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ON THE STRUCTURE OF 4 FOLDS WITH A HYPERPLANE

SECTION WHICH IS A P1 BUNDLE OVER A SURFACE

THAT FIBRES OVER A CURVE
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ANDREW JOHN SOMMESE

In this article we want to analyze the structure of a 4 dimensional
projective variety X which has a smooth ample divisor A that is a P1

bundle π : A->S over a smooth surface S.
In [Fa+So], as a consequence of a more general result, the first and

third authors determined the structure of X in the case the base S of the
P1 bundle A has a cover S with h2'°(S)Φθ. Here we look at the remaining
cases except for those surfaces which are the projectivization of a stable
rank two vector bundle over a curve (the result is obviously true for S
rational).

The key point is to extend the morphism π : A—>S to a morphism
π : X—>S. If the surface S has a morphism Ψ : S-+C onto a smooth curve
C, then the morphism Ψ o π : A->S extends to a morphism φ : X->C (see [Sol],
Proposition V). Moreover the general fibre Xc of φ turns out to be a P2

bundle over a curve contained in S. We now construct π : X-+S geo-
metrically. The idea is to take a general fibre P of the general P1 bundle
Xc and look at all the deformations of P in X. Using the "universal"
family of such deformations we will get our desired map.

The main result is the following

THEOREM. Let X be a ^-dimensional protective variety which is a local

complete interesection. Let A be an ample divisor on X which is a P1 bundle.

π : A-+S over a smooth surface S. Assume that there is a surjective holo-

morphίc map Ψ : S—>C with connected fibres, where C is a smooth curve.

Then π can be extended to a holomorphic map π : X-+S unless S=PC(V)

with V a stable rank two vector bundle on C. Moreover π : X— Ŝ is a P2
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bundle.

The paper is organized as follows.
In Section 0 we recall some background material.
In Section 1 we study the structure of X in the case the surface S,

base of the P1 bundle A has a surjective morphism Ψ : S^C onto a curve.
In Section 2 we completely determine the structure of X in the case

S=F 2 . Also, for completeness, we determine the structure of those Xwith
an ample divisor A which is a P1 bundle over P", with n^3.

We would like to express our thanks to the Max-Planck-Institut fur
Mathematik for making this joint work possible. The third author would
also like to thank the University of Notre Dame and the National Science
Foundation [GRANT 8420-315].

§ 0. Background material

(0.1) Throughout this article the varieties considered will be pro-
jective and defined over C. Given a variety X we denote its structure
sheaf by Θx. We do not distinguish between a holomorphic vector bundle
E on a variety X and its sheaf of germs of holomorphic sections. We
denote the tautological line bundle of E by ζE or ΘP{E) (1), where P(E) =
Ev — {zero section}/C* and Ev is the dual bundle of E. If Y is a subvariety
of X we denote by E\γ the restriction of E to Y. For more details on
vector bundles see [Ok + Sc + Sp].

(0.2) Let p : X-> Y be a map of projective varieties. We will use inter-
changeably the word morphism and holomorphic map, as well as rational
map and meromorphic map.

(0.3) Let X be a projective variety. Let D be an effective Cartier
divisor on X. We denote by [D] or ΘX{D) the line bundle defined by D.
If L is a line bundle on X, let \L\ denote the linear system of all Cartier
divisors associated to L.

(0.4) By Fr with r̂ >0 we denote the rth Hirzebruch surface. Fr is
the unique P1 bundle π : Fr—>Pι over P1 with a section E satisfying EE
= — r. By FΊ with r ^ l w e denote the surface obtained from Fr by blowing
down E.

The next result will be used often. We will state it for the con-
venience of the reader and refer to [So2], (0.6.1) for a proof.

(0.5) LEMMA. Let X be a normal irreducible compact surface. Let L

be an ample line bundle on X, with a smooth Ce\L\ being a rational curve
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and C<^Xreg. Then L is very ample and either

a) X is Fr and L=[E]®[f]k with k^r+1, or

b) X is Fr and p*L^=[E]®[f]r where p : Fr->Fr is the map that blows

down E. (Here f denotes a fibre of π : Fr-^P1).

