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COCHARACTERS, CODIMENSIONS AND HILBERT SERIES
OF THE POLYNOMIAL IDENTITIES
FOR 2 x 2 MATRICES WITH INVOLUTION

VESSELIN DRENSKY AND ANTONIO GIAMBRUNO

ABSTRACT.  Let M,(K, ) be the algebra of 2 x 2 matrices with involution over a
field K of characteristic 0. We obtain the exact values of the cocharacters, codimensions
and Hilbert series of the x-T-ideal of the polynomial identities for M>(K, ).

Introduction. Let R be an algebra with involution over a field K of characteristic 0
and let T(R, x) be the x-T-ideal of all x-polynomial identities of R. In the case of ordinary
polynomial identities, a lot of information for the polynomial identities is carried by
the S,-cocharacter sequence, the codimension sequence and of the Hilbert series of the
polynomial identities for the algebra. These are also the main objects for quantitative
investigation of the polynomial identities for algebras with involution. In this case the
characters of S, are replaced by characters of the wreath product Z; ¢ S, [4].

In this paper we study the x-polynomial identities of the 2 X 2 matrix algebra M»(K, )
with involution *. Two kinds of involution define different x-7-ideals T(M,(K), *)—the
transpose and the symplectic involutions. We obtain the exact values of the cocharacters,
codimensions and the Hilbert series of the x-polynomial identities for the 2 X 2 matrix
algebra. The essentially new results are in the case of transpose involution. Most of the
results for the symplectic involution are obtained by Procesi [6] or can be easily derived
from there.

Usually the investigation of the matrix polynomial identities involves trace identities
and invariant theory. Here we follow another approach which is based on the so called
proper (or commutator) polynomial identities. For the ordinary polynomial identities the
simplest version of the method can be traced back in the Specht’s paper [7]. The further
development allowed to obtain explicit results for algebras satisfying an identity of low
degree. A selfcontained exposition for the application of the method to the ordinary 2 x 2
matrices can be found in [2].

1. Group actions on the polynomial identities with involution. Let K be a field
of characteristic 0, X = {xj,xz,...} a countable set of unknowns and let K(X, *) =
K(x,x],x2,x5,...) be the free unitary algebra with involution . Let us denote by

Fu(¥) = K(x1,x},...,%n,x%) the free subalgebra of rank m.
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2 x 2 MATRICES WITH INVOLUTION 719

Let R be a unitary algebra with involution x. We consider involutions of first kind
only, i.e. (ar)* = ar* for @ € K, r € R. An element f(x;,x, ..., %y, x5,) from K(X, *)
is called a *-polynomial identity for R if f(ry,r},...,rm,r;,) = O for all substitutions
Fls...,Im € R.The set T(R, x) of all x-polynomial identities of R is a x-T-ideal of K(X, ),
i.e. an ideal which is invariant under all endomorphisms of K(X, *) commuting with the
involution. Then F(R, ¥) = K(X, x) / T(R, *) is the relatively free algebra in the variety of
algebras with involution var(R) satisfying all x-polynomial identities of R and F,,(R, ¥) =
Fm(*)/ (Fm(*) NT(R, *)) is the relatively free algebra of rank m in var(R). Let

P,(x) = span{xyy,, - - Xt | 0 € Sp,a; = 1,%}

be the space of multilinear *-polynomials in xi,...,x,,x],...,x,. We denote by
Py(R, %) = Py(x)/ (P,,(*)OT(R, *)) the set of multilinear elements of degree n in F(R, x).
The n-th codimension of Ris ¢,(R, *) = dimP,(R,*),n = 0,1,2,.... We sets; = x; +x}

and k; = x; —x7, i = 1,2,.... Then F,,(x) = K(s1,...,Sm.k1,...,kn) and we assume
that the same variables sy, ..., sm, k1, . . . , k,, generate the relatively free algebra F, (R, *).
The vector space F,,(x) has a natural multigrading obtained by counting the degree in
the symmetric variables sy, . . ., s,, and in the skew-symmetric variables ki, .. . , k. Since
the ideal F,(x) N T(R, *) is multihomogeneous, F, (R, ) inherits the multigrading. Let
F@P(R ), (a,b) = (ai,...,am,b1,...,by), be the multihomogeneous component of

degree a; in s; and of degree b; in k;, i = 1,...,m. The *-Hilbert series of F,(R, ) is
defined as the formal power series

H b m b bm
HR %, 15 YmsZhaee ey 2m) = 9 dimFEP (R )y - - yimzht g,
(a,b)

Let S, be the symmetric group actingon 1,...,n and let Z, = {1, x} be the cyclic group
of order 2. The wreath product Z; 2 S, is defined by

