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GENERALIZED AMALGAMS, WITH APPLICATIONS 
TO FOURIER TRANSFORM 

HANS G. FEICHTINGER 

1. Introduction. A recent survey article by J. Fournier and J. Stewart 
(BULL.AMS 13 (1985), 1-21) explains how amalgams of U with l« (as function 
spaces over any locally compact abelian group G) can be used as an effective 
tool for the treatment of various problems in harmonic analysis. The present ar
ticle may be seen as a complement to this survey, indicating further advantages 
that arise if one works with generalized amalgams (introduced in 1980 under the 
name of Wiener-type spaces by the author [10]). The main difference between 
amalgams and these more general spaces is the fact that they allow a more 
precise description of the local behavior of functions (or distributions) by rather 
arbitrary norms and that the conditions on the global behavior (of the quantity 
obtained using that chosen local norm) is described in a way that includes both 
growth and integrability conditions (not only /^-summability). In this note we 
shall work on an intermediate level, which turns out to be a suitable tool for 
a detailed description of the Fourier transformation (going far beyond the in
formation given by the Hausdorff-Young inequality). For G — Rm one obtains 
among others a family of Banach spaces of functions (or even ultradistribu
tions) which are invariant under the Fourier transform. Finally, the problem of 
pointwise multipliers of Sobolev algebras is discussed from this point of view. 

2. Notations and preliminaries. Although our results will be presented in 
their natural generality, i.e. in the setting of a non-compact, locally compact 
abelian group G with Haar measure dx the reader will not miss the point 
by thinking of G as of Rm, with the Lebesgue measure. We shall denote the 
Lebesgue space by (LP, || 1̂ ) for 1 ^ p < oo, keeping in mind that ^C(G), the 
spaces of continuous, compactly supported, complex-valued functions is dense 
in LP(G) for 1 ^ p ^ oo; the closure of %(G) in L°°(G) is identified with 
C°(G), the space of continuous functions vanishing at infinity. 

A weight function w on G is a strictly positive, locally integrable function 
on G satisfying w(x +y) ^ w(x)w(y) for all x,y € G (cf. [25], Chap. 3). Two 
weights wi and W2 are called equivalent (we write w\ ~ W2) if their quotients 
are bounded (from zero and infinity) over G. Since any weight function is 
equivalent to a continuous one (cf. [6]) we shall assume throughout that our 
weights are continuous. The following more general class of functions is very 
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useful: A positive, continuous function m is called moderate, if there exists an 
(associated) weight function w such that one has m(yxz) ^ w(y)m(x)w(z) for 
all x,y, z G G. Typical examples are the real powers of a given weight function. 
It is easy to see that equivalent weights (and also moderate functions) define 
the same weighted spaces, given by Lp

m(G) = {/ | fm G LP}, with the natural 
norm \\f\\p,m := \\fm\\p. It is well known [25] that (Ll

w(G), || ||i,M.) is a Banach 
algebra with respect to convolution, called Beurling algebra. It is also easy to 
verify (by vector-valued integration for 1 ^ p < oo and pointwise for p = oo) 
that Ll

w(G) acts on LPm(G) through convolution, and that one has 

(1) \\g *f\\p,m Û | | ^ | | I ,H. | | / IU
 fo r 8 ^ LUG) and / G L^G). 

In fact, the spaces Lp
m{G) are invariant under the translation operators Lx-, given 

as Lxf(y) :=f(y — x), and the operator norm on L^ satisfies |||Lv|||^7m ^ w(x). 
Of course, one has the duality (LPm)' = Lp

x,m, with \/p' — 1 — \/p. 
The dwa/ grow/? G is defined as the set of all characters (i.e. continuous 

homomorphisms from G into the Torus T) \ : G• —> T, with pointwise mul
tiplication as group operation. The dual of the group (Rm,+) is identified 
with Rm through the bijection \t *-> U where \t(x) := exp(27n'(jr, f)), for 
x,/ G Rw. Given/ G L*(G) the Fourier transform is defined as usual by 7 or 
7G'-7f(t) := f(x) :== JG f(x)xix) dx. Using the Pontryagin duality theorem, 
which allows to identify (G)" in a natural way with G (thus allowing us to write 
(x,x) o r (Xix) unambiguously for xix) for x £ G and x £ G) one has the 
Fourier inversion formula 

fix) = ?~lhix)= [ fix){x,X)dX a.e., 

if h := f e L\G). Here the Haar measure dx on G has to be normalized 
suitably. In particular f _ 1 = f o ^ = 5 o f , with Sgix) \— gi—x) for x G G. 

