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Abstract. We relate the equisingular deformation theory of plane curve singularities and

sandwiched surface singularities. We show the existence of a smooth map between the two
corresponding deformation functors and study the kernel of this map. In particular we show
that the map is an isomorphism when a certain invariant is large enough.
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Introduction

In this paper we connect the theory of equisingular deformations of plane curve sin-

gularities and sandwiched surface singularities, see below for the definition of sand-

wiched singularities. From a simultaneous embedded deformation of an equisingular

family of plane curve singularities we identify a simultaneous resolution of a family

of sandwiched surface singularities.

We consider deformations in the sense of [12], and equisingular deformations in

the sense of [15, 16]. In this language we prove that there is a smooth map of defor-

mation functors ESC ! ESX where ESC is the functor of equisingular deformations

of a plane curve C and ESX is the deformation functor of a particular surface singu-

larity X. We identify the kernel (on the tangent level) of this map as a subspace of the

tangent space of ESC generated by the image of a complete ideal and a cohomology

group. The surface singularity X is constructed from the plane curve singularity C

and an integer vector a. We prove that the map above is an isomorphism when a

is large enough.

Theorems 4.1 and 4.2 of this paper was proved in my PhD thesis [7] under

the assumption that C is irreducible, see also [6]. Theo de Jong later gave a proof

of the second part of Theorem 4.1 and of Theorem 4.2 in the context of RC-

deformations (see [4]), without assuming that C is irreducible. In the present paper,

we give our original proof but without assuming C irreducible.
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1. Notation

DEFINITION 1.1. A sandwiched singularity is a normal surface singularity which

lies on a projective surface V which admits a birational morphism to a smooth

projective surface S.

Cyclic quotient singularities and, more generally, rational surface singularities

with reduced fundamental cycle, are sandwiched singularities, see [5, 13]. As

remarked by Spivakovsky [13], there is also a general method of constructing

sandwiched singularities from plane curve singularities as follows.

Let SpecR be an open subset of A
2
¼ Spec C½x; y� such that C ¼ SpecR=ð f Þ has

an isolated singularity at the origin (corresponding to the maximal ideal

m ¼ mR ¼ ðx; yÞ) and such that the complement of the origin is smooth. We will

refer to C as a plane curve singularity. Let

Zn �! Zn�1 �! � � � �! Z0 ¼ SpecR

�
!

�
!

�
!

Cn �! Cn�1 �! � � � �! C0 ¼ C

ð1:1Þ

be an embedded (possibly nonminimal) good resolution of C (i.e. the components of

the inverse image of C in Zn meet transversally in pairs and have only normal cross-

ings). Let pi1; . . . ; pik
� �

be the intersection of the strict transform Ci of C in Zi with

the exceptional set of Zi ! Z0. Then Ziþ1 ! Zi is the blow up of Zi in some of these

points. Let p be the composition of the upper row of maps in (1.1), and let

E ¼ p�1ð0Þ ¼
Sm
i¼1 Ei be the decomposition of the exceptional set into its irreducible

components. Assume Er; . . . ;Em are those with E 2
i ¼ �1. Then intersection matrix of

E1; . . . ;Er�1 will be negative definite, so we may blow these curves down to obtain a

surface Y. This surface is in fact algebraic, see [1, 11]. Let C
 denote the total

transform of C in Z. Then C
 ¼ Dþ ~C, where D ¼
P
miEi, and we put

q ¼ H 0ðZ;OZð�DÞÞ ¼ H 0ðp
OZð�DÞÞ � R. The ideal q is a complete ideal, in the

sense of [17]. We denote by ~C ¼ Cn � Z ¼ Zn the strict transform of C. Put
~X ¼ Zn ~C. Then ~X is the minimal good resolution of some affine subset X � Y.