7,28, ={(ay,...,an;0) | a; € Lr,0 € S,}

with multiplication given by

(@i,....an;0)(b1,...,ba;T) = (@1by-1(1)s - . . » Anby-1(ny; OT).
The action of the group Z; ! S, on P,(x) defined in [4] can be rewritten in the following
way. For (a1,...,a,;0) € Zy Sy and i = 1,...,n we define (ay, . .., an; 0)s; = So(;) and
(ai,...,an;0)ki = kZ‘("I; = 4k, Since

Pu(x) = span{wy(1) - *Wom) | 0 € Spow; = siorw; =k, i = 1,...,n},

the action of Z, 1S, on s; and k; can be extended diagonally on P, (). Itis easily checked
that under this action P,(x) becomes a left Z;? S,-module.

Similarly, let U = span{sy,...,sn}, V = span{ki,...,ky}. The group GL(U) x
GL(V) = GL,, X GL,, acts on the left on the space U ¢ V and we extend this action
diagonally to get an action on F,(*). We remark that S, acts also from the right on the
homogeneous component F")(x) of degree n by place permutation.
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For every x-T-ideal T(R, *) the vector spaces P,(x) NT(R, *) and F,,(*) N T(R, x) are
invariant under the above actions of Z; ? S, and GL,, X GL,,, respectively. Hence we
can view P,(R, x) and F, (R, x) respectively as Z, ! S,- and GL,, X GL,,-modules and we
want to study their structure.

Now we describe briefly the representation theory of Z; ! S, on P,(*) [4] and that
of GL,, X GL,, on F,,(x) [3]. The irreducible modules for both the groups are described
by pairs of partitions (A, i), where A € Part(r), p € Part(n — r) forallr = 0,1,...,n.
We write M), , and N, ,, for the corresponding Z1S,- and GL,, X GL,,-modules, respec-
tively. More precisely let (K{s, ..., s,))" be the homogeneous component of degree r
of K{s1,...,sm). Let Ny be an irreducible GL(U)-submodule of (K{sy, ..., s, )" = U’
corresponding to A. It is well known (see e.g. [8]) that the highest weight space of N,
is one-dimensional and there exists an isomorphic copy of Ny in (K{sy,...,s,))"” such
that its highest weight space is spanned on the product of standard polynomials

Cc

= H( 2> (signo)seqr) - -sau;,)),

b=1 ‘o€cS
%

where ' = (M\],...,\) is the conjugate partition of . Similarly we define a
GL(V)-submodule N,, of (K(ki, ..., k)" " with a generator f,. Now the irreducible
GL,, X GL,,-module N, ,, is isomorphic to the tensor product Ny @k N,,. A generator of
an Ny, is fA(s1, ..., $p) fulki, ... kg), where p = A}, ¢ = pj. Any isomorphic copy of
Ny, in Fu(%) is generated by a non-zero element

A6 s ks k) S ar, ar €K.
TES,

Similarly, the Z>? S,- module M) , can be described as follows [4]: Let ¢, be a A-Young
tableau in the integers 1, ..., rand ¢, a u-tableau in the integers r+1,...,n. Let e, and ¢;,
be the corresponding essential idempotents of KS, and KS(+1__» = KS,_,, respectively.
Then, if T is a left transversal of S, x S,_, in S,,, we have

My = (D 1KSyer, @k KSuo ey, ) (51 5rkrer = ko),
yer

where S, and S,_, act on the sets of variables {sy,...,s,} and {k.1,...,k,}, respec-
tively. Again, every isomorphic copy of M, , in P,(x) is obtained by multiplication
from the right by a suitable element Y.<, a7, a, € K. We denote by x,, the irre-
ducible Z; ¢ S,-character associated with the pair (A, i). For any x-Pl-algebra R the n-
th cocharacter x,(R,*), n = 0,1,..., is defined as the Z, 2 S,-character of P,(R, *).
The irreducible character of the GL,, x GL,,-module N, , is the product of Schur func-
tions Sx(y1, ..., Ym)Su(21, ..., 2m) and the GL,, X GL,,-character of F,,(R, *) is the Hilbert
series H(R, *, Y1, .., Ym»21»---»Zm). The Zy 1 S,-module structure of P, (R, %) and the
GL,, X GL,,-module structure of F,,(R, *) are related by the following result.
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PROPOSITION 1.1. (THEOREMS 1 AND 2 [3]). If

Xn(Rs *) = Z Axu X p

[A[+[pe|=n
and
HR, %, Y1, Ym0 Zm) = 2 o bSO, ym)Su(@i, - s 2m),
n20|Al+|ul=n
then ay, = by, forall )\, p. (]

LetR* = {reR|r=r}and R~ = {r € R | ¥ = —r} and let A()\) denote the
height h of the partition A\ = (A,..., \p), (i.e. A, # 0). The following assertion is an
immediate consequence of Theorem 5.8 [4].

