheet. On the assumption that the optic axis of the 
ice sheet is at 90° to the direction of propagation, Hargreaves obtains a value of 1.0 X 10- 3 

for the difference between the principal values of the dielectric constant of the ice sheet . If the 
optic axis is at any other orientation, the anisotropy must be larger, to account for the observed 
level of birefringence, and Hargreaves' estimate is thus the minimum possible value of the 
anisotropy. If we attribute the birefringence of the ice sheet to the existence of an anisotropy 
of the dielectric constant of the ice crystal at radio frequencies, we must further say that since 
the crystal c-axes in polar ice are not all perfectly a ligned, a lthough there may well be some 
preferred orientations, Hargreaves' estimate is also the minimum possible value of the aniso­
tropy of the single crystal. 

The question then arises as to how we can relate measurements on polycrystalline ice (with 
a certain orientation distribution of crystal c-axes) to the conjectured birefringence of the 
single ice crystal. By answering this question, we will be able to investigate the plausibility of 
explaining the observed birefringence of the ice sheet as a combination of the two effects: an 
anisotropy of the single-crystal dielectric constant plus an ordering of the ice-crystal orienta­
tions. We will a lso be able to obtain an estimate of the value of the single-crystal anisotropy 
which it is necessary to assume in order to explain the experimental observations of ice-sheet 
birefringence. 

https://doi.org/10.3189/S0022143000033499 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000033499


RADIO - FREQUENCY BIREFRINGENCE OF POLAR I CE 

2. THE BIREFR1NGENCE OF A POLYCRYSTALLINE MEDIUM 

One possible approach to the problem of evaluating the dielectric tensor of polycrystalline 
ice is to treat the medium as a mixture of different dielectrics, the different dielectrics being the 
individua l crystals, a nd each having a different dielectric tensor by virtue of their differing 
orientations. Methods of deriving dielectric constants for mixtures of isotropic materia ls are 
well established (see Beek, [967, for a review) ; an example of their a pplication would be the 
derivation of the dielectric constants of different snows, which are mixtures of ice and a ir or 
water (Evans, 1965; Glen and Paren , 1975)' We will h ere follow closely the treatm ent of 
Polder a nd van Santen (1946), extended , however, to a mixture of a nisotropic dielectrics. 

IfDM and E M are the macroscopic flux-density and electric field vectors, then the relation­
ship: 

( I ) 

defines the dielectric tensor E' which describes the m acroscopic electrical properties of the 
medium. The macroscopic field vectors are the volume average of the fields in each Cl'ystal 
(Panofsky and Phillips, [CI962], p. 33- 36) . The volume average is over a volume which is 
sma ll compared with the wavelength we are considering, a nd yet is suffi ciently large compared 
with the size of the individual crystals to contain a representative sample of the crys ta l-axis 
orientations. If the wavelengths are of the order of a m etre, this condition can be sa tisfied 
if the average crystal size is of the order of a few millimetres, which is the case in pola r ice 
from the centre of a n ice sheet in all except the lower pa rt of the ice sheet (see, e.g. Gow and 
Williamson, 1976, for results from the " Byrd" station bo re hole in W es t Antarctica) . 

In each crystal we have the relationship D = Eo£( j)· E, where D and E are the field 
vectors in the crystal and E(j) is the dielectric tensor of the crystal. By summing EO£(j)· E 
over all the crystals, each of which is in a volume Vi> or volume fractionJi of the total volume 
V, we obta in: 

which for convenience we will write as : 

= Eo{E(J)' EM + IJi(£(j) - E(J)) · E m(j)}, 

j ,p l 

where E m(j) is the mean electric field in crystalj. 
The problem now is to relate the m ean field in each cr ys tal to the macroscopic field , which 

is the average electric field throughout the volume. An exact solu tion to this problem does 
not exist. In general , we can relate E m (j) to the macroscopic field by a rela tionship such as: 

Em (j) = a (1) ·E M , 

where a (j) is a tensor which is a function of the shape and orientation of the crystal and of £' , 
If the crystals a re only weakly a nisotropic, and are reasonably close to being spherical 