DEFINITION 1.2. Let C be a plane curve singularity. Let k be the number of

analytic branches of C, and let a ¼ ða1; . . . ; akÞ 2 Nk, ai > 0. Let Z ¼ Zn be as above

such that Z is obtained from the minimal good resolution Zm of C as follows. Setting

i ¼ m, there are k points pij, in the notation above. Repeatedly blow up pij if aj > 0,

and decrease aj by one when pij is blown up.

We put Z C;að Þ ¼ Z and let Y C;að Þ ¼ Y be the corresponding contraction. Let X be

the open subscheme of Y obtained as above. We define X C;að Þ ¼ X, and q C;að Þ ¼ q
where q is obtained as above.

In this setting we have the following properties, see, for instance, [13].
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PROPOSITION 1.3. Let Z ¼ Z C;að Þ, Y ¼ Y C;að Þ and X ¼ X C;að Þ be as above. Then

ð1Þ Y has a unique isolated singular point which is rational,

ð2Þ X is an affine open subscheme of Y containing the singularity,

ð3Þ up to analytic equivalence the singularity of Y only depends on the isomorphism

class of C and on the integer vector a,

ð4Þ up to analytic equivalence all sandwiched singularities are obtained as the

singularity of Y C;að Þ for some C and a,

ð5Þ Y is the blow up of SpecR in q C;að Þ.

Remark 1:4: Note that the ai used here are the same as lðiÞ �MðiÞ in the notation

of [5].

Remark 1:5: Note that X C;að Þ is an affine scheme of finite type over C, and thus an

algebraic representative of a normal surface singularity. We will however speak of

X C;að Þ as a surface singularity.

2. Relating ESC, ESX and ESY

Let C, a 2 N
k, ai > 0, Z ¼ Z C;að Þ, X ¼ X C;að Þ and Y ¼ Y C;að Þ be as defined above.

2.1. DEFINITION OF ESC

We introduce the deformation functor ESC. Consider a good embedded resolution of

C, as in 1.1. Let sij: Spec C ! Zi define the points which are blown up. Let also

tj: Spec C ! Z define the ordinary double points of the reduced total transform

of C. (The reduced total transform of C is Eþ Cn where E is the reduced exceptional

divisor.) We define a deformation of C over A 2 C with simultaneous embedded

resolution, to be a deformation �C of C, a commutative diagram

�Z ¼ �Zn �! �Zn�1 �! � � � �! �Z0

�
!

�
!

�
!

Z ¼ Zn �! Zn�1 �! � � � �! Z0

ð2:1Þ

and A-sections �sij: SpecA! �Zi inducing sij, A-sections �tj: SpecA! �Z inducing tj
such that

(1) in (2.1), the sections �sij and �tj, �Ci (the strict transform of �C in �Zi) and �E (the

unique Cartier divisor in �Zn inducing E ) give a deformation of the situation

given by 1.1, the sections sij and tj, Ci and E as above, in particular, such that
�Ziþ1 is the blow up of �Zi in the sections �sij

(2) all the obvious diagrams commute and all sections are compatible

(3) all A-sections are normally flat (i.e. they are defined by an ideal �m such that �mn is

A-flat for all n > 0.)
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Two deformations

�C; �Zi; �sij; �tj
� �

and ��C; ��Zi; ��sij;
��tj

n o
are said to be isomorphic if there is an isomorphism (of deformations) of �Z0 and ��Z0

such that it

(1) sends �C to ��C,

(2) induces an isomorphism of (2.1) and the corresponding diagram for ��Z0,

(3) the sections are compatible with the isomorphisms.

We denote by C the category of local artinian C-algebras (with residue field C.) The

functor of equisingular deformations of C is defined as follows. Let for A 2 C,

ESCðAÞ ¼
Set of isomorphism classes of deformations �C over SpecA
of C with simultaneous embedded resolution.

�

Working with algebraic representatives, this is analogous to the definition given in

[16], 2.7, 2.12, 3.2, 7.3. In particular is ESC independent of the choice of embedded

resolution, 1.1.

The functor of equisingular deformation of a plane curve possesses the following

property:

THEOREM 2.1 ([16], 7.4). ESC � DefC is a smooth subfunctor and has a hull.

