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ON A CERTAIN HOMOLOGY OF FINITE
PROJECTIVE SPACES

HISASI MORIKAWA

1. We denote by P"(q) the projective space of dimension n over a
finite field GF(q) with ¢ elements, and we mean by an i-flat a linear
subspace of dimension i in P"(g). Denoting

L; = L(P"(q)) = {i-flats in P"(g)},
Zq+1 = Z/(q + 1)29
Ci+1(P"((I), Zq+1) = {oé avalaa € Zq+1} )

Coni(P(q), GF() = { 2 a.0la, e GF(D}
CP™q), Zy.1) = Zyur, C(P™(@), GF()) = GF(I) (llq + 1),

we have chain complexes

an+l

In
Cn+1(Pn((I)’ Zq+l) I Cn(P"(Q), Zq+1) —_—>
02 a
(1) —> Cl(P"(Q): Zq+1) EALEN Z,,,
= CAP™(9), Zy) > {0}
an+1 aﬂ
C..(P"(g), GF(l)) —> C.(P"(q), GF())) —> - - -
(2) 25 c(P(a), GFO) -5 GF ()
3
= C(P"(q), GF(})) —> {0},
where the boundary operators 9; are defined as follows,

am(anLji a,0) =§ a( 2, ) (=1

i t€Lj~1
Co

GI(ZL. a,0) =7, a,.

g€ Lo

In fact 9,00,,, = 0, because for each pair ¢ D A(ce L,,2¢L,_,)

HreL;JJAiCczCo}l=¢qg+ 1
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and for each line ce L,
HreLjr Co}l=q+ 1.

In the present note we shall be concerned with homology groups of
the chain complexes (1) and (2):

which are PGL,,(q)-modules. Frobenius map also acts on these homology
groups. Obviously H,.,(P(q), )= Hy(P"(g), )= {0}

2. Using Gauss-polynomials in ¢

a) _ (@ —D@ ' —=1--(¢g°"" = 1)
) ().~ a2 2 =D

b

we may express briefly

(4) P@l= (Pt —14g+ -+,

n _[(n +1 . (q"“ — 1)(q1t _ 1) . .(qn—z“ _ 1)
(5) ILi(P (Q))I_(i+1)q_ (qiﬂ—l)(qi—l)'--(q—l) .

Let us first calculate the 1-homologies:
ProposrITION 1.

(6) H(P(q), Z,..) = Z§51, H(P'(q), GF()) = GF()*" (lg+ 1),
(7) H(P"(, Z,.) =0, H(P(Q,GFD)=0 (n=21qg+1).

Proof. We denote w. = [0, 1], 0, = [1, ] (« € GF(g)), then {0, — .|«
€ GF(g), « #+ 0} is a free base of H,(P'(q)), because

00— 0 + 3 (0, — 0.) = (0. = 0.) = 3P@) — (g + Do ~ 0,
QoW + a,w, + ZO Q0. ~ Zo(aa - aO)(wa - (l)‘,,) + (aw + Qa, + %aa)weo .
aF a# @

This proves (6). Assume that n > 2. It is sufficient to show ¢, ~ 7.
(0w, T € Ly, 0..#7.,). Let 2, ¥, 27 be three different lines such that

AINY =a., VAN =1., ANV =a,

with a point ¢, Then there exist a system of points o, 7;, v,; A < i,Jj
< g — 1) such that

-1 -1
agl = 0, + 00 + qZ O'i N azl/ = T + 00 + qZ fj 9
=1 j=1
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q-1 -1
R I 2 M TN I RV P N S
7= i=1

Since ¢ = — 1 in Z,,,(GF(1)), it follows

O, — Too ~ QT — Q0
~(q@— Dt + 7 — (@ — Do

( Z,,_ZTZ,J”) (2 21 )

i,j=1 Jj=1 i
g-1
~<—ao—;oi——aw>+(rm—l—ao Z, )

3. For each flat ¢ we denote

(8) S(o) :;ZL:Z\/G’Z)
LEmmA 1.
(=1 22 S(2) (odd n),
(9) 3,.25(0) = e
g+ (—1¢ >, Sk) (even n)

t€L;—1
Co

(6 € L(P™(q)) .

Proof. Since an i-flat in 2V ¢ is ¢ or gV ¢ with an (i — 1)-flat z in
¢ and pe L, satisfying ¢V ¢ = 2V 0, hence it follows

,.,5(0) — [(njlu1>q_<i1;1>q]a+ [(itl)q“(i)q]g_llvr

ACa

=@+ - +qV+F AN,

ACa

On the other hand
AVT=g0 (AeLytel, ;A& ;4 tCo),
hence we have

Zl\/r—ZZZ\/r— > AV«

tCa ATt 2,tCa
X(Za /1¢r

=zso-|("11),-(1)J("T)e
=§S(r)-qi(1+q+ <o+ g)a.