§ 1. Proof of the main theorem

(1.0) THEOREM. Let X be a four dimensional projectίve variety which

is a local complete intersection. Let A be an ample divisor on X which is

a P1 bundle, π : A-^S over a smooth surface S. Assume that there is a

surjective holomorphic map Ψ : S-+C with connected fibres, where C is a

smooth curve. Then π can be extended to a holomorphic map ft : X-+S

unless S=PC(V) with V a stable rank two vector bundle on C (see Remark

(1.0.1)). Moreover π : X-+S is a P2 bundle.

(1.0.1) Remark. We do not need to assume that Ψ : S->C has con-

nected fibres and that C is smooth. In fact if otherwise we can Remmert-

Stein factorize Ψ — s°r where r\X->Cf is a holomorphic map onto a

smooth curve Cf and s : Cr-^C is a finite to one holomorphic map. Then

the theorem is true unless S=PC,(V) where V is a stable rank two vector

bundle on C".

Proof of the theorem. We notice that dim Sing(X)<^0 since the ample

divisor A on X is smooth. The holomorphic map Ψ © π extends to a holo-

morphic map φ : X-+C, see [Sol] Proposition V or [Fu]. Let Xc and Ac

denote the general fibre of φ and Ψ o π respectively. Note that Ac is a

geometrically ruled surface over Ψ~\c) and moreover Ac is an ample divisor

on Xc. We claim that either

a) Xc is a P2 bundle over Ψ~\c) and [Ac] is the tautological line

bundle on the P2 bundle Xc, or

β) (ΨoπyXή-P'xP1 and Xc is a P2 bundle over P 1 with [Ac] the

tautological line bundle on the P2 bundle Xc where the canonical

projection is not an extension of π : Ac->Ψ~\c) ( —P1)- Note that

the line bundle [Ac]]PlχP1^=Θ(l, t) with t>l.

Proof of the claim. The general fibre of Ψ is a smooth curve of genus

#:>0. If g > 0 or if g=0 and Ac~Fr with r>0, where Fr is as in (0.4),

then using ([Ba2], [Ba3]), we conclude that Xc is a P 2 bundle over Ψ~\c)

and Ac is the tautological line bundle on Xc. If g = 0 and A^F^P1 XP1

then we will show that
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(*) Pic(Xc) ~ Pic(Ac) ~Z®Z.

Therefore the result will follow from [Bal] once we know (*).

Proof of (*). From the following diagram

H2(A, Q) —+ H2(X, Q)

ί ί
H2(AC, Q) > H2(XC, Q)

we see that dimi?2(Xc, Q) = l is possible only if the two rulings of Ac (~F0)

get identified in X. But the two rulings were in different homology classes

in A therefore they cannot go in the same homology class in X. Using

Kroncecker duality and the first Lefschetz theorem we conclude that

Pic(Xp)~Pic(Ac). •

The proof of the theorem will be split up in two parts. We will treat

case a) first and then the case β).

Case a) Fix a general P2 which is a fibre of Xc-^Ψ~\c) and denote

it by P. Using the fact that P c: Xc cz X and the exact sequence of normal

bundles

0 > NP/Xc > NP/X > NXc/X]P • 0

it is straightforward to see that NP/X = ΘP®ΘP, where NP/X is the normal

bundle of P in X, and that H\P, NP/X) = 0. Under the above assumption,

using a basic result on Hubert schemes, it follows that there exist

irreducible projective varieties iΓ and 3? with the following properties:

1) ψ* c Jf x X and the map p Ψ* -*& induced by the product pro-

jection is a flat surjection,

2) there is a smooth point α e 5 with p of maximal rank in a

neighborhood of p~\a) and p~\a) is identified with P ~ F 2 via q, where

q : if —> X is the map induced by the product projection.

(1.0.2) LEMMA. There exists a Zariski open neighborhood U of α,

where a is as in 2), such that for every ze U

i) p~ι(z) = iί^z is ίsomorphίc to P2 and it is a fibre of Xc->Ψ~ι(c)

for some ce C,

ii) τΓ2 Π A = f (-P 1 ) , where f is a fibre of π.