2.2. DEFINITION OF ESX

For normal surface singularities the concept of equisingular deformations is more

difficult than for plane curves. Wahl, [16] tries to define equisingular deformation

of normal surface singularities through special deformations of the minimal good

resolution. In the case of rational surface singularities the definition reduces to the

following simple one.

Let X ¼ SpecB be a rational surface singularity and let ~X be its minimal good

resolution. Let EX ¼
S
EX;i be the exceptional set in ~X. The functor of equisingular

deformations of X, is for A 2 C defined by

ESXðAÞ ¼
Set of isomorphism clases of deformations

�~X over SpecA
of ~X to which the EX;i lift (locally trivially).

(

Remark 2:2: If the EX;i lift to
�~X, they lift uniquely.

This is also (for rational surface singularities) the functor of simultaneous

resolutions along normally flat sections, see [16, Theorem 5.16]. It has the

following properties.
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THEOREM 2.3 ([16], 4.6). Let X be a rational surface singularity and let ~X be the

minimal good resolution with exceptional set E. ThenESX � DefX is a smooth subfunctor

and has a hull.MoreoverESXðC½E�Þ ¼ H1ð ~X; yðlog E ÞÞ � H1ð ~X; yÞwhere yðlog E Þ is the

dual of the sheaf of one forms with logarithmic poles along the exceptional set.

2.3. DEFINITION OF ESY

Inspired by the definition of ESX, we define ESY for A 2 C, by

ESYðAÞ ¼
Set of isomorphism classes of deformations �Z over SpecA
of Z to which the Ei lift (locally trivially).

�

To justify this definition it is shown in ([7], Prop. 4.5.28) that ESY may be viewed

as the subfunctor of DefY corresponding to deformations which restricts to

equisingular deformations of X.

2.4. CONNECTING THE FUNCTORS ON THE TANGENT LEVEL AND SMOOTHNESS

OF ESY

The tangent space for the functor ESY is described by a cohomology group. Let

y ¼ yZ be the tangent sheaf on Z, and let yðlog E Þ � y be the dual of the sheaf of

one forms with logarithmic poles along the exceptional set E of Z! SpecR. Then from

general theory we know that there is an identification ESYðC½E�Þ ¼ H1ðZ; yðlog E ÞÞ.

Remark 2:4: Since the exceptional sets of Z! SpecR and Y! SpecR are one-

dimensional, then if F is any quasi-coherent sheaf on Y or on Z, we may calculate

cohomology using a Čech complex with respect to a covering fUig of an open

neighbourhood of the exceptional set in Y or Z, respectively, where the Ui are open

affine (or Stein analytic) subsets such that three of them never intersect, see [8],

III.4.5, III.8.1, III.8.5. In particular

H1ðF Þ ¼
M
i; j

H 0ðUi \Uj;F Þ=
M
i

H 0ðUi;F Þ

and H 2ðF Þ ¼ 0. Note also that the H iðF Þ are R-modules.

Let T1
Y be the tangent space of DefY, and let T1

X be the tangent space of DefX.

From Remark 2.4, allH 2 are zero, and in our situation we have from the local global

spectral sequence, see, for instance, [9], the short exact sequence

0 ! H1ðY; yYÞ ! T1
Y ! T 1

X ! 0; ð2:2Þ

where yY is the tangent sheaf on Y. HereH1ðY; yYÞ is the subspace of TY correspond-

ing to the locally trivial deformations of Y. We claim that there is a similar sequence

involving the tangent spaces for ESY and ESX.