(both of which conditions are likely to be satisfied in polar ice) then it can be shown (see 
H a rgreaves, unpublished ) that an approximate expression for a (jl is 

I being the unit matrix, and il (j) being a m atrix whose coefficients a re a ll of the order of il, 
the characteristic difference between the principal values of the dielectric tensor of the crystal, 
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a 
o 

and by the usual tensor transformation, a crystal with the optic axis at an orientation (e, r/» 
has a dielectric tensor 

{

a+(b- a) COS2 cp sin2 e (b- a) t sin 2</> sin2 B 
e(B, r/» = (b- a) t sin 2cp sin2 B a+(b- a) sin2 r/> sin2 B 

(b- a) t cos cp sin 2e (b- a) t sin </> sin 2B 
Equation (4) becomes : 

</> = 2rr 0 = rr / 2 

(b- a) t cos cp sin 2B} 
(b- a) t sin cp sin 2B . 

a+ (b- a) cos2 B 

et/ = J f p(B, cp ) etj (e, r/» sin B dB dr/>. (5) 
</> = 0 0 = 0 

Since the optic axis is centro-symmetric p( e, r/» = p( 7T - B, r/> + 7T ) and in addition 
e (e, r/» sin B = e(7T - e, r/> + 7T) sin (TT - e), hence the limits of integration in Equation (5). 

If the distribution is symmetrical about the z-axis, that is, if p is a function of B only, then 
the only non-zero terms in Equa tion (5) are 

0 = rr/ 2 

Ell ' = a+~ (b- a) TT J sin3 e p(e) dB, 
0 = 0 

0 = rr / 2 

E3/ = a+~ (b- a) J cos2 e sin e p(B) dB. 
0 = 0 

} (6) 

, , 
EZ2 = E l l' 

K is the normalization constant 
0 = " /2 

K = 27T J sin B p(e) de. 
9 = 0 

Normally we would choose to evaluate e' in the most convenient set of coordinates. For 
instance, if there is an axis of symmetry in the crystal axis distribution, we would use this as 
our z-axis, and obtain e' from Equations (6) . Even if the distribution as a whole does not 
have a convenient axis of symmetry it might be possible to split the distribution into separate 
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p a rts which are individually symmetric, and eva luate the dielectric tensor, Et', for each part i 
(which occupies a total volume Vi). Then the dielectric tensor of the total distribution is: 

E' = 2fiE(j) = ~ 2 Vi 2.: i E (j) , 

j i 

where the second sum is over a ll crystals j in part i 

= ~ftEt'. 

Each Et' may be evaluated in the most convenient coordinates, and then transformed to the 
coordinates chosen for E'. 

As a general comment on the above treatment, we should note that we have included in 
our expressions only the bulk polarization, and interfacial polarization, which gives rise to a 
Maxwell- Wagner dispersion, has been ignored . However, the treatment may be ex tended 
to ob tain the frequency dependence of the dielectric tensor, and it can be shown that the 
Maxwell- Wagner dispersion occurs well below radio frequencies. 

Knowing the distribution of crystal-axis orientations (the crystal fa bric as it is normally 
called), we may use the treatment above to evaluate the dielectric tensor of a piece of poly­
cr ysta lline ice, given also the values of the single-crystal dielectric tensor. By solving Maxwell's 
equa tions for wave propagation in a particula r direction (see the Appendix), we can then 
obtain the level of birefringence for that direction of propagation. 

3. I CE FABRIC AND THE BIREFRINGENCE OF THE ICE SHEET 

The subject of crystal fabri cs and their development in moving ice is dealt with in an 
extensive review b y Budd (1972 ) which predicts certain types of fabric for different stress/ 
stra in situations in the ice sheet. Figure [ shows the results of calculations of the dielectric 
tensor and birefringence for a few examples of these idealized fabri c types. 