Proof. From 2) above there exists a smooth neighborhood U of a in

& such that p~ι(U)->U and q~1(A)Γ\p~1(U)-+U are smooth morphisms.

https://doi.org/10.1017/S0027763000002622 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000002622


4 FOLDS 5

Note that A Π iΓa = P1. Moreover using the fact that small deformations

of P 2 and P 1 are P 2 and P1 respectively we conclude that the fibres of

the maps P\p-Hu) and q]q-HA)Πp-HU) are P2 and Pι respectively. On the

other hand a morphism φ from ? 2 c l t o C is constant. Hence any fibre

of P\p~i(u) is contained in a fibre of φ. Therefore the rest of (1.0.2) is

obvious

(1.0.3) LEMMA. The intersection number AΆ-W\ = 1 for every ze &.

And if iΓz = Ψz (J {embedded part} then Ψ\ is reduced and irreducible.

Proof. By a) we have that (9x(A)ιP2 = ΦP*(ΐ). Hence (AΆ-P2)X =

{Θχ(A)lP2'Θ]

x(A)lP2)p2 = 1, which implies that A .A 7F2 = 1 since the inter-

section number is preserved by flat maps. Clearly Ψ z is reduced and

irreducible (since A A iΓz — 1).

Note that the general fibre of the morphism Ψ : S —> C is either iso-

morphic to P1 or to a curve of positive genus.

(1.0.4) LEMMA. For every ze$f,iΓz£ A.

Proof. Let z e & and let {zn} be a sequence of points in 3Γ such that

lim^̂ co 2n = z and #" 2 n ~ P 2 for every n. The above is possible by (1.0.2)

Now use the fact that φ(iΓZn) is one point for every n, to conclude that

φii^g) is also one point. Assume that Ψ°z c: A.

Since π : A —> S is a P 1 bundle and since (?Γ o 7τ) (#^2) = c, with c a

point in C, we get that Φ = τrĵ z : Ψz -> 7r(#ε) is a P 1 bundle, where # z

denotes the non-embedded part of HTZ. Note that π(iΓz) c ψ-^c). To

continue the proof of the lemma we distinguish two cases:

Case 1. The general fibre of Ψ is isomorphic to P1. If Ψ~\c) with

c as above is isomorphic to P 1 then τF2 is a P 1 bundle over P1. Moreover

there exists an ample line bundle ([A],^) on itr

z whose selfintersection

is 1. This last fact is impossible.

If Ψ~\c) is singular then W'\c) = Σ n&i with C, ~ P1. Also π(Wz)

= Ct for some ί otherwise we would get a contradiction with the fact

that Ψz is irreducible. Hence if z is a P 1 bundle over P 1 which is im-

possible as noticed earlier.

Case 2. The general fibre of Ψ is isomorphic to a curve of positive

genus. Take a general fibre of iΓ -> ̂ Γ and consider all the lines on

such fibre. Let T denote the irreducible component of the Hubert scheme

of X parametrizing such lines. Denote by M the universal family. Thus
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J l ί c Γ x I Note that the non embedded part of every fibre of M is
irreducible and reduced (since LMt — LP1 = 1, where Mt is a fibre of
M over T).

CLAIM Every fibre of M-^T has P 1 as normalization.

Proof of the claim. Consider a curve B in T through a point f. Also

choose B of positive genus. Let MB denote the inverse image of B under

the natural projection M-^T. Note that most fibres of MB -» B are linear

Pvs since B is chosen of positive genus. If we take a minimal model of

a desingularization of MB, where MB denotes the normalization of MB,

we get a ruled surface over the normalization of B. This last conclusion

follows from the fact that MB has infinitely many P19s and from the fact

that the genus of B is positive. Thus since going from MB —• normaliza-

tion -> desingularization —> minimal model does not destroy a positive genus

curve and the normalization of Mt9 goes in a fibre of a P1 bundle we

conclude that every fibre of M-+T has P 1 as a normalization. •

Now choose 2 points (α, b) c ITz with Φ(a) Φ Φ(b). Let (xn9 yn) c ?rβ Λ

be a sequence of pairs of points such that l im^^ xn = a and limn^oo yn = b.