Let us take the convention of using the letter v for (submultiplicative) weight 
functions on G, associated to a given moderate function u on G. 

Writing Mx for the multiplication by x £ G we note that 

(2) (L,jT - M_, / and (MxfT = Lxf for x G G, x G G. 

The convolution and uniqueness theorem for the Fourier transform tell us that 
TLX

W, endowed with it's natural norm | | / | TL\V\\ = | | / | | i ,w , is a dense Banach 
algebra in iC°iG)1 \\ ||oo). We restrict ourselves to the consideration of sym
metric weights w (i.e. weights satisfying w(x) = w(— x) =: Swix) or at least 
w ^ Sw). Note that this implies that fLl is closed under complex conjugation 
and coincides with f~xLx

w, which will be convenient for notational reasons. 
Moreover, w has to be bounded away from zero, hence Lx

w is a subspace of L1. 
We are only interested in regular pointwise algebras, i.e., for any point SQ and 
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a neighborhood U(so) it is assumed that there exists h G JL\, with h(so) = 1 
and supp h C U(s0). We assume THROUGHOUT THE PAPER that all weights 
used (also those in the description of moderateness) should satisfy the so-called 
non-quasianalyticity condition due to Beurling-Domar ([25], Chap. 6, &3): 

oo 

(BD) Y^j n~2 l og (w(nx))< oo for all x G G. 
n=\ 

Thus the typical weights on Rm included in our discussion are of form 

w : x — exp (/J|jc|a)(l + \x\f log*(l + |JC|), 

with 0 < a < 1 and f3 > 0,1,8 G R; or a = 0 and 7 > 0, è G R or a = 7 = 0, 
5 ^ 0. The set of moderate functions includes of course any m := 1/w, w as 
above. For a — 0 or /? = 0 the corresponding spaces LPm may be considered as 
subspaces of S' (space of all tempered distributions; here 5(RW) is the space 
of rapidly decreasing C°°-functions on Rm in the sense of Schwartz). Since 
A := JlX, satisfies all requirements of A as described in [7] it thus follows 
that there exist BUPUs in A, i.e. bounded uniform partitions of unity. These are 
bounded families *F = (^i)iei in (A, \\ \\A) satisfying (for some compact set 
Q = -Q Ç G): 

supp^i Ç yt + Q, sup#{7 I (y{ + Q)(1 (y, + Q) ^ </>} < 00 

and 

Given now any Banach space (/?, || ||^) of functions (or distributions) on 
which A acts by pointwise multiplication, the Wiener type spaces (or generalized 
amalgams) W(B,l^) can be defined as follows (cf. [10]): / G W(B,lq

m) if and 
only if / G B\oc and 

||/|W(*,/£)||:= f X)||/^||W^J <oo. 

As shown in [10] and [19] these spaces do not depend on *F or (yi)iei and 
different systems give equivalent norms. The family of spaces of this form 
behaves also nicely with respect to duality (under the usual restrictions), i.e. one 
may calculate the dual space in the local and the global component separately; 
the same is true for (abstract) interpolation or the characterization of pointwise 
multipliers (cf. [19]). For m = 1 and B = LP one comes back to the ordinary 
amalgam spaces discussed in [22]. In our discussion only spaces of the form 
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B = 7Um (note that TLX
W • 7Um = f (Lx

w * LPm) C FUm) with their natural 
norm will be of interest. Note that these spaces are defined by the usual Fourier 
transform if LPm Ç L1, or as spaces of tempered distributions on G — R", if m is 
of at most polynomial growth; however, a very general definition will be given 
below (including the FT of ultra-distributions). 