LEMMA 1.2. Let dimR* = p and dimR™ = q. Then the partitions \ and y in the
Sformula for xn(R, *) from Proposition 1.1 satisfy h()\) < p and h(p) < gq. u

Let {i,....0r} U {j1,.--sjn—rp = {l,...,n} and let f € P,(x). We denote by
8i(Si,» ..., Si.kj,,...,k;,_ ) the sum of all monomials of f in which only the variables
Siys---»Si, ki, ..., k;_, appear. Then we write

f: Zgi(sili"~,Sir’kjl’---’kj,,_,)-
i

Since the *-T-ideals are multihomogeneous, f € T(R,*) implies that g(s;,...,s;,
kj,,....kj_,) € T(R, ) for all choices of i = (iy,...,i,). For r fixed we define

PV (x) = span{wo(1) ... Wom) | 0 € Spyw; = s; fori = 1,...,r and
wi=k;fori=r+1,...,n}.

Thus the elements of P’(x) are polynomials in sy, ..., S,,kp1,. .., k,. It is clear that in
order to study P,(*¥) N T(R, *) it is enough to study Pfl"(*) NT(R, x) for all r. Let us write
PO(R, %) = P("’)(*)/(Pﬁl’)(*) N T(R, *)). We denote

(R, %) = dim PO(R, *).

Now, if we let S, act on the symmetric variables si,...,s, and S,_, act on the skew-
symmetric variables k1,...,k,, we obtain an action of S, X S,_, on P{”(x). This, in
turn, makes P{(R, %) an S, X S,_,-module. The irreducible S, x S,_,-modules are the
tensor products M), @k M,, of the irreducible S,- and S,_,-modules M) and M, where
A € Part(r) and i € Part(n—r). We denote by ¢, ,, the corresponding S, X S,,_,-character.
Now we relate the structure of P,(R, x) as a Z, ! S,-module to the structure of PL”(R, *)
as an S, x S, ,-module.
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THEOREM 1.3.  If the n-th cocharacter of T(R, x) is

n

Xn(R, *) = Z Za)\.;LX)\./u A€ Part(r), (1S Pa—rt(n - I”)
r=0 \u

and the S, X S,_,-character of P\"(R, x) is

CO(R, %) =3 by 6oy A € Part(r), p € Part(n —r),
A

then ay, = b, for all X and p. The codimensions satisfy the relation

cn(R, %) = Z (';) (R, ).

r=0

PROOF. For fixed partitions A € Part(r) and p € Part(n — r), let

MA,;L = @'YKS,E,A Xk KS,,,rE,“ (Sl t 'Srkr+l U kn)
ver

be the irreducible Z, ! S,-module defined above. Notice that M, , C P,(x) and each
of the summands of M, , consists of polynomials in s;,...,s;, k;,,...,k;_ . The sets
{i1,..., iy} are pairwise different for the different elements ¥ € I'. Every summand is
isomorphic to the irreducible S, X S, -module M, ®x M, under the action of S, and S,, ,
ons;,...,s; andk;j ..., k;_ , respectively. Therefore the multiplicities of the irreducible
characters in y,(R, x) and " (R, ) are the same. Since the degrees of the characters x At
and ¢, ,, satisfy

deg(X/\,u) = (;l) deg(C)\,;L)

and ¢,(R,*) = deg(x) ), (R, %) = deg((y ), we obtain the relation between the
codimensions. .

2. Proper *x-polynomial identities. Till the end of the paper we follow the exposi-
tion of [2]. Since some of the proofs are similar to those for algebras without involution,
we refer to [2] for the missing details. We define (higher) commutators by

[ur, un] = ur(ad us) = uus — upuy,
fur, .. un 1 ugl = [y, .. up—Y(aduy,), n>2.
The free algebra F,,(¥x) = K{(si,...,Sm,ki,...,kn) is a universal enveloping algebra
of the free Lie algebra L,,, generated by the free generators sy,...,Su,ki,...,kn. Let

StseesSmokis... km,u1,uz, ... be an ordered basis of Ly,,, where u,us, ... are higher
commutators. By the Poincaré-Birkhoff-Witt theorem F,,(x) has a basis

{s-’l" . Ypmk‘lh Y S TANRY T lph»CIi,rj > 0}.

Ym n
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LEMMA 2.1.  Let

TGty smakty e k) = S5 arpqrs - sk K
P q r

be a x-polynomial identity for an algebra R, where p = (p1,...,pm), @ = (q15--- sqm),
r = (ri,...,r) and opq € K. Then for every fixed p

fo =222 opaek(" - - Kgru! - -
q r

is also a x-polynomial identity for R.