In Figure [ . I the distribution of axes is uniform within a cone of half-angle Bo and zero 
el ewhere. The z-axis is a symmetry axis of the distribution, and the values of components 
of the dielectric tensor are calculated using Equations (6). The medium is electrically 
uniaxial, the optic axis being the symmetry axis of the distribution. A wave propagating at an 
angle f3 to the z-axis has refractive indices III and n z such that: 

(from Hargreaves, unpublished , and the Appendix) . The value of ( E33C- EllC ) is g iven in 
F igu re 1.1 (c) . (E33C- Ell C) /( b- a) is the relative a nisotropy of the m edium (relative to the full 
single-crys tal a nisotropy) and is shown in Figure 2. I as a function of Bo (curve A) . No te that 
when Bo = 90° the distribution of c-axes is uniform throughout a ll B, the rela tive anisotropy, 
and hence the birefringence for a ll directions of propagation, is zero, and the (principal) 
values of the dielectric tensor a re all equal to t(2a + b), which is a standard result for the 
average of a uniformly orientated tensor. Figure 2. I also shows the computed variation of the 
relative anisotropy of a Gaussian distribution of axes with half width Bo, i.e. p et:. exp ( - BZ / Boz) 
(curve B). The relative anisotropy is smaller than that of the uniform conical distribution for 
sm a ll values of Bo, but becomes larger at large values, since even when Bo is very large the 
second distribution is not completely uniform. 

In Figure 1.2, the distribution is a girdle at a n angle Bo about the z-axis. The z-axis is a 
symmetry axis of the distribution, a nd the medium is again uniaxia l. The same comments 
apply as before for wave propagation at an angle f3 to the optic axis. The relative anisotropy 
is plotted in Figure 2.2 (curve A), which also shows the computed relative anisotropy for axis 
di stributions which are Gaussian about Bo, i. e. p oc exp {-(B- Bo)z/ WZ}, where W is the 
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1.1 

(a) Fabric type 

"Conical" distri­
bution defined by: 

p = constant, IJ < lJo 
= 0, IJ > lJo 

(b) Dielectric cOllstallt 

Non - zero terms 
are: 

• 
<Il c = a+ (b- a) [( I - cOS lJo) 

-H I - cos3 lJo)] !2 ( I - cos lJo) 
£22 C = fIJ e 

<33 c = a+ H b- a)( I - cos3 lJo)!( I - COS lJo) 

(c) Relative anisotropy 
E33 c - E'JI c 

(b- a) = t cos lJo ( I + COS lJo) 

(d) Bire.fringence 

1.3 

Propagation at f3 to the cone axis: 

n22 - 1Z12 = ( £33 c - £lI c ) s in2 f3 

(a ) Fabric type 

"Two-pole" dis­
tribution 

(b) Dielectric constant 

Non - zero terms 
are: 

flIt = fil e 

Ent = EJlc COS2 81+ £33 c sin 2 81 
EJ]t = fII C sin2 (J1 + E33 c cos2 DJ 

( c) Bire.fringence 

Propagation along the z-axis: 

1l22-1Z t 2 = E2Zt - EI,t 

= «33c- <ll C) sin2 IJ, 

1.2 

(a ) Fabric fype 

"Girdle" distri­
bution defined by: 

p oc S(IJ - lJo) 

(b) Dielectric cOllstallt 

Non - zero terms 
are: 

o 
<lI g = a+ H b- a) sinz lJo 
E"22

g = (II
g 

<33g = a + (b- a) COS Z lJo 

( c) Relative anisotropy 

E" 33
g - E ll

g 

(b- a) 

(d ) Bire.fringence 

I -! sinz lJo 

Propagation at f3 to the girdle axis: 

nz2 - n,Z = «33g - <lI g) sin> f3 

1.4 

(a ) Fabric type 

" Four-pole" dis­
tribu tion 

(b) Dielectric constant 

Non - zero terms 
a re: 

<1I! = <ll C( I + cos2 1J, )!2 + <33c sin2 IJ, 
£2/ = fIyf 

E33 f = fIl e s in2 81 -+ - £ 33 C cos2 81 

( c) Birefringence 

Propagation a long the z-axis 

1l2
2

- nJ2 = £2/- £1/ 
= 0 

Fig. I. The results of calculations of the dielectric tensor and bire.fringencefor different examples of fabric types. 

half-width of the distribution (curves E, c, D). As we would expect, the relative anisotropy 
at a particular value of 00 becom es smaller in magnitude as the width of the distribution 
Increases. 