Finally we observe that we shall have - presupposing a good definition of the 
spaces W(fLp

ul /^) at the moment, that they are invariant under translations and 
multiplications with characters, with estimates 

(3) \\Lxf | WWU,0\\ ^ Cvw(x)\\f | WW„ OH 

and 

(4) \\M,f | WWS,/«) | | é v(t)\\f | WCFL^OW-

Applying now the convolution theorem (Theorem 3 in [10]) for Wiener-type 
spaces we obtain that these spaces are double modules, i.e. Banach modules over 
Ll

w(G) with respect to convolution and (this follows directly from the definition) 
pointwise Banach modules over the Banach algebra TL\ (together with the 
corresponding norm inequalities): 

(5) \\g * / | W{TIfu,l'm)\\ ^ | |s | | 1 , ^ 1 1 / | W{TIfu,Fm)\\ forgeLl; 

(6) \\h-f | W(!FIfu,0\\ S \\h | ?L\\\ | | / | WWu,ll)\\ for he <fl}. 

The spaces arising for p — q — 1 are of particular interest because of the 
minimality properties of these spaces (cf. below) (cf. [7], [9], [15], ...) 

PROPOSITION 1. The space Wi^FL^ ll)(G) is a dense Banach ideal in the Beur-
ling algebra L\(G) (under convolution) as well as in 7FX

W (pointwise). Moreover, 
it is the minimal, non-trivial Banach space of functions (continuously embedded 
into Ll(G)) satisfying (5) and (6). 

Proof The decisive argument is the fact that - as a consequence of the 
BD -condition - the compactly supported elements (which belong of course to 
W(^FLx

wJl)(G)) form a dense subspace of (7TX
W)(G). The minimality proof 

follows the line of arguments given in [3] and is left to the reader. 
We may mention that it is possible to endow these spaces with an equivalent, 

"continuous" norm, such as the expression (cf. [10]): 

\ Vf 
\\(Lxk)f | 7Kfm{xfdx\ , 

where k can be any non-zero element in W{^L\nl\). In many situations these 
norms are more convenient to handle than the discrete description used above. 

a 
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However, for the results to be discussed here the discrete version seem to more 
appropriate (mainly because the results concerning duality and pointwise mul
tipliers have been published in the discrete setting, cf. [19]). These continuous 
descriptions, on the other hand, are the reason why we use the symbols W(B, Lq

n) 

for the spaces W(B, 1%) in other papers concerning Wiener type spaces as well. 

3. The spaces W(JLP
U, lq

m) and their Fourier transforms. It is our purpose 
in this chapter to show that the family of Wiener-type spaces W(J-L^, lq

m) shows 
a very reasonable behavior under the Fourier transformation. In fact, the general 
principle that local properties of a function (e.g. smoothness, boundedness . . . ) 
are reflected by global (e.g. decay or integrability properties) of its Fourier 
transform can be given a rather precise meaning in our setting. 

In order to prove these results we proceed as follows: First of all the case 
p — q = 1 is treated, then the dual situation. More general cases are then a 
consequence of results on interpolation theory, applied to these basic results. 

Concerning the Wiener-type spaces W(!FLl, l[,)(G) it is worth mentioning that 
the special case v = w = 1 gives us the Segal algebra SQ(G), an example which 
is the prototypical in this field. In fact, as it was shown (cf. [9]) this space is the 
minimal among all Banach ideals in Ll(G) which are also isometrically invariant 
under multiplications with characters. 

THEOREM 2. Let v and w he weight function on G and G respectively, 
both satisfying the Beurling-Domar condition. Then the Wiener-type spaces 
W(?L\,ll){G) and W(TL{

w,ll
v)(G) are well defined and the Fourier trans

form !FG '• Ll(G) f—> ffLl(G) establishes an isomorphism between these Banach 
spaces. 

Proof. That these spaces are well defined has already been discussed above. 
In order to show that the Fourier transform defines an isomorphism between 
these spaces it will be sufficient to verify the inclusion fGW(JLl

vl ll)(G) Ç 
W(!FLl,l]

v)(G). In fact, by the closed graph theorem fG is automatically a 
continuous mapping between these spaces in that case, and the converse inclusion 
is obtained by a symmetry argument (based on Pontrjagin's duality theorem). 