PROOF. Without loss of generality we assume that the polynomial f is multihomo-
geneous. Since u; = u;(sy,...,Sm, K1, ..., ky) are higher commutators and the constants
from K are symmetric elements, we obtain

ui(s1 + 08,82, .. Smo ki oo k) = ui(s1,82, .. Smo ki k), B EK,
FG1+B8,50, o oSmkis e skm) = DD ctpgr(sy + BY1sh - stk - kdmul -
P q r

Standard Vandermonde arguments and similar considerations for the other symmetric

variables s, ..., s, give that 3, fp and its multihomogeneous components f,, are also a

x-polynomial identities for R. [
We denote by B,,(x) the vector subspace of F,(*) spanned by all products

qi,r; >0

T 1
SRRy AR

and call the elements of B,,(x) proper polynomials. Let I',(x) = P,(x) M B,(x) be the set
of all multilinear proper polynomials. Lemma 2.1 gives that all x-polynomial identities
of an algebra R follow from the proper ones.We denote

Bu(R,%) = Bu(x)/ (Ba() NTR, %)), TR, *) = Tu(x)/(Ta(x) N T(R, %))

Clearly, there is an analogue of Proposition 1.1 for the proper x-polynomial identities
and the GL,, x GL,,-module B, (R, *) and the Z, ! S,-module I',(R, *) have the same
structure. Lemma 1.2 is restated in the following way.

LEMMA 2.2. Let C be the centre of R and let dimR* /(R* N C) = p, dimR™ = gq.
Then the partitions A and  in the Z; ! Sy-character x(I“,,(R, *)) = Y by X Satisfy
h(\) < p and h(u) < q. .

The following result gives a simple relation between the proper and all the polyno-
mial identities of a x-Pl-algebra R. The proof repeats verbatim the arguments from the
ordinary case in Theorems 2.2 and 2.3 in [2].
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THEOREM 2.3. (i) The Hilbert series of F,,(R, x) and B,,(R, *) satisfy

1
HR, %, Y1, s Ym>Z1s---2m) = |1 ﬁH(Bm(R,*),yh...,ym,zl,...,zm>.
i=1 — )i

(ii) The codimension sequence c,(R,*) and the proper codimension sequence
Yo(R, %) = dimT,(R,x), n =0, 1,2,..., are related by the equality
" (n
ean(R¥) =3 <I.)7i(R,*)-
i=0
(iii) The codimension series c(R, *x,t) = ¥ c,(R, ¥)t" and the proper codimension se-
ries Y(R, *,1) = S Ya(R, ¥)t" satisfy the equation
1 t
Ry = (R ),
o ) 1 - tAY 1—1t
(iv) The following GL,, X GL,,-module isomorphism holds

Fm(R, *) = K[S], e »Sm] ®K Bm(Ra *)7

where K|sy,...,Sn] is the algebra of the polynomials in commuting variables with the
canonical GL(U)- and the trivial GL(V)-action.

(v) If xn(R, %) = Y ay X, and X(l",,(R, *)) =YbyuXvn=0,1,..., are respec-
tively the cocharacter and the proper cocharacter sequences of R, then ay, = b, ,,
where for fixed A = (\i,...,A\n) and | the summation runs over all partitions v =
WiyeoosVm), Suchthat \y > vy > --- > Ay > vy Equivalently, if

HR, %, Y1, s Yms 205 2m) = 9, Ay uSaOs -, Yn)Su(@ls - - o5 Zm)s
H(Bm(R, *),)’1,~ v s Yms s - '-?Zm) - Zbl/,psl/(y],...,ym)S’u(ZI,c .. ,Zm),

then ay, = ¥ b, ,, under the same relations between \ and v. ]
3. Proper *-identities for 2x2 matrices. Let us recall that the transpose involution
acts on M (K, ) by
(Otu 0112)* _ (0(11 0121)
ayn an)  \an an)’
Hence the vector space M(K, *)* is spanned on the matrices

(10 (1 0 (01
c=lo 1) ““lo 1) “7\1 o)

while the space M>(K, *)~ of the skew-symmetric matrices is spanned on the matrix

ae — 0 1
7 l=1 0
The symplectic involution is defined by
(om 0612)*:( an —Otlz)
an1 0 —Q (ea)} ’
M>(K,*)" = span{e}, M,(K,*)~ = span{a,az a3}

Since the centre of M>(K, x) consists of scalar matrices only, Lemma 2.2 immediately
gives:
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LEMMA 3.1.  The partitions A and p from the proper cocharacter sequence