Finally, in Figures 1.3 and 1.4 the distributions are multiple-pole distributions. When the 
ice fabric is, for instance, a combination of two conical distributions orientated symm etrically 
about the vertical (the type of fabric predicted by Budd in a region of longitudinal extension 
and vertical compression), the dielectric tensor is obtained by using Equation (7), together 
with the results of Figure I. I. From Figure I . I w e can calculate the dielectric tensor of a 
conical distribution with a cone axis at an orientation of e = 01 , c/> = 7T j '2 , and for a similar 
cone at e = 0" c/> = 37T j '2 (which in fact has iden tical diagonal components, but opposite sign 
off-diagonal components, compared with the other cone). If both distributions are of equal 
str ength (11 = 12 = t) then the resulting dielectric tensor of the complete distribution is given 
in Figure 1.3. The refractive indices for propagation in the direction of the z-axis are obtained 
by solving Maxwell 's equations for wave propagation in this direction (see the Appendix). 
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Fig. 2. The anisotropy ( £33 - £Il )!(b- a ) cif some examples oJ Ja bric type relative to the sing le crystal anisotropy . In Figure 2. I , 

curve A is the relative anisotropy oJ the distribution oJ Figure I . I , plotted against Bo, and curve B is the relative anisotrop) ' 
oJ a Gallssian distribution oJ crystal axes , with a half angle Bo (i .e. p oc exp ( - B' ! Bo' )) . In Figure 2.2, curve A shows 
the relative anisotropy oJ the distribution oJ Figure 1.2, again plotted against Bo. Gurves B, G, D are the relative al/isotropies 
DJ distributions w hich are Gaussian about Bo ( p OC exp {- ( B- Bo)' / W '} ) w ith half-widths W oJ 1 0 ° , 20° , and 30° 
respectively. 

I t is interesting to note that the two-pole distribution, although n ot without some symmetry 
a bou t the z-axis, d oes in fact a llow for birefr ingence when a wave propagates along the z-axis. 

By adding in two more cones, a t ~ = 0 and 1> = 7( , we can obtain the equivalent results 
for a four-pole distribution, whic h a re shown in Figure I -4- In this case there is no birefrin­
gence for wave propagation along the z-axis. 

T urning our a ttention to the field measurem en ts of birefringen ce a t DYE-3, we a re faced 
with the unfortuna te fact tha t there is no experimental informa tio n on the ice fa bric at depth 
in this par t of the Greenland ice sheet (althoug h there has been a 4 00 m core drilled at 
DYE-3, no fabri c a nalysis has b een made to da te) . It is obvious that we can combine an 
infinite number of fabric types with an appropria tely chosen va lue of the single-crys tal 
a nisotropy in order to obtain a birefringence equa l to that observed in the field measurements . 
W e are, however, as indicated earlier , limited to a value of the single-crystal a nisotropy 
within the ra nge of I %, or (b- a) = 3.2 X 10- 2 , as a n upper limit a nd a value equa l to the 
a nisotropy a t optical frequencies, equivalent to (b- a) = 3.7 X 10- 3, as a tenta tive lower limit. 
Can we construct a plausible cr ys ta l fabric which , together with a value of (b- a) in this 
range, would account for the observed level of birefringence? 