We use the discrete (atomic) description of W(!FLl,ll), which implies that 
(for a suitable constant CQ ^ 1) for e a c h / G W(!FLl,ll) a sequence (fn)n^\ m 

!FLl
v with supp/„ Ç g , a fixed compact set in G, and (yn)n^\ m G such that 

/ = T,n>\hJn and E ^ , n(yn)\\fn I J 4 H ^ C\\f I W{TLlll)\\. It is now 
clear that the individual terms Jfn belong to Ll

v, but we need more. To this end 
note that there exists some g G L\,(G) such that g(x) = 1 on Q and supp g 
is compact (this follows from condition BD). However, as mentioned the space 
W(^fLl

w1ll)(G) is a (dense) Banach ideal in Ll
v(G). In view of the localization 

principle (cf. [25], Chap. 2) it is clear that g as described above belongs to this 
ideal. Making now use of inequalities (4) and (5) we obtain (at least for finite 
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sums): 

£^w(yn)\\fn*g \W(TLl,ll)\\ 

^X)w(^)Cv | | /„| | i ,v| |g|W(!FLi.,/,!)!! 

HCCv\\g\W(TLl,ll)\\\\f\W{7Ll,ll)\\ 

èC2\\f\W(TLl
r,ll)\\. 

Having now obtained precise information on the image of these spaces (of 
test functions) under the Fourier transform we can proceed as in the definition 
of Fourier transforms for tempered distributions, by extending it to the corre
sponding duals: 

THEOREM 3. Given the weight functions w and v as above, the Fourier trans
form extends (in a unique w* -continuous way) to a bounded linear isomorphism 
between the corresponding dual spaces Banach spaces. 

Proof Given a G W(fLl
vl /J.)'(G) we define <Jo by setting: 

(7) J°(h) := cr(Jh) for h G W(fL{
w, 0(G). 

In view of Theorem 2 (changing the roles of G and G and v, w, respectively) 
this definition makes sense by Pontrjagin's theorem. It is also clear from this 
definition that the "new" Fourier transform is a w*-continuous mapping. Since 
the ordinary Fourier transform is very well compatible with duality as a conse
quence of the identity 

[ fo)W)dx = [ g(t)W)dt, for / G Ll(G),g G 0(G), 
JG JG 

the above definition is actually an extension of the ordinary Fourier transform, 
and in fact the unique w*-continuous version (for reasons of density). 

Remark 1. It is clear that the above definition is compatible with any other 
"extended" Fourier transform, in particular with the definition of the Fourier 
transform of tempered distributions on Rm. For weight functions of at most poly
nomial growth on Rm there is a continuous embedding of L^W(G) = (Ll

w(G))f 

into 5'(Rm). Consequently JLwH,(G) is well defined, and the content of Theorem 
2 can be reformulated as follows for this case: 

COROLLARY 4. Given two weight functions w, v on Rm of at most polynomial 
growth, the Fourier transform extends to an isomorphism between the Banach 
spaces W ( r a i 0 / f t , ) ( R m ) and W(fL°°/w, /ft.)(Rm). 
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Proof. Besides the observations already made we only have to note that for 
Wiener-type spaces the natural duality results hold true, i.e. it is possible to 
calculate the dual spaces in each "coordinate" (i.e. local and global) separately 
(cf. [19], Theorem 2.8). 

In the general situation described above, which includes already various spaces 
of ultra-distributions in the sense of Beurling and Bjorck (cf. [8]) we can take 
Theorem 2 as a starting point for the definition of a very general (extended) 
Fourier transform. In order to give a good definition of the Fourier transform of 
LPU-spaces we make the following (general) observation, showing that "reason
able" spaces are embedded between the spaces discussed so far and their dual 
space. 

PROPOSITION 5. Let (/?, || ||#) be a translation invariant Banach space con
tinuously embedded into the space of (Radon) measures R(G) := ^C(G)' on G 
(this is satisfied if B consists of locally integrable functions and convergence in 
|| ||fl implies convergence in measure), which is a pointwise Banach module 
over the Banach algebra !fLl(G) and a Banach module over Ow(G) with re
spect to convolution, satisfying the estimate ||LV/||^ S w(x)\\f\\B for all x £ G, 
f 6 B. Then one has the following continuous embeddings 

W(nl,ll)^B^(W(?Ll,ll))'. 

Proof The first inclusion is just a consequence of the description of minimal 
invariant spaces as given in [7]. In order to verify the second one it is sufficient 
to note first that the assumptions imply that elements of B act in a natural way 
on the closed subspace 

{?L\)Q := {f \ f e JLl*uWf QQ] 

of JL\, i.e. there exists C > 0 such that 

\(bj)\ è C\\b\\B\\f | JLJH for b G B,f e (JL\,)Q. 