}(Tu(Ma8), %)) = 3 b

satisfy h(\) < 2 and h(u) < 1 in the transpose case and h(\) = 0 and h() < 3 in the

symplectic case. =

Now we use a generic construction which is similar to the ordinary generic matrices
and works for matrices of any size (for the symplectic involution we require the size to
be even). Let M,(K[£], *) be the 2 X 2 matrix algebra with entries from the polynomial
algebra

K =KIEY [ ij=1,2h=1,...,m]

and equipped with either the transpose or the symplectic involution. The generic matrix
algebra G,,(x) is x-generated by the generic matrices

el ey

Xp = (g(h) £(h) h:1,...,m.
Since the field K is infinite, a polynomial f(xi,...,Xmu,X],...,X;,) € F,(*) vanishes
on Xy,...,%n, %,...,%, if and only if f(by,...,bn,b],...,b;) = 0 for all matrices
by, ..., b, with entries from K. Therefore the generic matrix algebra G,,(*) is isomor-

phic to the relatively free algebra F,, (Mz(K), *) As in the case of the free algebra with
involution we prefer to change the set of generators and denote the free symmetric and
skew-symmetric generic matrices respectively by §, = (17( )) and k), = (((h)) where

Kin".¢P [ ij=1,2,h=1,...,m]
is the polynomial ring in commuting variables satisfying the relations obtained by the
equalities 5} = §, and kj; = —ky. In the transpose case this is equivalent to

() _ () (h) _ (h) (h) (h)
M2 =M1 Gy =0, = 2>

while in the symplectic case we have

(hy __ (b (h) (h) _ (h) _ (h)
My =M My =1 =0, & = ()

In the ordinary 2 X 2 matrix algebra case there is a trick which allows to consider two
of the generic matrices of a special form (the first one diagonal and the second one sym-
metric; see Lemma 3.1 [2]). We repeat the arguments from [2]. Let * be the transpose
involution and let

K== K, nPonPon® ¢ | h=2,...om i = 1,...,m),
0 n(h) 77(h)
s':(m ) s) = ( ! h=2,....m,
1 0 1 h — n(h) 77(2")

0 ¢ .
kl/:(vg(” CO), lzl,...,m.
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For the symplectic involution we introduce

—_11 h 1 2 2) A i i .
KIZ"T = K[n™,¢V,¢2,¢?,¢0, ¢ h=1,...om, i =3,...,m],

(h)
_ (" 0 _
S;l/—( 0 n(h)), h—l,...,m,

a0 (@@ e .
kﬁlz(o e K= <£2> @ k=100 _8:‘) s i=3m.

21 11
LEMMA 3.2. (i) The subalgebra of M2(K[Z'], x) generated by the matrices s}, s}, k.,
h=2,....mi=1,...,m, is isomorphic to the generic algebra G, (x) with transpose
involution.
(ii) The subalgebra of M(K[Z"1,*) generated by the matrices s, k|, k5, k', h =
L,....m, i =3,...,m, is isomorphic to the generic algebra G,,(x) with symplectic invo-
lution.

PROOF. (i) Let Q be the algebraic closure of the field of fractions of K[Z']. We
assume that the matrix algebra M,(Q) acts on the two-dimensional vector space
equipped with a non-degenerate symmetric bilinear form (, ). For every a € M»(Q)
there exists a unique b € M(Q) such that (a(v;), v;) = (v{,b(v2)) for all v, v, € Q2. If
we define the form by

(a1, ), (B1,82)) = 181 + a2Ba, (a1, 2), (B, B2) € Q7

we obtain that b = a* is the transpose of a. Every orthogonal matrix g € M,(L2) satisfies
gg¢* = 1 and for every a € M»(Q)

(s a+ag) =g '(a+ang (g 'a—ag) =—g 'a—ag.

Hence g~ 'M,(Q)*g = M,(Q)*. The matrix 5, has different eigenvalues and there ex-
ists an orthogonal matrix g such that g~'5,¢ is diagonal. Clearly the matrices g~'5,g,
g 'kig, h,i = 1,...,m, freely generate an isomorphic copy of G, (x). Since they are
specializations of the matrices s;,k/, h,i = 1,...,m, we obtain that s;, k| also generate
an isomorphic copy of G, (*).

(ii) Again, let Q be the algebraic closure of K[E"]. Now we consider Q2 with a non-
degenerate skew-symmetric bilinear form

(o1, @2),(B1,62)) = 1By — 2P, (ai, @2), (B, B2) € Q.

For a € M>(£2) and * being the symplectic involution, a* satisfies (a(v),v2) =
(vi,a*(n)), vi,v2 € Q2. Since {g € Mx(Q) | gg* = 1} = GL,(Q), there exists a
matrix g; € GL(Q) such that gl'llzl g1 is diagonal. Now we can find another matrix
g2 € GL,(Q) satisfying

& '@ 'khigng: = g kg, & (g7 kegga = () and Y12 = .