DYE-3 station is situa ted just down-stream from an ice divide, and measurements by 
S. J. Mock (U.S.A. CRREL, priva te communication) have shown that the surface strain­
rates are small (of the order of 1 0 - 4 years- I compa red with 10 - 3 years- I on the R oss I ce Shelf 
(C ra ry, 196 1)) , a nd are predomina ntly extensive longitudinally a nd compressive ver tically, 
with a slight tra nsverse ex tension . On the basis of Budd's ana lysis we would predic t that the 
fa bric is likely to be a combina tio n of a gird le centred on the vertical a nd two poles distributed 
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Flow 
direction 

Girdle component 

Fig. 3 . Thefabric predicted at D YE-3 (on a horizontal projection with the vertical normal to the page) on the basis of the surface 
strain-rates at DYE-3. The strain is predominantly extensive longitudinally (in the direction of flow ), and compressive 
vertically, with a slight transverse extension. 

at 45 ° or less to the vertical. The suggested fabric is shown in Figure 3. Since the strain-rates 
are comparatively low, the fabric will be only poorly developed, so that in addition to the two 
components shown in Figure 3 there will also be a proportion of the crystal axes which are 
randomly orientated. If the volume fractions of the random component, the girdle, and the 
two-pole component are!"!"!J respectively, then with the z-axis vertical, we can write the 
components of the dielectric tensor as 

Ell !1, ('2a + b)+f2 E"g+J ,E"t, 
E22 ' = i}; ('2a + b) +!2E22g + !,E22 t, 
E3/ = !!, ('2a + b) + !zE3 , J!: + ! 3EJJ t . 

The off-diagonal components are zero, and the components EIIg, Ell t, etc ., are g iven in 
Figure I. 

Solving Maxwcll's equations for plane-wave propagation along the vertical gives 

nZ
2 - n}2 == E22 ' - E I1 ' == fJ ( Ez2t - E Jlt) , 

since Ez2g = E"g. In a sense, the two-pole part of the fabric is the only " active" component 
of the fabric; only this component contributes to the observed birefringence for propagation 
along the vertical. An experiment which is restricted to propagation in the direction of the 
vertical therefore m easures only the strength (volume fraction and angle of the poles with the 
vertical ) of the two-pole component. 

The experimentally observed value of IZZ
2- 1Z, 2 is 1 X 10- 3. From Figure I we have 

E22t - E"t = (E33C- E"c) sin2 B" 

if we assume Bo = 10° . 

cos Bo ( I + COS 80 )/2 factor 
conel usions. ) 

(b- a) 
= --- cos 80 {I + cos 80 } sin2 B" 

2 

= (b- a) 0.977 sin2 B" 
(In fact a value of Bo between 0 ° and 30° changes the 

from only I to 0.8r, and does not substantially alter our later 

So, combining these results, we have 

! 3(b- a) sin2 8, = 1.02 X 10 - J. 

If we take (b- a) as the upper limit of 3.2 X 10- 2, we obtain 13 sin2 8, = 3.4 X 10- 2. 
With sin2 8, in the range 0 .5 or less (corresponding to B, = 45° or less) then!3 must be 0.07 

or more, a value well in keeping with our suggestion that the fabric is only poorly developed. 
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If (b- a) is the lower limit of 3.7 X 10- 3, then 1 3 sin2 BI = 0.28. Then for sin2 BI = 0.5 or 
less,13 = 0.56 or more. An unlikely value for a poorly developed fabric. 

Thus the experimental observations can be accounted for by a fa bric in which a reasonable 
proportion of the crystal axes have a two-pole distribution, and if the single crystal a nisotropy 
is somewhat la rger than the value a t optical frequencies, but smaller than the upper limit 
set by the most accurate laboratory experiments. A suitable combination of values might be : 
10 % of the crysta l axes in a two-pole distribution at 45° to the vertical, and a va lue of (b- a) 
of approximately 2 X 10- 2. 

TAB LE r. D E D UCE D BIREFRI NGENCE OF C OR ES O F KNOWN F ABRICS AN D VALUES 

O F SING LE- CRYST AL ANISOT RO P Y NEEDE D TO GI VE TH E OBSE RVED DYE - 3 

BIR EFRI NGENCE 

Core 

"Bvrd " 
"BYI'd" 
" Byrd" 
" Byrd" 

Little America V 
Little America V 

Depth 
m 

300 

4 00 

638 
I 382 

14 0 

2 4 9 

ReLalive 
birifrillgence 

(112 - nl )/ (b- a) 