Let Mtn be a sequence of lines containing (xn, yn). The limit of Mtn is

(maybe after passing to a subsequence) an irreducible curve Mt containing

the (α, b) plus possibly some embedded points. As shown in our previous

claim, Mt is birational to P 1 and therefore Φ(Mt) is birational to P1. Thus

the normalization, Θ, of iΓz is a P 1 bundle over P 1 under the map induced

by Φ. But the pullback of [A] to S is an ample bundle, =£?, which satisfies

Jδf ĵ f = 1 by (1.0.3). This is impossible for an ample line bundle on a P 1

bundle over P1. •

(1.0.5). LEMMA. iΓz Γ\A=f, where f is fibre of π. (The equality here

is only up to embedded points).

Proof. By (1.0.2) we can take a sequence of points {zn} in & with

\\mn^zn = z, such that l im n _ iTZn = Ψ"z, ίΓZn ~ P 2 for all n and iTZnf\A

= fibre of π. Hence Ψ\ Π A = f + C, where / is a fibre of π and C is a

possibly empty effective 1-cycle. From (1.0.3) and the fact that A is ample

it follows that C = 0. D

Therefore we get a map υ : 2£ —> S which is a continuous and mero-

morphic and whose fibres are connected. Let iΓf denote v X ix(i^), where

ix is the identity map on X.
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(1.0.6) LEMMA, i^' c: S X X is a family with Ψ's for every se S equal

to Ψz for some ze &.

Proof. Assume otherwise. Then there is a curve Y — v~\s) c: g? such

that for every yeY,iTy^f Note that (\Jyer^v)Γ)A = f by (1.0.5). On

the other hand \Jyer W\ is a divisor on X. Thus dim((U y e r ^ y) Π A) ^ 2.

This contradiction proves our lemma. •

From (1.0.5) it follows that if -^ X is one to one, where qf is the

map induced by the product projection. Moreover X is normal. Therefore

qf : Ψ*' - > I is a biholomorphism. Hence ft — pf o {q')~ι : X-> S is holo-

morphic.

Before passing to the caes β) we will show that the above π gives

to X the structure of a P 2 bundle over S.

By construction the general fibre of ft is P2. Also 0Z(A)(P2 = 0p a(l).

As for the possible singular fibre F of π, we notice that F is reduced and

irreducible since L LF = 1. Since P 1 is an hyperplane section of F it

is well known, see (0.5) that F is either Fr with r ;> 0 or Fr with r >̂ 1,

where Fr and F r are as in (0.4). There are no Fr with an ample line

bundle of degree 1. Among the Fr the only one with an ample line bundle

of degree 1 is Fx ^ P2. Now we use a theorem of Hironaka ([Hi], Theorem

1.8) to conclude that π :X-^S is a P2 bundle.

Let us now consider the case β).

Case β). Let ce C he a general point. We take a general rational

curve I in Ac = {Ψ oπ)-\c) ~ P1 X P1 such that £•£ = 0 and i is not a

fibre of π. From now on we denote by ί the ruling of P 1 X P 1 which is

not a fibre of π. It is straightforward to see that

Ni/A = Θe®Θ, and H\£9Ni9Ni/A) = 0 .

Denote by Sr the irreduible component of the Hubert scheme of A para-

metrizing flat deformations of £ in A and by <& the universal family. Thus

<& <Ξ S' X A. Denote by p-.W ->S' and g : ^ -• A the maps induced by

the product projections. Note that such deformations fill up the whole

space A, i.e., q($/) — A.

CLAIM 1. Ψ : S-+C is a geometrically ruled surface.

Proof of claim 1. Assume that there exists a point cQe C such that

Ψ~\cQ) is a singular fibre. Then the number of irreducible components
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of Ψ~\CQ) is at least 2. Let {cn} be a sequence of points in C approaching
the point c0. Let {£n} be the corresponding sequence of lines in <8f. Thus
l i t t le π(£n) = ^ ( A X where the equality is only setwise (Here we have
identified ίn with. q(£n)). But the above equality is impossible since by
β) A-£n = 1 for all n, while the number of irreducible components of Ψ~ι(c)
is at least 2 and A is an ample divisor. •

We note that for every ceC, (Woπ)-\c) ~ P1 X p\ In fact since S is
geometrically ruled it follows that for every ceC, (Woπy\c)~Fr with
r ^ O . Assume that there exists a c oeC such that (ψoπ)-\c) ~ Fr with
r > 0 .