PROPOSITION 2.5. There is an exact sequence

0 ! H1ðY; yYÞ ! ESYðC½E�Þ ! ESXðC½E�Þ ! 0:
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Proof. Let E 0 ¼
Sr�1
i¼1 Ei. From Theorem 2.3 we have

ESXðC½E�Þ ¼ H1ð ~X; yðlog E 0ÞÞ:

Recall that there are exact sequences

0 ! yðlog E Þ ! yZ !
Mm
i¼1

NEi ! 0

and

0 ! yðlog E 0Þ ! yZ !
Mr�1

i¼1

NEi ! 0

of sheaves on Z, see [16], Prop. 2.2. We have H 0ðNEi Þ ¼ 0 for all i,

so H1ðZ; yðlog E 0ÞÞ ¼ kerðH1ðZ; yZÞ !
Lr�1

i¼1 H
1ðZ;NEiÞÞ and H1ðZ; yðlog E ÞÞ

¼ kerðH1ðZ; yZÞ !
Lm

i¼1H
1ðZ;NEiÞÞ. By Riemann–Roch we have H1ðZ;NEiÞ ¼ 0

for r4 i4m, which shows that H1ðZ; yðlog EÞÞ ¼ H1ðZ; yðlog E 0ÞÞ. In our situation

0 0

�
!

�
!

H1ðZ; yðlog E 0ÞÞ �!
a

H1ð ~X; yðlog E 0ÞÞ �! 0
�
!

�
!

H1ðZ; yÞ �!
b

H1ð ~X; yÞ �! 0

�
!

�
!

L
H1ðZ;NEi Þ �!

g L
H1ð ~X;NEiÞ �! 0

�
!

�
!

0 0

Consider the map g. Since NEi has support on Ei and the sum is taken over Ei � ~X, it

follows that g is an isomorphism, and thus that ker a ’ ker b. We claim that

ker b ’ H1ðY; yYÞ. Let p1 be the restriction of p to ~X. From the Leray spectral

sequence we get

0 ! H1ðY; ðp1Þ
yÞ ! H1ðZ; yÞ ! H 0ðY;R1ðp1Þ
yÞ ! 0:

Burns and Wahl [3], Prop. 1.2, state that ðp1Þ
yZ ¼ yY, and

H 0ðY;R1ðp1Þ
yZÞ ¼ H
1ð ~X; yÞ;

see [8], Prop. III.8.2.

From the proposition and from Theorem 2.3, it follows that

ESYðC½E�Þ ¼ H1ðZ; yðlog E ÞÞ � T1
Y:
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PROPOSITION 2.6. The functor ESY is smooth.

Proof. It is clear that the obstructions for smoothness sit in the cohomology group

H 2ðZ; yðlog E ÞÞ, see [16], Prop. 2.5(iii). But from Remark 2.4, H 2ðZ; yðlog E ÞÞ ¼ 0.

3. The Maps q and r and their Kernels

By Theorem 2.1, to every �C representing an element in ESCðAÞ, (A 2 C), there corre-

sponds a deformation �Z. Since �Z is constructed by blowing up sections, this repre-

sents in fact an element in ESYðAÞ. In this way we get a well defined map of

deformation functors r : ESC ! ESY. It is also clear from the definitions that by

restriction we have a map s of deformation functors s : ESY ! ESX. Recall that a

morphism F! G of deformation functors is said to be smooth, see [12], if for any

surjection A2 ! A1 in C, the morphism

FðA2Þ ! FðA1Þ �GðA1Þ GðA2Þ

is surjective. Note in particular that a smooth morphism is surjective on the level of

sets.

THEOREM 3.1. The maps r and s are smooth.
Proof. See also [16], Prop. 4.9, Th. 4.2. Let A2 ! A1 be a small surjection in C.

Assume rðA1Þð �C1Þ ¼ �Z1. Assume �Z2 2 ESYðA2Þ and maps to �Z1. We must prove that

there is �C2 2 ESCðA2Þ, lifting �C1, such that rðA2Þð �C2Þ ¼ �Z2. But the total transform
�C



1 � �Z1 may be lifted locally trivially to a divisor �C



2 � �Z2 in the following way: Let

D be such that qOZ ¼ OZð�DÞ, see [11], Section 18. As the Ei lift to �Z1 and �Z2, then

so does D and its liftings are �Dj ¼ Sri �E
ð j Þ

i , where D ¼ SriEi and �E
ð j Þ

i are the liftings

of the Ei to �Zj. Moreover, �C



1 ¼ �D1 þ �C
0

1, where �C
0

1 lifts the strict transform of C.