0 . 0 16 5 
0.00 9 4 
0.0 10 [ 

0.00 49 

0.053 6 
0.008 [ 

VaLue DJ (b- a) 10 agree 
wilh Ihe experimenlaLly 

observed (Il, - nl ) 

0 .0 [ 7 

0.02 9 
0.02 7 
0.057 0 

0.005 2 

0 .02 9 

Despi te the fact tha t there has been no fa bric analysis of the core from DYE-3, we can 
use the fa brics observed in the " Byrd" sta tion core (Gow and Williamson, 1976) as possible 
exa mples of fabrics from a similar region of a n ice shee t. By obta ining the rela tive weight of 
each crys ta l-a xis orientation from the fabric diagra ms, the dielec tric tensor can be calcula ted 
by taking a weighted average of the dielec tric tensor of each orienta tion. T he birefringence 
can then be computed for pro pagation along the verti cal. In the first column of T a ble I we 
show the results of calcula tions of the birefringence (rela tive to the single-crys ta l a nisotropy) 
of the fabrics from the " Byrd" core which a re shown in Figure 4 . I (a fter Gow a nd Williamson, 
1976) and a lso of the fabrics from the Ross I ce Shelf at Little America V which a re shown in 
Figure 4.2 (after Gow, 1970) . In the second column of T able I we have used the experimental 
result from DYE-3 to calcula te the (b- a) va lue which these fa brics require in order to account 
for the experimental result. 

The I 382 m fabric from " Byrd" is typical of the single-pole distribution o bserved below 
about 1 200 m a t "Byrd" . This fabric cannot account for the observed experimenta l result 
a t DYE-3, since it would require a value of (b- a) la rger tha n the allowa ble upper limit. 
H owever the fa brics from 300, 400, and 638 m a ll predict a value of (b- a) less than the 
a llowed upper limi t. I t would therefore appear possible to explain the experimenta l resul t a t 
DYE-3, which is based on observa tions of re fl ec tions from within the top 1 000 m of the ice 
sheet, on the basis of the fa brics observed a t " Byrd" station in this same upper region of the ice 
sheet. T his result a lso confirms our previous deduction tha t the single-crystal a nisotropy may 
be close to, but need not be g reater than, the upper limi t set by the labora tory measurements. 

As a n example of the possible range of values ofbirefringence which can be produced by a 
change in the fa bric type, the value obta ined for the 140 m core from the R oss I ce Shelf is 
a pproxima tely four to five times greater tha n the average of the 300, 400, a nd 638 m cores 
from " Byrd " sta tion. So in a region where the fa brics a re well developed (the fa bric in the 
140 m R oss I ce Shelf core is noticeably be tter developed tha n the fabrics from the other 
sections of the core) the birefringence may be as much as five times greater tha n that observed 
at DYE-3; this prediction has been confirmed in a prelimina ry a nalysis of results of polari­
za tion measurements by A. W oodruff of Bri tish Antarctic Survey (private communication). 
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300m 

4 .1 

140m 4.2 
Fig. 4. T op and middle rows: Fabrics at selected depths.from the deep driLL hole at "Byrd" station (after Cow and WiLLiamson, 

[976 ) . Bottom row: Fabrics at selected depths.from the Ross Ice Shelf at Little America V (after Cow, [970 ) . 

4. CONCLUSION 

The conjectured a nisotropy of the electrical properties of the ice crystal, together with a n 
ordering of the ice-crystal orientations, is one possible explanation of the observed radio­
frequency birefringence of polar ice sheets . On the basis of both the observed and the postu­
lated ice fabrics, it is possible to explain the observed level of birefringence if the single-crystal 
anisotropy is slightly less than the upper limit of I % (or (b- a) = 3.2 X 10- 2 ) set by the 
accuracy of the experimen ts which have failed to detect a n a nisotropy. 

In as much as the ice in a glacier is in a mechanically strained condition, it is possible that 
the observed birefringence might result from a cha nge in the electrical properties of ice 
produced by the strain. The measurem ents of Johari and Charette (1975) show that, within 
an accuracy of 0.2 %, the electrical properties of their samples were not changed by a uniaxial 
or hydrostatic stress of up to 100 bar. 