That this action can be extended to the whole space W{JL\,^ l\){G) is a 
consequence of the following estimate (which holds for arbitrary finite sums 
/ = Ym*\Lxnfn

 w i t h SUpp/„ C Q)\ 

\{b,f)\ è 2 | M , / B ) | è Y,cWL-*MB\\fn I !FLl\\ 

è C J2^(-^)\\b\\B\\fn | TXJH ^ C2\\f I W{!FLl.!l)\\ \\b\\B. 

It is clear that the Banach spaces LPU are special cases of the general space 
(/?, || \\B) discussed in Proposition 5 (as function spaces on G). In particular, 
the spaces JLP

U (as space of distributions on (G) — G), are now defined for 
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the general situation 1 ^ p ^ oo and enjoy of course the same properties that 
we have stated for the restricted family of L^-spaces discussed so far. Thus, for 
example it would now be possible to formulate Corollary 4 for the family of 
spaces W(^Lwv,/wM,)(G), where w and v run through the family of weights 
satisfying estimates w(x) = 0(WQ(X)) and v(t) — O(vo(0), with WQ and v0 

being fixed weight functions (on G and G respectively) for which Theorem 
2 is valid. It is also possible to define the general Wiener-type spaces of the 
transform W(JLp

u,l
p

m) and to study their behavior under the Fourier transform. 
For the special case G = Rm the following results give a whole family of Banach 
spaces of (tempered) distributions which are invariant with respect to the Fourier 
transform. It will be an immediate consequence of the fact that our family of 
spaces is closed in a natural way under complex interpolation, which we need 
not state explicitly here (cf. the proof below). 

THEOREM 6. Let w,v be weight functions on G and G respectively, both sat
isfying condition (BD). Furthermore, let a,(3 G R be given and p G (l,oo). 
Then the Fourier transform JQ (as considered in Theorem 1) extends to an 
isomorphism between the spaces W(7LPU, lp

m) and W(!fLp
v lp), with u := va and 

m := w&. 

Proof It is no problem to check that the weights m and u satisfy (BD) them
selves. The basic tool, in order to derive Theorem 5 by complex interpolation 
from Theorems 1 and 2 is the corresponding result for interpolation of Wiener-
type spaces [11]. It follows as a special case from Corollary 2.4 in [19]. Given 
a, (3 we find the appropriate end-spaces for interpolation as follows (we treat 
only one typical special case in detail: a > 0, (3 > 0: Then 

WtfL^O = [W(7Ll,lx\W(?L™,rpl)]xiPh with \/p' = 1 - 1/p. 

The case p = 2 of the Theorem 6 is of special interest. It gives us informations 
concerning potential spaces and their pointwise multipliers spaces, including 
anisotropic versions and extensions to arbitrary lea. groups (cf. [4], p. 10, [27], 
for results in this direction). For simplicity we describe only a typical result: 

COROLLARY 7. Given a weight function w on G let us denote the space 
7-~xL\(G) by L2(G). Then we have L2(G) = W(L^(G\l2). 

Proof. It suffices to mention that we have by Plancherel's theorem the fol
lowing identity: L2

W(G) = W(L;;,,/2). Thus Theorem 6 applies. 
This notation has of course been chosen in accordance with the usual symbol 

for Bessel potential spaces. These correspond to the special case G — Rm and 
w = ws, with ws(t) := (1 + |f|2|)v/2, and Coifman/Meyer speak of '72-puzzles" 
in this connection. The above characterization is of particular interest if L2(G) 
happens to be a Banach algebra with respect to pointwise multiplication. A 
general result in this direction is contained in the following corollary: 
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COROLLARY 8. Assume that w is a weakly subadditive weight function on G 
(i.e. that there exists some constant Cw > 0 such that w(x+y) ^ Cw(w(x)+w(y)) 
for x^y G G), and furthermore that 1 /wE L2(G). Then the algebra of point-wise 
multipliers coincides with W(L2(G),l°°). 

Proof. It is not difficult to derive from the weak subadditivity of w that the 
Banach space L1 Pi L^ is a Banach algebra with respect to convolution (cf. [6]). 
However, by the second assumption this space coincides (also as a Banach space) 
with L^(G). By consequence the 'potential space' L^(G) is a pointwise Banach 
algebra. The assertion thus follows from a general result about multipliers of 
decomposition spaces (cf. [19] , Corollary 2.14). 