By a slight variation of the argument used in the proof of the above
claim it follows that for each xe(ψoπ)~ι(c) there exists an irreducible
curve £' <Ξί (Ψ ° *)~l(c) such that:

1) A β^l,

2) the image of 4 under π is P1.

A simple direct check shows that this is not possible on Fr unless r = 0.

Let S; and <& be as before. We denote by £s the fibre of <& over

s e S'. Clearly the smooth fibres of the flat family <& are isomorphic to

P1. Recall that A-£, = 1. Hence the Hubert polynomial X(Θh(Au)®n) of

ίs is equal to n + 1. Let s 6 S' be such that ίs is singular. Denote by

is the one dimensional closed subscheme of ίs defined by removing the

embedded points of £s.

CLAIM 2. Ss = ls and S' ίs smooth.

Proof of Claim 2. Note t h a t since ls is contained in a fibre of Woπ

which is isomorphic to P 1 X P 1 and since A £, = 1 it follows t h a t £9 is a

fibre of P 1 X P 1 , so I, = P 1 . In order t o see t h a t ^ = | , w e consider t h e

following exact sequence

(1.0.7) 0 > T >ΦiM • Θϊs > 0

where the sheaf T is the torsion part of Gi%. Tensoring (1.0.7) with Θ(A{£)®n

and using the fact t h a t the Euler characterist ic is additive on a short

exact sequence it follows that

Note that the Hubert polynomial of is and of I, are equal. Thus T is
the 0-sheaf. To see that S' is smooth note that Nh/A = φt © #,. Therefore
it follows that S' is smooth at s.
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(1.0.8) Remark, i) <& is isomorphic to A

ii) A is a P 1 bundle σ : A > S' over S'.

To see i) note that <& is birational to A. Moreover <& is in one to one

correspondence with A, since for every a e A there exists a unique & <Ξ Ac

containing α, where c — (Ψ °π) (a). Hence W is isomorphic to A. From

i) it follows that there is a morphism σ = q°p~ι from A onto S' whose

fibres are isomorphic to P1. Moreover ΘA(A)lPί = 0Pi(l). Thus ii) is clear.

CLAIM 3. Sf is geometrically ruled over C.

Proof of Claim 3. Let c e C and let σc : Ac -> P 1 be the restriction

of the map a to Ac. Let fc denote a fibre of the map π restricted to

Ac ( = PX X P1). By the universality of the Hubert scheme σc embeds fc

into S'; we denote the smooth rational curve σ(fc) in S' by//. To show

that there exists a morphism from S' onto C we will distinguish the case

g(C) > 0 and g(C) = 0 where g(C) denotes the genus of C. In the case

g(C) > 0 it follows that H\S', Θs) Φ 0. We get the following diagram

A!^> C >f(C)~A\b(A)

') .\ [ι \l
S' • a(S') <= • Alb(S')

a

where a is the Albanese map. In the above diagram we have used the

fact that Alb (A) ~ Alb(S) ~ / (C) . Note that dim α (SO = 1. We claim

that j : C —> α:(S0 is an isomorphism. Using the Riemann-Hurwitz formula

the above claim is clear for g{C) > 1. For g(C) = 1 we get that the

morphism j is a covering map. But this is impossible by the commuta-

tivity of the first square diagram in *). Therefore we get a morphism

τ : Sf —> C, with τ = j ' 1 oa. Also // (the closed subscheme induced in S r

by fc) are fibres of τ. Therefore S' is generically ruled over C. To see

that S / is geometrically ruled we assume otherwise. Then there exists a

fibre F=Σi ntCi- Let c = τ(F). Note that σ~\F) = 2 ^ F ί ? where each

Fi is a P 1 bundle over Ct. By the commutativity of the first square diagram

in *) we see that ΣlniFi = <*~\F) = ^"Xc) = P 1 X P 1 which is impossible.

If g(Q = 0 then if'(S', 0&,) = 0. Thus there exists a line bundle L on S'

such that the linear system \L\ contains infinitely many f'e where ff

c is

the closed subscheme induced in S' by /c. It follows immediately from

0 > 08. > L > Llf, • 0
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that dim|L| = 1. Also it can be easily seen that the linear system \L\ is
base point free. Hence it defines a morphism onto P\ The general fibre
of such morphism is isomorphic to P1. Therefore by Noether's lemma S'
is rational. The same argument as in the case g(C) > 0, shows that S'
is geometrically ruled.