Now �C
0

1 may be lifted trivially to �C
0

2 �
�Z2, and we may put �C




2 ¼ �D2 þ �C
0

2.

There is a map �p: �Z2 ! SpecR�C A2, and the ideal

�a :¼ �p
O �Z2
ð� �C




2Þ � �q :¼ �p
O �Z2
ð� �D2Þ

may be shown to be a principal ideal. This ideal gives the lifting �C2 of �C1. The con-

traction of the maximal ideals which are blown up in the resolution of C determine

complete ideals qk. In the same way as for q, the liftings �E
ð jÞ

i of the Ei to �Zj, deter-

mine uniquely liftings �qjk of qk such that �qð1Þk correspond to the sections of �C1 and �qð2Þk
determine liftings of these sections to sections for �C2. This shows that �C2 is in

ESCðA2Þ, and that �C2 maps to �Z2.

For the smoothness of s, it is enough to remark, see [2], that from Proposition 2.5

the map ESYðC½E�Þ ! ESXðC½E�Þ is surjective.

Let K denote the kernel of rðC½E�Þ, and recall that

ESCðC½E�Þ � T1
C ¼

C½½x; y��

f;
@f

@x
;
@f

@y

	 
 ;
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see Theorem 2.1.

THEOREM 3.2. The kernel K � T 1
C of rðC½E�Þ is given by the image of q C;að Þ in T

1
C,

and H1ðY; yYÞ is the kernel of sðC½E�Þ.
Proof. Let �C 2 ESCðC½E�Þ. Assume that C ¼ Vð f Þ � SpecR and that �C corre-

sponds to a lifting �f 2 R�C C½E� of f. Let �Z represent rðC½E�Þð �CÞ. As in the proof of

Theorem 3.1, one constructs uniquely a corresponding lifting �q of q, with
�f 2 �q � R�C C½E�. Now, if �Z represents a trivial deformation of Z, then we may

assume (after an infinitesimal automorphism) that �q is the trivial lifting of q. So if
�f ¼ fþ Eg we must have g 2 q. This shows that K is contained in the image of q in T 1

C.

On the other hand, assume g 2 q and consider the lifting �f ¼ fþ Eg of f. Denote by
�Z and �q the trivial liftings of Z and q respectively. Then �f 2 �q and in fact the total

transform of �C in �Z is of the form �C
0
þ �D where �D is as in the proof of Theorem

3.1, and where �C
0
is the strict transform of �C in �Z. Again as in the proof of Theorem

3.1, we may uniquely construct sections for �C to show that rmaps �C 2 ESCðC½E�Þ to �Z.

Finally, the kernel of sðC½E�Þ is identified by Proposition 2.5.

The following example illustrates how the theorem connects the theory of

equisingular deformations of plane curve singularities and surface singularities.

EXAMPLE 3.3. Let C ¼ Spec C½x; y�=ðx3 þ y3Þ be three lines intersecting in a point.

This has ESCðC½E�Þ ¼ 0. Thus for any a ¼ ða1; a2; a3Þ 2 N3, it follows from Theorem

3.1 that X ¼ X C;að Þ is equisingular rigid. Indeed X C;að Þ has the dual graph

and this dual graph is known to correspond to a unique equisingular rigid surface

singularity, see [10].

We now consider the case when a 2 Nk is large.

LEMMA 3.4. For every n� 0, there exists an a
 2 Nk depending only on the

topological type of C, such that qðC;aÞ � ð f Þ þmn for all a5 a
.

Proof. Since every complete ideal may be written as a product of simple complete

ideals, it is enough to consider the case when q is simple and C irreducible. Then the
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lemma follows from [14]. In fact, there are numerical invariants g, �b0; . . . ;
�bgþ1 and

n0; . . . ; ngþ1, computable from the graph, such that

— �b0; . . . ;
�bg generates the semigroup of C and do not depend on a

— n0; . . . ; ng do not depend on a

— �bgþ1 is linear in a.