1) 7.Vo; means the join of 7. and a;.
2) AV means the join of 2 and o.
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From ¢* =1 in Z,,(GF(l), we have

0,:8)=1A4+q+ - +q¢" +q' > S()

TCo

(— l)ifc; S(o) (odd m),
- g+ (— 1); >, S(z) (even n).

THEOREM 1.
(10 H,.(P"(q), Z,.,) =0, H,,(P™(q),GF(1) =0 (lg+1).
Proof. By virtue of (7), from the assumption
0l 3 00) = T(Tade =0

T 627

it follows

2:u(D0.80) = Nao+ X (Te)S@ = Yo,

t€Li—1

When i = 0, we have already proved in Proposition 1.

ProposiTioN 2. The Euler-characteristic is given by

g( - 1)1 dimE(P"(Q), GF(Z)) = g ( _ l)t( n —l}~ 1)

q

(11) (— D@+on ("ﬁm (g% — 1) (odd n)
i=1

dlg+1).
0 (even n)

Proof. From the relations

dimC,,(Pq)) =1 = dimIma,,,,
dim C;,,(P"(¢)) = dim Imo,,, 4 dim Ker 9,,,
= dim Ima,,, + dim Ima,,, + dim H,,.(P"(g)),
dim C,(P"(q)) = 1 + Kerd, = 1 4+ Ima, + dim H(P"(q)),
dim C(P"(q)) = 1

it follows

5 (— 1) dim H(P*(q), GF(®) = ¥, ( — 1) dim C(P*(@) + 1

_ (_l)i(n—:'-l).

=0 q

.

3
+
- o

0
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From the relations
n n ny (n-—1 n- n—1
(1), =20 (1),=("7"),+@ -v(721),
we have
2m + 1\ _
Z(=n(*F ), =0

and
SC-0(°P) =s=v(*" ) + D= - ()

+n=p(F ),

_ (@ — D = )
— 5 —1
N A | N )

- @ -y (-»(*" V) — (- fl@ - .

4. Using a system of homogeneous coordinates, we define the dual
flat 6eL,_,,, of a flat c e L, as follows

6= {[d'o; B 6%n]

S ap=0 By Bled)) @<i<ntD

1=0
and
N
PYg) =1,
and we have the dual pairings;
Ci+1(Pn(q)a Zq+1) X Cn—i+2(Pn(q)’ Zq+1) —_—> Zq+1 ’
C...(P"(q), GF())) X C,_,..(P(q), GF(l)) —> GF(]),
defined by
1 (6=1)

{(o, ty = {0 (0 %7) (oeL,i<n-—1)

AP g =1

(12)

LeMma 2.
13) (0,(0), P"(q)y = {0,0,P™(@)) =1 (o€ L(Pq),
(14) <ai+1o’€. = <07 an—i+1€> (1 S i é n?oeLiyfAeLn—i)'
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Proof. The first equation (11) is a direct consequence of the definition
{,>. Since two conditions ¢ D 1 and ¢ C i are equivalent, it follows

1 (rCo)
a'+1 7f = 17% = ’
Brie > teLZi:—1< ? {0 (r Z o)
. . 1 (rCo)
0,0, 1T) = , A = s = .
¢ % ieliéi-l<a % §§£ @5 {0 (t & o)
ProposrTION 3.
(15) E+1(P"(q)’ Zq+l) = Hn—z(Pn(Q)’ Zq+1)
(16) H,.(P"(q), GF()) = H,_(P"(q), GF()) (g +1).

Proof. By virtue of Lemma 2 we have
Kerd,,, = (Imd, ,.)*
Ima,,, = (Kerd, )*
Ker 3, = Im3a,,.)*,
where ( )' means the orthogonal submodule with respect to the pairing.

Proposition 3 is a direct consequence of the duality for modules with a
pairing.

ProposrTION 4.
(%)) dim H(PY(q), GF()) =1 —q—q¢'+ ¢ (lg+1).

Proof. By virtue of Proposition 1, 2, 3 it follows

dim H(P(@), GF)) = (5) —2(1) +2=1-a-¢+q"
EXAMPLES.
dim H(P'®), GF(3)) = 17,
dim H,P*®3), GF(2)) = 52,
dim H(P'4), GF(5)) = 189,
dim HP'5), GF(2)) = dim H,(P'(5), GF(3) = 496.
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