Our next result will be a fairly general variant of the Hausdorff - Young 
inequality, now in the setting of generalized amalgams: 

THEOREM 9. Let w,v,a, (3 and p be as in Theorem 5. Then for 1 < r ^ p ^ 
oo, 

TGWWU, 0 ( G ) ) C W{TUm, lp
u){G) with u := va and m := w? 

Proof. Choosing 0 € (0,1) such that \jr = (1 - Q)jp + 9 we obtain 

W(nir
m)(G) = [W^LP^l^XG^W^L^l'XG)]^ 

with V! := va(l-9) and w\ := w^i , and the result follows from general interpo
lation principles (cf. e.g. [1]). 

As already mentioned in [11] for the special case of trivial weights the con
dition r ^ p are of importance for the validity of Theorem 9. In that note also 
the "ordinary" Hausdorff-Young theorem for amalgams was derived from such 
an inequality. 

4. Convolution and pointwise algebras, compactness, embeddings. In this 
section among others those spaces W(JLp

mlL
q
u) shall be characterized which 

are pointwise (Banach) algebras, continuously embedded into C°(G). Moreover, 
(compact) embeddings will be described and a new property for Banach spaces 
of distribution (/^-localization) is introduced. Let us start with questions of point-
wise multiplication. 

THEOREM 10. Assume that w is a weakly subadditive weight function such 
that \/w G Lq , then the spaces W(!fLp\L%) are Banach algebras with respect 
to convolution. For 1 ^ p ^ 2 these spaces are continuously embedded into 
{L\G),\\ | |i). 

Proof. Following the arguments used in the proof of Corollary 8 we realize 
that the assumptions imply that Lq

w is continuously embedded into L1 and a 
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Banach convolution algebra. On the other hand it is clear that JLP(G) is a 
Banach convolution module over JL°°{G) (simply because LP(G) is a pointwise 
module under L°°(G)). Applying the convolution theorem for Wiener-type spaces 
([10] , Theorem 3) we find that W(^FL°°,Lq

w) is a Banach convolution algebra, 
and W(J'LP, L{[.) is a Banach convolution module over this algebra. However, 
locally the spaces (fLp{G) are ordered by (strict) inclusion for increasing /?, 
which implies that W(?LP,LD is a Banach ideal in W(TL°°,Ll). If, in addition, 
we have p G [1,2] then the ordinary ^F(LP(G)) is contained in LP(G), hence 
contained in LJoc{G). Since translations act isometrically on JLP{G) it follows 
that W{TU>,Ll) Ç W{L\L%) Ç Ll(G), and the proof is complete. 

It is perhaps worth being mentioned next that these spaces are ordered by 
(strict) inclusions, increasing for/? and q going from 1 to infinity. More precisely, 
we have the following inclusions: 

PROPOSITION 11. The spaces WOFL^l^) are ordered by inclusions in the fol
lowing way: i) For 1 ^ p\ ^ /?2 = oo and 1 ̂  q\ è qi = oo one has 

ii) Assume that p2 > P\, and that the quotient u\/u2 belongs to L'(G), for 
some r > 1/p, - \/p2. Then W(JLp\J«m) C W^L^Jl). 

iii) Assume that qq > q\y and that the quotient m\/ni2 belongs to L'(G), for 
some r ^ \/q{ - \/q2. Then W(TU>u,l%) Ç Wtflfu,l%2). 

Proof. The monotonicity with respect to the global component, i.e. the 
weighted sequence spaces follows from the obvious inclusions for weighted 
sequence spaces by Holder's inequality. In order to verify monotonicity with 
respect to the local component observe first that the spaces fLp are isometri
cally translation invariant (because multiplications with characters is isometric 
on LPU). Therefore it is sufficient to verify that any compactly supported element 
/ G 9-LP] (with supp/* Ç Q, Q compact in G) belongs to ^LP2. Since there 
exists (cf. above) some compactly supported element h G W(JL\,l\)(G) such 
that h(z) = 1 on Q this follows (using once more the convolution relations) 
from 

ÇW(TLl,lp;-)ÇLp
L; f o r / ? , ^ . 

This completes the proof of the second part of ii). Assertion iii) is verified in a 
similar way, using Holder's inequality. 