From the above proof it a]so follows that the elements of \L\ are
exactly {fί}cec. D

Thus we have the following commutative diagram

A

Q/ S

c
We will now show that the case β) cannot occur unless S = Pe(V)

where V is a stable rank two vector bundle on C. (Obviously does not
occur if S is rational ruled).

By the universality of the fibre product of S and S/ over C we get
a morphism 4 - > S χ C S / which is an isomorphism by Zariski's Main
Theorem. The surfaces S and S' are geometrically ruled over C and
therefore there exist rank two vector bundles V and V7 over C such that
S = P(V) and S' = P(V). For the quadruple

X, A, S', and π' : A > Sf

the hypotheses of (1.0) are satisfied. If we were in case β) with respect
to X, A, S, and π, then we must be in case a) with respect to X, A, S',
π'. To see this note that being in case β) with respect to X, A, S, and
π, then

[Ae]\piχpi = (9(1, t) with t > 1,

i.e. [A] restricted to a fibre of π is of degree t > 1. πf restricted to Ac

gives the ruling different from the ruling corresponding to π restricted to
Ac. Therefore, with respect to X, A, S\ π\ it follows that [A] restricted
to a fibre of π; is of degree 1. Since this degree would have to be greater
than 1 if we were in case β) with respect to X, A, S', π' it follows that
we are in case a) with respect to X, A, S\ πf Hence we conclude that
the morphism a : A —> S/ extends to a morphism σ : X —> S/ and that σ : X
S' is a P2 bundle. Therefore we have the following exact sequence of
vector bundles on S/
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(1.0.9) 0 > Θs, > E -^-> F > 0

with X = P(E) and A = P(F) is embedded in X via the map ϊ. Since for

every ceC (roj)- 1^) - P 1 x P 1 we have that F, r- 1 ( c ) = 0Pi(α)c Θ 0P1(αc). It

is an easy check to see that ac is independent of c in C. Thus we can

omit the subscript c. Consider the vector bundle F(x)f~a where ξ is the

tautological line bundle of V7. By the base change theorem τ*(F<S)ξ~a)

= V is a vector bundle on C of rank two. Thus (1.0.9) becomes

(1.0.10) 0 > Θs, > E > τ* V <g> ξa > 0

(1.0.11) LEMMA. S - P(V).

Proof. Note that A = P(F) = P(r* V® ίΩ) - P(r* V). Also A - S X c S
r

= P(V) XCS' = P(τ*V). Therefore there exists a line bundle & on S'

such that τ*V = τ*F®^f. Taking the 0-th direct image via τ on both

sides of the equality we get that V — V® τ%<£. Also τ%3? is a line bundle

since J^,r-1(c) is trivial. Hence P(V) = P ( F ( g ) r ^ ) = P(V) = S.

(1.0.12) LEMMA. // V is not a stable vector bundle on C then A not

an ample divisor on X.

Proof. It is enough to show that the sequence (1.0.10) splits. Since

V is a vector bundle of rank 2 on the curve C which is not stable, there

exists an exact sequence

0 >M >V >N >0

such that deg M ^ deg N. If we pull back the above exact sequence via

τ and we tensor it with ξa we get

(1.0.13) 0 > r * M ® ξa > r*V® ξa > τ*N®ξa > 0 .

Note that τ*N®ξa is ample. Hence τ*M®ξa is ample since

degiV. Therefore using the cohomology sequence associated to the dual

sequence of (1.0.13), the ampleness of τ*N®ξa and of τ*M®ξa and the

fact that a > 1, we conclude that Hι(S\ (r*V® ξa)v) = 0.

(Note that a = 1 would imply that (1.0.10) splits). D

Thus we have shown that the case j8) does not occur unless S = PC(V)

with V a stable rank 2 vector bundle on C.

§ 2. P 1 bundles over Pn with « ^ 2 a s ample divisors

(2.0) THEOREM. Let X be a projectίve local complete intersection. Let
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A be an ample diυίsior on X which is a P 1 bundle p : A -* P 2 over P2.