In addition on the basis of an analysis of their results, Mae and Higashi (1973) conclude 
that the effect of a mechanical strain on the electrical properties of ice is very small, and would 
seem to be incapable of serving as an explanation of the birefringence. 

Hargreaves (1977) m entions the possibility of explaining the birefringen ce by the existence 
of layering in the ice sheet. Since the observations of the birefringence are from reflections 
normal to the approximately parallel layers, so that the direction of propagation is approxi­
mately along the optic axis of the layered medium, this again would seem to be an unlikely 
explanation of the birefringence. 
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Air bubbles that are trapped in pola r ice by the sealing off of interconnecting pores in the compressed snow, even if tubular or otherwise distorted, are not usually regularly orientated, and so the dielectric constant of the ice/a ir mixture will be isotropic. H owever Gow (1970) observed a parallel arrangement of elongated bubbles in some of the ice cores from the Ross I ce Shelf at Little America V , although the ice cores from " Byrd" station did not appear to show a similar effect. It is possible tha t, as a J"esult of the distortion produced by the flow of the ice, the enclosed bubbles may be stretched in the direction of flow, a nd the dielectric constant of the mixture will then be anisotropic. We can inves tigate this anisotropy by using a modified version of the treatment of the dielectric constant of h eterogeneous media of Section 2 of this paper. 
The heterogeneous dielectric is made up of two isotropic components, a dilute dispersed compon ent of volume fraction VI, di electric constant El, and the majority component of dielectric constant Ez. From a modified Equation (2), together with Equation (1) and the appropriately modified d efinition of ex li ), we can write the dielectric consta nt of the medium as : 

E' = Ez + V, ( EI - Ez) ex. (8) 
If the bubble inclusions a re approximated by ellipsoids with the a-axes of a ll the ellipsoids parallel to the external fi eld , then ex is given by 

ex = I - (~- I) Aa' (9) 

where ACt is the depola rization factor of the ellipsoid in the direction of the a-axis (Polder a nd van Santen, 1946). 
If the electric fi eld is parallel to the direction of stretching of the bu bbles, and the propor­tional stretching 8 along the a-axis is small , then it can be shown that we can approxima te Aa by t - 48 j 1 5. On the other ha nd, if the electric field is p crpendicular to the direction of stretching, then we may approximate Aa by i + 28/ 15. Applying these two values of Aa to Equations (8) and (9), and with El = 1 for a ir and Ez = 3.2 for ice, we find that the difference between the dielectric constants, E/ and Ez' , in these two cases is: 

EI ' - EZ' ~ 1.02vI 8. 
From Langway (1967) the volume fraction occupied by the air bubbles at 300 m depth in the Greenland ice sheet is a bout 0.4% . The field observations give a va lue of the aniso­tropy of at least I X 10- 3 (assuming the most favourable orientation of the optic axis) . To explain the experimenta l observations as anisotropy produced by stretched bubbles would require a stretching of at least 25 % at 300 m depth (which is far greater than that observed in the ice cores) and a still g reater distortion at greater depths, whereas in fact the bubbles are observed to become not only smaller but also more uniformly spherical with depth (Langway, 1967). W e can conclude that the observed birefringence is not caused by the distortion of the air bubbles in polar ice. 
It is not only the electri cal properties of polar ice which are apparently anisotropic. Laboratory measurements of the elastic properties of the ice crys tal (e.g. D a ntl, 1968) show that an a nisotropy also exists in those properties, and Bentley ( 197 I) shows that variations of travel times of seismic waves in West Antarctica can only be explained by an anisotropic model of the ice sheet. Bennet (1972) in laboratory measurements on ice cores from several parts of the Antarctic and Greenland ice sheets also observes variations of velocity with wave type and direc tion of propagation which indicate that the elastic properties of polar ice are anisotropic. Bennet furth ermore provides a treatment for evalua ting the velocity of seismic waves in polycrystalline ice and is able to show that his observations can be explained on the basis of the observed fa brics of his samples. Tha t there is a r elationship between the ice fabric and the a nisotropy of the ice sheet has been further demonstrated by Bentley's ( 1972) results 
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of P-wave velocity measurements in the deep drill hole at " Byrd" station . Using Bennet's 
treatment for the average velocity, together with the observed fabrics of Gow and Williamson 
(1976), Bentley shows that the changes in the velocity down the drill hole can all be explained 
by the changes in ice fabric which occur with depth (other than those produced by density 
changes in the upper part of the ice sheet) . We have here fairly conclusive evidence that the 
anisotropy of one of the physical properties of the ice sheet is related to the ice fabric and the 
anisotropy of the single crystal. 