For example we can choose g> to be with non-zero entries on the second diagonal only.

Again the matrices g5 'g7'5,8182, g5 '¢1 'kigig2, h,i = 1,...,m, are specializations of
sy k', hyi=1,...,m, and s, k] generate an isomorphic copy of G,,(x). "
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THEOREM 3.3. Let A = (A1,...,Ap) and p = (w1, ..., py) be partitions such that
Ap £ 0, g # 0and let

oGSt spkin o kg) = AuGst, oo sp) fulke, .o k) Y arT,  ar €K,

TES,

be a proper polynomial generating a GL,, X GL,,-submodule N ,, of B.,(¥).

(i) Let x be the transpose involution of My(K). If p > 2 0orq > 1, then f, , is a
polynomial identity for My(K, x). If p < 2 and q < 1, f5 ,(s1,52,k1) is a polynomial
identity for My(K, x) if and only if f, ,(ay, a2, a3) = O for the matrices ay, a3, az defined
in the beginning of the section.

(ii) For the symplectic involutionand p > 0 or g > 3, f ,, is a polynomial identity for
M>(K,*). If p = 0and q <3, f, , = fu(k1, k2, k3) is a polynomial identity for M>(K, %) if
and only iff, (a1, az,a3) = 0.

PROOF. (i) The case p > 2 or g > 1 follows immediately from Lemma 3.1. Now
let p <2and g < 1. Clearly f, ,(s1, $2,k1) is a *-polynomial identity for M>(K, ) if and
only if fy (s}, 55, k;) = 0. Obviously

5] = goe+ day, sy = Yoe+Piar +vax, ki = (as

for some algebraically independent commuting variables. By the definition of the proper
polynomial, s{,s5 appear only in commutators. Every variable s, participates in
S,u(s1,82,k1) in a skew-symmetric combination with a s1. Hence

Al A
f/\,;t(sll’SIZ’k;) = ¢ 11/1 zgﬂlf/\,u(alsab a3)'

(i1) Since M>(K)~ = sl(K), we can repeat verbatim the arguments from Theorem 3.2
[2]. We write

kil = (al, kg = (f)]d] + (]502, k%l = d)lal + 1/}2612 + 1/)(13
with algebraically independent ¢, ¢, 1 and
Julky k3, K5y = ¢ ™2yt fu(ar, @z, a3). .

THEOREM 3.4. (i) For the transpose involution

Bn(Ma(K), %) = N »

where the summation is over all partitions A = (A, \2), p = (1) and Ay # 0 when
)\1 #Oandul =0.
(ii) For the symplectic involution

By, (MZ(K)’ *) = @NO,H’
where 1 = (1, i, j13).

PROOE. (i) The matrices ay, a», a3 satisfy the following relations

2 2 2 _
ay=a, = —a; =e, aya; = —a)a = az,

araz = —aza = —aj, d4zd) = —ajaz = —as.
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As a consequence, for every multihomogeneous polynomial f(s1, 52, k)

flar,az,a3) = ad dydy

ayds,
where « € Kand §; = 0,1, i = 1,2,3, is the parity of the degree of f in sy, 52, k{,
respectively. By Lemma 3.1

Bu(Ma(K), %) = @by uNyy, A= (A X2), 1= ().

Let b, , > 1 for some pair (X, x1) and letf;,u(sl .52, kl),fA’fu(s; , 52, k1) be the generators of
two isomorphic copies of N, , in B,, (Mz(K), *) Obviously the polynomials f/(’ (81,82, k1)
and fA” (51,52, ky) are linearly independent in Bm(Mz(K), *) There exist non-zero con-
stants o', o'’ € K such that

fuana,a) = ddldrdy,  f{ (a1 a2a3) = od}'ddly.

Therefore, o A’,u(al ,a, az) — a’fx’f“(al, a»,a3) = 0 and this contradicts the linear inde-
pendence offx’,u(sl,sz,kl) and f/(fu(sl,sz,kl). Hence b),, < 1. The proof will be com-
pleted if we show that by, = 0 for # 0and Ny = p; = 0 and if we construct
non-zero proper polynomials which generate N, , C By, (MZ(IO, *) for all other pairs
(()\l, A2), (i )). First, let A, = py = 0. Then f , is a homogeneous polynomial depend-
ing on sy only and f) , = si‘ up to a multiplicative constant. Since sf‘ is not a proper
polynomial, we obtain that b, , = 0. If X, # 0, we can choose

A=A Ayl
fru =K ((Slsz — sys1)(ad™ Sl))(Slsz —551)7

and for \; =0, u; #0
S =K (ki (ad sp)).