Then X is a P2 bundle over P2 unless A ~ P 1 X P2.

Proof. We claim that the mapp : A ->P ι extends to a map p : X-+P2

unless A ~ P1 X P2. Think of p as the map associated to the linear system

\p*0pa(l)\. To show that the map p extends it is enough to check that

the sections of Γ(A,p*(9P2(ϊ)) can be extended to X as sections of J£f where

JSP is the unique extension of />*0pa(l) to X, see [Sol]. Now to show that

the sections extend it is sufficient to prove that H\X, & ® [— A]) = 0.

This is implied by H\A, (JSP® [- A]%) = 0 for all t > 0, see [Sol] or

[Fa + So]. Let Fe |p*0p 2(l), i.e., F = p~\S) where £ is a linear hyperplane

of P2. Using the long cohomology sequence associated to the following

exact sequence

0 > KA ® [AY ® [F]-1 > KA ® [AY > (KA ® [AY)]F > 0 ,

the Kodaira vanishing theorem and the fact that F is a P 1 bundle over

P\ we get that H\A, gA <g> [- A\\A) = 0 for all ί > 0 unless F - Fo, with

Fo as in (0.4).

Note that since A is a P 1 bundle over P2 we have that A = P(V),

where V is a rank 2 vector bundle on P2. In the case F = FQ we have

that for every line £ in P2, Vu — Θ£(a£) 0 Θ£(ae). Also it is easy to see that

a£ is independent of £. Therefore the vector bundle V is uniform and so

V = Θp2(a) Θ GpJίά). Therefore A = P(V) ~ P 1 X P2. Thus the map p ex-

tends to a holomorphic map p : X->P2 unless A ~ P 1 X P2. Now the same

argument as in [Fa + So], (3.0) shows that X is a P 2 bundle over P2. •

(2.1) THEOREM. Let X be a projectίve local complete intersection. Let

A be an ample divisor on X which is a P 1 bundle p : A->Pn over P \ If

n :> 3 then A ~ P 1 X Pn and hence X is a Pn+1 bundle over P\

Proof. Note that A = P(V) for some rank 2 vector bundle V on P \

We can assume, without loss of generality that V is normalized. We will

prove the theorem for n = 3. The same proof yields the general case also.

Let F = p-XP2), where P 2 is a hyperplane of P3. Let J^ePic(X) be such

that ££A = [F]. If Γ(X, £?) ->Γ(A, JδPj ->0 then the map p extends to X.

And we will have the contradiction that n <Ξ 2, see [Sol], Proposition V.

Thus we can assume that H\X, & (x) [A]"1) ^ 0. This implies that H(A, £?A

® [A][J) ̂  0 for some t > 0. For such ί we consider the following exact

sequence
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0 > KA [AY ® [F]-1 >KΛ® [AY >KF® [AYF® [F]?1 > 0 .

From the long exact cohomology sequence associated to the above sequence,

Kodaira vanishing theorem and the fact that H\A, KA ® [AY ® [F]'1) ±? 0

by hypothesis, it follows that H2(F, KF ® [AγF® [F]^1) * 0.

Note that F is a P1 bundle pF : F >P2 over P2. Let F = pF\Pι\

where P1 is a hyperplane of P2. We consider the sequence

0 >KF®[AYF®[F]-1 >KF®[AYF >KF®[AYp®[F]z1 >0.

And now, as above, we conclude that H\F, KF ® [AYp® [F]-1) ^ 0. This

together with the fact F is a P 1 bundle over P 1 implies that F = Fo, where

Fϋ is as in (0.4). Therefore we conclude that V]t is trivial for all lines

I c P3, which implies that V is trivial. Thus A ~ P 1 X P3. But Ai-P'X P3)

is ample on X. Hence X is a P 3 + 1 bundle, see [Sol]. •

Note Added in Proof. The main theorem of this paper which is stated

in the introduction leaves open what the structure of the fourfold X is

when S is the projectivization of a stable rank 2 vector bundle. This last

open case has been settled by the second author E. Sato and H. Spindler

in 'On the structure of 4-folds with hyperplane section which is a P 1

bundle over a ruled surface", Springer Lecture Notes in Mathematics,

1194 (1986), 145-149.
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