If one accepts that the radio-frequency birefringence of the ice sheet is similarly related to 
the ice fabric and to the crystal electrical a nisotropy, then measurements of birefringence open 
up the possibility of determining the ice fabric by radio-echo sounding techniques. Measure­
ments in different regions of the ice sheet, a long a flow line for instance, might be used to 
observe the changes in the ice fabric from place to place on the ice sheet. On the other hand, 
measurements where fabrics at depth are known might be used to evaluate the anisotropy of 
the crystal dielectric constant. However, if the anisotropy is of the order suggested by this 
present work, then through a slight improvement in experimental accuracy it should become 
possible to measure this anisotropy in the laboratory. 
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A PPE N DIX 

ELECTROMAGNETIC PROPAGATION IN A BIREFRINGENT MEDIUM 

The elec trical properti es of the medium are represented by the real symmetric tensor t. The M axwell 's 
equations of interes t for this m edium are : 

'\ x E = - f.Lo (OH/ot), 
'\ X H = aD/at = <of.' oE/ol. 

rf we t r y a plane-wave solution E = Eo exp i (k · r - wt ) these give: 

(k x (k x Eo) ) = (- W2/C2) t ·E o. (A. I ) 
By choosing the .;:-axis as the d irection of propaga tion, and by further defining the refractive index " by 

11 = Ikl /(w2 /cZ ) , then Equa tion (A.I ) becomes 

{

EII - n Z EI 2 

E12 E22 - 1l 2 

E I 3 EZ ] 

(A.2) 

To obtain non-trivial solutions to these three simultaneous homogeneous equations we must set the determinant 
of the matrix of coeffici ents eq ua l to zero, which results in the quadratic in n2 : 

n 4€ 3J + n2 {EI3 2+ €z l - fl l En - E'22.E" 33} + E'11£22 E33 - El 1£23
2

- £12 2 £33 + 2£13 £12£23 - £1 32E22 = o. (A.3) 
A differe nt propagation direc tion means tha t the orientation of the .;:-axis is redefined . By transforming t 

to these new axes, and using the new <ij components in Eq ua tion (A.3 ), we can find the va lues of the refractive 
index for this direction of propagation. As mentioned in Section 2 of thi s pa per, we would normally evaluate ti n 
the most convenient coordinates a nd then tra nsform to the appropriate coordinates for a g iven direction of 
propagatio n. The difference between the two refracti ve indices which a re obtained from Equation (A.3) then 
gives the level of birefringence for tha t direction o f propaga tion. 

DIS CUSS IO 

W. F. BUDD: Do you think the radio-frequency technique can be used to determine the 
symmetry of the crystal orientation fabrics in polar ice sheets? 

N. D . HARGREAVES : By presenting the discussion in terms of the different components of the 
fabric which I have mentioned I am m erely picking out the different types of symmetry which 
are present in the fabrics. H owever, as I have pointed out, an experiment which is restricted 
to propagation in a vertical direction only provides information on the symmetry of the fabric 
about the vertical. To obtain further information on the symmetry it would be necessary to 
perform perhaps a wide-angle reflection experiment. 

C. R. BENTLEY: Trepov and Bogorodskiy h ave measured a similar birefringence in ice near 
Molodezhnaya, finding a lso a velocity anisotropy of about o. I %. They also believe that the 
only satisfactory explanation is anisotropy of" in single-crystal ice. 
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