Combining the above results on inclusions with the natural interpolation re
sults we arrive at other, perhaps more interesting inclusions, yielding sufficient 
conditions (involving decay conditions on the function and its Fourier transform, 
i.e. smoothness of the function) for the membership of a given function in such 
a space under consideration. We do not treat the most general case, but instead 
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a typical one, giving sufficient conditions for the membership off G L2(Rm) in 
the Segal algebra S0(R

m) = W(7Ll,Ll)(Rm). 

THEOREM 12. Let s,r > 0 be given, such that min(s,r) > m/2, and 
r > ms/(2s - m). Then any f G L2(Rm) with f G L2(Rm) belongs to S0(R

m). 

Proof. Note that we have in view of Corollary 8 and the general rules con
cerning complex interplation that/ belongs to 

W(TL2
nL

2)nW(TL2,L2
s)(R

m) C W(TL2,L2) Ç W(TLX,LX), 

whenever we have t > m/2, z > m/2, and t — (1 — <p)r and z = <ps for some 
(f G (0,1), which can be found under the given assumptions. 

A modification of arguments used in the proof of Corollary 8 gives now a 
subfamily of spaces under consideration which are pointwise Banach algebras: 

THEOREM 13. Assume that v is a weakly subadditive weight function on G, 
with v"1 G LP'(G), and that lq

m C l°° (e.g. m(x) ^ 1 for all x G G). Then 
WOFL^l^) is a Banach algebra with respect to pointwise multiplication and 
the algebra of pointwise multipliers coincides with W(^FLPJ°°). 

Proof Once more we argue (cf. [6] for details) that, as a consequence of 
Holder's inequality LP(G) coincides with LP

U(G)C\L\G), which is a Banach con
volution algebra for any weakly subadditive weight v on G. It follows from the 
results on pointwise multiplication of Wiener-type spaces (cf. [19] or use a direct 
argument) that W(^FLP^ l°°) operates on W(^FLP

U^ lq
m) by pointwise multiplication. 

On the other hand, ^Lp
u being a pointwise algebra which contains local units 

(i.e. plateau-like functions, which are uniformly bounded in fLp, together with 
all their translates) it is clear that a function which defines a pointwise multiplier 
has to belong locally to JLP

U, and actually to W(FLP
U, l°°). 

Now it is also possible to formulate the result that the dual spaces of our 
minimal spaces are maximal spaces under certain invariance conditions. For 
simplicity let us consider only the case v = w = 1 : 

LEMMA 14. Given any pair w, v of weight functions on G and G respec
tively. Then the dual space SQ(G) — W(!fL00

11°°) is the maximal subspace of 
W(!fLfjv, /wwj which is isometrically invariant with respect to translations and 
multiplications with characters. 

Proof. The shortest argument is based on the atomic characterization of the 
Segal algebra S0(G) as given in [15], [17]. Given a G WdFL^.JYjJ which 
is non-zero there exists/ G W(TL\,L\) such that o(f) ^ 0. The isometric 
invariance (and the appropriate notion of a translate and pointwise product of 
a functional) imply that \MtLxa(f)\ = \<r(L-xMtf\ ^ C for all x G G, t G G. 
However, in view of the atomic characterization of So(G) (cf. [15]) this implies 
that a is continuous as a functional with respect to the norm of SQ(G), q.e.d. 

In a certain sense one can say that the spaces considered in Theorem 6 are the 
only spaces which are invariant under Fourier transform and have a certain global 
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behavior. We discuss this in detail for the nonweighted case (corresponding 
weighted versions are available). 

We call a Banach space (£, || \\B) of functions or distributions (which is 
assumed to be translation invariant and a pointwise Banach module over some 
Banach algebra JL\) p-localizable if the following condition holds true: Let 
(ydiei be any family as in the definition of BUPUS (one could call such families 
well spread in the group G). Then one has:/ G B if and only if there is a family 
(fi)iei in B with common compact support, satisfying E , e / IIZ/llz?]1^ < °°> s u c n 

thatf = ^2ieI Ly.fi. 
Note that is not difficult to verify that this definition is in fact independent 

of the family (}>,•)/£/ under consideration. Moreover, for any isometrically trans
lation invariant space (#, || ||#) the above mentioned property is equivalent to 
the condition that B coincides with the Wiener-type space W(B,lp). On the 
other hand it is possible to prove (using either direct arguments or the methods 
developed in [19]) that the spaces W{B, lp) are p-localizable in the above sense 
under these circumstances. (Note that our definition has the advantage that a 
/?-localizable space is automatically translation invariant and that the family of 
translation operators acts uniformly bounded on B\ thus B can be endowed with 
an equivalent, isometrically translation-invariant norm). Of course, the idea is 
that these spaces are completely known as soon as one knows them just locally. 
Using this terminology we can show the following result: 

THEOREM \5. The space W(!fLp
1L

p)(Rm), 1 ^ p < oo is the only p-
localizable Banach space of tempered distributions which is invariant under 
the Fourier transform. 