In [14], it is shown that in R (localizing if necessary) q is generated by

Ygþ1

j¼0

Q
gj
j

Xg
j¼0

gj �bj5 �bgþ1


( )

where in particular Q0 and Q1 are parameters for the maximal ideal of R at the origin

and Qgþ1 defines C. Now let a be the ideal generated by the set

Yg
j¼0

Q
gj
j

Xg
j¼0

gj �bj5 �bgþ1


( )

and set f ¼ Qgþ1 to be the defining element of C. Then we have qðC;aÞ ¼ ð f Þ þ a.

From [14], we also have that

multmRa ¼ min
Xg
j¼0

gj
Yj�1

i¼0

ni
Xg
j¼0

gj �bj5 �bgþ1


( )

ð3:1Þ

and since �bgþ1 ¼ ða� 1Þeg þ �bgng and eg; �b0; . . . ;
�bg and n0; . . . ; ng do not depend on

a, we see that the multiplicity of a only depends on the semigroup of C and on a:

Furthermore, the multiplicity of a increases with a; that is, we may increase the

multiplicity of a beyond any limit, by increasing a.

THEOREM 3.5. There exists an a
 2 N
k
ðk being the number of analytic branches

of C Þ which depends only on the topological type of C, such that if a5 a
 and

Y ¼ YðC;aÞ, then ESCðC½E�Þ ¼ ESYðC½E�Þ.
Proof. From Theorem 3.2, we know that ESYðC½E�Þ is the image of ESCðC½E�Þ � T 1

C

in C½x; y�=ð f; @f=@x; @f=@yÞ þ q. Here f defines C and q ¼ qðC;aÞ. We will prove that

there exist an a
 such that a5 a
 implies

q � f;
@f

@x
;
@f

@y

	 

:

Counting dimensions, we must have ðx; yÞm � ð@f=@x; @f=@yÞ, where

m ¼ dimC

C½½x; y��

@f

@x
;
@f

@y

	 
 :

From Lemma 3.4, we may choose a
 such that a5 a
 gives q � ð f Þ þ ðx; yÞm. It is

known that m is a topological invariant of C.
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THEOREM 3.6. There exists an a
 2 Nk
ðk being the number of analytic branches of

C Þ which depends only on the topological type of C, such that if a5 a
 and Y ¼ YðC;aÞ,

then H1ðY; yYÞ ¼ 0.

Proof. We calculate H1ðY; yYÞ as

H1ðY; yYÞ ¼ H 0ðU \ ~X; yZÞ=H 0ð ~X; yZÞ þH 0ðU; yZÞ;

where Z ¼ U [ ~X and U is affine. This identity is deduced from the fact that

p
yZ ¼ yY, where p:Z! Y is the minimal resolution, see [3], Prop. 1.2. To each ana-

lytic branch of C there corresponds a chain of �2 exceptional curves in Z of length

ai, 14 i4 k. Each of these chains end with a �1-curve. Consider one of these chains.

The �1-curve may be covered by two copies of C
2 having coordinates ðx; yÞ and

ðx0; y0Þ, respectively, such that, locally, U has coordinates ðx; yÞ and U \ ~X is given

by x 6¼ 0. On the other end of the chain the last �2-curve is covered by copies of

C
2. Denote one of them by Ul with coordinates ðul; vlÞ where l is the length of the

chain. We may assume that

x ¼
1

u ll v
lþ1
l

; ul ¼ xy
lþ1; y ¼ ulvl; vl ¼

1

xy l

(x 0 ¼ v0; y
0 ¼ u0.) From this one calculates that

@

@x
¼ ðulvlÞ

lþ1 @

@ul
� ullvl

lþ2 @

@vl
;

@

@y
¼
lþ 1

vl

@

@ul
�
l

ul

@

@vl
:

We also have yi=x j ¼ uiþjll vl
iþjðlþ1Þ. For a given natural number n, we may choose a

such that l is large enough so that ð yi=x jÞ @=@x and ð yi=x jÞ @=@y are zero in yZðUlÞ=
mnyZðUlÞ. From this we deduce that ð yi=x jÞ @=@x and ð yi=x jÞ @=@y map to zero

in H1ðZ; yðlogE ÞÞ �R R=mn via the composition of the map H1ðY; yYÞ !
H1ðZ; yðlogE ÞÞ in (the proof of) Proposition 2.5 and the natural map. We may do

similar considerations for the other chains of �2-curves to prove that all the poten-

tial generators of H1ðY; yYÞ map to zero.

Let b be the a
 of Theorem 3.5. Then it follows that for a > b, H1ðZðC;aÞ; yðlogE ÞÞ

and H1ðZðC;bÞ; yðlogE ÞÞ are isomorphic as (finitely generated) C-vectorspaces, but

then they must also be isomorphic as R-modules, since, by using the exact sequence

from the proof of [3], 1.13, one can show that there is a surjective R-module homo-

morphism, H1ðZðC;aÞ; yðlogE ÞÞ ! H1ðZðC;bÞ; yðlogE ÞÞ; see [7], p. 161, for details.

Since H1ðZðC;bÞ; yðlogE ÞÞ is finitely generated as a C-vectorspace, we may find n such

that mn annihilates it, and so mnH1ðZðC;aÞ; yðlogE ÞÞ ¼ 0 for all a > b. Thus for this

fixed n, the natural map H1ðZ; yðlogE ÞÞ ! H1ðZ; yðlogE ÞÞ �R R=mn is an isomor-

phism when a > b. The argument above then shows that, after increasing a further,

the injective map H1ðY; yYÞ ! H1ðZ; yðlogE ÞÞ is the zero-map, and this forces

H1ðY; yYÞ ¼ 0.
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4. The Main Results

We may now summarize in the following theorem which is of interest form the point

of view of rational surface singularities.

THEOREM 4.1. Let C be a plane curve singularity and let a 2 N
k where k is the

number of analytic branches of C. Let X ¼ XðC;aÞ and Y ¼ YðC;aÞ. Then there is a smooth

map ESC ! ESX of deformation functors, with the following properties:

ð1Þ The map is the composition of smooth maps ESC �!
r

ESY and ESY �!
s

ESX,

where the kernel of rðC½E�Þ is given by the image of qðC;aÞ in ESCðC½E�Þ and the ker-
nel of sðC½E�Þ is H1ðY; yÞ.

ð2Þ There exist an a
 2 Nk which depends only on the topological type of C, such that if

a5 a
 then the map is an isomorphism.

Proof. For the proof of the first part, see Theorems 3.1, 3.2, 3.5 and 3.6. We now

consider the second part. Since ESC ! ESX is smooth, we need only prove injec-

tivity. From Theorems 3.6 and 3.5 this is clear on tangent level. Consider two

equisingular deformations �C1 and �C2 over A 2 C. By induction we may assume that

they induce the same deformation class over A0 2 C where A! A0 is a small

morphism. The obstruction to lift the isomorphism over A0 to an isomorphism over

A sits in T 1
C and, since the deformations are equisingular, in fact in ESCðC½E�Þ. In

view of Theorems 3.6 and 3.5 the obstruction will vanish, for details see, [7], proof of

theorem 4.5.29.

Lastly, we mention the following theorem.

THEOREM 4.2. Assume C is a plane curve singularity with topological type F and let
G be the dual graph of X ¼ XðC;aÞ. Then there exists an a


; depending only on F such
that if a5 a
 the isomorphism classes of plane curve singularities with topological type

F are in one to one correspondence with the isomorphism classes of ðthe complete local
ring of Þ normal surface singularities with dual graph G, by the construction in Section 1.

This theorem is proved in [6], in the case where C is irreducible, and in general case

in [4].
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