Direct verification shows that f) , (a1, a2, a3) # 0.
(i1) The proof is similar to the proof of (i). We can choose

fu = S5k, ka, k) S5 1 (ki koK,

where S,(ky, ..., k,) is the standard polynomial. =

4. Cocharacters, Hilbert series and codimensions. In this section we compute
explicitly the cocharacters, the Hilbert series and the codimensions of the x-polynomial
identities for the 2 x 2 matrix algebra. Since dimM,(K)* < 3, the Hilbert series
of F3 (Mz(K ), *) determines completely the GL,, X GL,-module structure of the
x-polynomial identities of M»(K, x) for all m and we give also a closed formula for this
case.
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THEOREM 4.1.

The 7, S,-cocharacter of My(K, *) is X, (M;;_(K), *) = YA Xow
where
(i) For the transpose involution A
ay, =1, when Ay = py = 0;
ay, = (A —
aM =

= (A1, A2), = (u1) and

A+ DAy, when Ay # 0, A3 = py =0;
(A1 — A+ D)2 — A3 + 1), for other pairs of partitions
(ii) For the symplectic involution A = (\y), p

= (w1, p2, p3) and ay , = 1.
PROOF. We apply Theorem 2.3 (v) to the decomposition of the GL,, X GL,,-module
Bm ’

(M(K), *) from Theorem 3.4. Then, by Proposition 1.1, we state the result for the
Z, ! S,-cocharacters. For the transpose involution

Bn(Ma(K), %) = (@Nu. m)(u,)) / (A@ONO‘I)’O)’

where the first direct sum is on all pairs of partitions (A, A2), (¢1). Arguments similar to
those in the proof of Theorem 4.1 [2] give that

Klsi,...,sm] ®k (@N(Al,m(u,)) 2P — A2+ D2 — A3+ DNo a5

,Sm] Rk (A@ N(A,)O) (@(/\1 A+ I)N(A,,Az),o) / (@N(A,),o)

K[Sl,. .

and this gives the decomposition for F,, (MZ(K), *) and, hence for x,,(Mz(K), *) The
proof for the symplectic involution is an immediate consequence of Theorems 2.3 (v)
and 3.4(ii).

n
THEOREM 4.2. (i) For the transpose involution
H(M2(K)»*,)’1,--',)’m,Zl,'-.,Zm)
= T M)WV e s Ym
i l=yimi L=zl
m m 1
.I=11(1—y,) zl_[ll_)’i
= H 1* H 1— Z(hk()’l’-~-’)’m)+hk()’l7--w)’m)hk+l()’l»---,)’m))
i=1 1 7 Vi =1 i k>0
m 1 m
[l:{ (1 —yl)z 11;[ yl
where S\, 2, V15 . - ., ym) is the Schur function corresponding to the partition A = (A1, A2)
and (1, - -, Ym) = SO, - - -

, Ym) denotes the k-th complete symmetric function

H(Ma(K), %,y1,2,¥3,21,22,23) =

1 3
= —ynyzya)H H 1_—[

1 _yt) i<j - YiYj i
3

1 11—

im1 (1 —yi)2

‘_Zz

https://doi.org/10.4153/CJM-1994-040-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-040-6

730 V. DRENSKY AND A. GIAMBRUNO

(ii) For the symplectic involution

m l

H(M2(K), Ko VlseoesYmsZlyee- san) = H 1 ZS(UI-UZ‘N})(Z]’ cesZm)
=1t = Vi op
1 n 1

l_[ Z S([Ll,p,|)(zls-~ < Zm)s

i l=yimi 1=z S0

o1 3 I
H(M>(K), *,y1,¥2,¥3,21,22,23 ) = .
( ) i:ll—YiiI:_[]l—Zinl—ZiZj

I
s

PROOF. (i) The first expression for the Hilbert series of F,, (Mg(K), *) follows im-
mediately from Theorem 3.4(i) bearing in mind that the GL(U)-modules @), >0 N, 0
and K[sy, ..., sn] are isomorphic and their Hilbert series is equal to [T} ]—})— For the
second expression we apply the combinatorial identity

he i, YO Ym) = D0 S0 - Ym)s

where the summation runs over all (A, ;) suchthat Ay + Xy = k+ 1L, A\ 2k > Al It
can be obtained as a special case of (5.16), p. 42 [5]. Applying once again (5.16), p. 42
[S] we obtain that

hk(yl’ “ee ’ym)S()\l,/\l)(yl’ “ee ’ym) - Z S(1/|,1/2,1/3)(yl, e ,ym)’

where (v1,v;,v3) € Part(Q\| + k) and v; > A\ = v, > v3. Now we use the following
identity which is a consequence of (5.17), p. 42 [5]:

A
St Y2, 33) = €37 (01, 2, YIS0 s =) V1 Y2, 73)
= 1525300 s a0 (V15 Y2, ¥3).