Proof It is clear from what has been said so far that this space has the 
required properties. Assume now, on the other hand, that a /7-localizable Ba
nach space (C, || ||c) is given. Since the uniform boundedness of the family 
of translation operators, as mentioned above, implies via Fourier transformation 
that the family of character multiplications acts uniformly bounded on the space 
as well, it follows (cf. Lemma 14) that (C, || \\c) as well as JC is contin
uously embedded into WCfL00^00), in particular, the elements of this space 
are at least locally pseudomeasures (thus they are so-called quasimeasures), and 
consequently 7 C c—> ̂ (^rL°°,L/?)(Rm). Applying the generalized Hausdorff-
Young inequality for Wiener-type spaces (for the inverse Fourier transform, cf. 
Theorem 9) it follows that C C W(^ LP,L°°)(Rm), which in turn implies that 
the local structure of C is at least JLP', hence C -̂> W(f Lp\Lp)(Rm). 

In order to show the converse we may start with the minimality property 
of So(Rw)> which implies (the invariance properties mentioned above) that 
S0(R

W) ^ C = !fC, hence ?-xW(TLx,U>) Ç <f~xC = C, due to the p-
localization property. However, in view of Theorem 5 of [10] this tells us that 
the Fourier transforms of elements of Lp = W(^FLP^LP) are locally the same 
as those of W(Ll,Lp). We thus obtain that compactly supported elements from 
^LP are contained in C (with a embedding constant depending only on the 
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support). Applying once more the ^-localization it follows that one has actually 
W(fLp,Lp)(Rm) t-> C, and the proof is complete. 

5. Concluding remarks. There are many remarks that could be made. We 
shall restrict ourselves to the most interesting ones. 

A) Most of the results of the present note could also be translated into the 
setting of the so-called modulation spaces, which are just inverse images under 
the generalized Fourier transform of the spaces W (f Lp

in L
q

m) (cf. the more exten
sive technical report [13], [14], or [31]). These papers contain also information 
concerning trace theorems for these spaces, which are quite similar to those for 
the (inhomogeneous) Besov spaces. 

B) As has been seen in the discourse the spaces considered above, especially 
of the spaces without weights, the two families of operators, namely transla
tions and modulation (multiplication with characters) and the behavior of these 
spaces under these operators (e.g. /7-localizability has to do with a certain be
havior under translations) play a significant role in their description. Since these 
operators may be combined to a group, the so-called Weyl-Heisenberg group, it 
is possible to look at these spaces from the point of view of non-commutative 
harmonic analysis (cf. [20] for a discussion of the spaces W(^FLp,Lp)(Rm) from 
this point of view). 

C) The description of these spaces has been given, starting from a selective 
description, i.e. the elements under consideration had been selected from the big 
dual spaces (of certain minimal spaces), thus they are actually spaces of ultra-
distributions in the sense of Beurling-Bjorck for the natural pairs of weights 
w, v in their definition (cf. [3], [29], [30] for more details). This reminds one of 
Peetre's ^-method of real interpolation (cf. [1], [24]), where the elements of a 
new space are those which show a certain behavior of their /C-functional (which 
is a function on R+). In the present case we had a different class of seminorms, 
and our selective criterion is another one, namely weighted summability over 
a lc. group. In a certain sense dual to the selective /C-method one has the 
equivalent J -method, which can be considered a "constructive" method. One 
has also a constructive description of the spaces, i.e. atomic characterization of 
these spaces. A more direct approach to such decompositions is given in [17]. 
Another, more abstract, but also more general approach to atomic decomposition 
(at the same time stressing the analogy between various similar looking families 
of function spaces, such as the Besov-Triebel spaces and the Wiener-type and 
modulation spaces) is considered in [20] and [19]. 
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