Here e, = e,(y1,...,Ym) = Sun(1,...,ym) is the p-th elementary symmetric function.
Hence

1
3 SOy 33 = 20 > (L y2, ¥3)S0, 00 s Y2, ¥3)

1=y 5% k>0 0,>0
=3 Sonsaan s ¥2,¥3)
A

=30y Y Somn (1 y2, 3)

—.

1

k>0 A
1
= l ZS(Al,/\g)(YI’.VZ,)’3).
—Y1Y2Y3 )

Therefore, we have to calculate 3= Sy, »,)(y1,¥2,3). We use the combinatorial identity

1
280 =L hOea =117
A k>0 i<j L Yiyj
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from Exercise 5, p. 45 [5],where /i, ©e; is the plethysm of the symmetric functions & and
e2. Since m = 3, the only non-trivial partitions (A\?,..., A2) are (A1, ;) and we establish
the formula for the Hilbert series of F3 (MZ(K), *)

(i1) Again, we make use of (5.16), p. 42 [5] and obtain that

m 1
2 St @ zm) = [T 7= 20 Stuiu(@s -+ 2m)
T i=1 1 =2 10

and for m = 3 we obtain from the expression for the plethysm
1

Z St un@1,22,23) = H

>0 i<j 1 —zz

A similar formula

1
> Squun@, 22,23, 24) = (1 — z122z3z4) [ |
>0 i<j 1=z

can be obtained also in the case of four variables (see the proof of Theorem 4.3 [2]). =

THEOREM 4.3. (i) For the transpose involution the codimension series and the codi-
mension sequence are equal respectively to

(M(K)*t)—i——1+x Lyt .1
AMRARL D =5 1 — 4¢ 1—2t 1—1¢

en(MaK), %) = & <2”+2> Y

2\n+1

(it) For the symplectic involution
1
(MoK %) = 5 (1 -2 = VT ).

0 (Mo, 2) = 1 (2n+2>_

n+2\n+1

PROOF. (i) By virtue of Theorem 4.1 the cocharacters of M(K, x) are

Xn(Ma(K), %) = 32((r = Mg+ DO = Az + 1) = 0O\, 21)) X )
where A = (A1, \2, A\3) € Part(n — ;) and (), i) is the correction to count the case
A3 = py = 0. Now we apply Theorem 1.3. Since the subgroup 1 X S,_, of S, X S,,_, acts
trivially on the modules M) ®¢ M, A € Part(r) and dimM,_, = 1, we obtain that
dimM, ) = (’Z) dimM,, X € Part(r).

Hence the sum

D =D =3\ = M+ DO — A3+ DdimM,
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depends on r only and

_w (" »
= .
r=0 \¥

It is easy to see that the formal power series c(f) = >_c,t" and d(t) = 3° ¢ are related
by
1 t
(0 = (=)
(we used this in the proof of Theorem 2.3(iii) [2] and hence in Theorem 2.3(iii) as well).
In this way we reduce the problem to the computing of the series

d(r) = Z()\l — X+ DA — A3+ 1)(dimM,\)t’, A = (A1, A2, A\3) € Part(r).

Again as in Theorem 2.3 (iii) we obtain that

1
d) = ——b() where 80 = Y (dim Mo, )0

A closed formula of this series
r—1+vV1—42
21(1 —2¢)
is given e.g. in Lemma 2(b) [1] and we calculate consequently

o Ly, [ 1, ]
(’)'21(_ +\Jl~3t)’ C(t)‘zz(* * 1—4r)‘

The only non-zero values of the correction 7(A, p41) are
7((A1),0) = A1, A >0, and (A1, A2),0) = Ay — Aa+1, A >0.

With similar considerations (see also the proof of Theorem 4.4 [2]) we obtain that

1 ¢ 1 1
: AM+A _ o
2n(, 22).0) dim Moy, ™ = 1—;5‘(1 —t) I TR

() = 2

where

5[([) = zdimM(k)t" = ztk = -t—

>0 >0 —1
Hence

c(M(K)*t)—l(—u ! )— Lo, 1
2EREY T \J1-4r 1—2t 1—1

The formula for the codimension sequence follows immediately because

1 1 1 2n 1[2n+2
—|—1+ =—|—-1+ fl=> = I
21‘( 1—4t) 2t( ,%%(n) ) %2<n+]>

(i1) We can repeat verbatim the arguments from the proof of Theorem 4.4 [2], because
the proper codimension series of the ordinary polynomial identities of M,(K) is “almost”
equal to

V(MyK), %,1) = S(dimM,)f", X = (A1, A2, A3) € Part(n)

and the evaluation of this series was the most difficult part in the considerations there.
For the original proof of the result see [6]. u
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