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Embedding of Dirichlet type spaces D
p
p−�

into tent spaces and Volterra operators

Ruishen Qian and Xiangling Zhu

Abstract. In this paper, we study the boundedness and compactness of the inclusion mapping from

Dirichlet type spaces D
p
p−� to tent spaces. Meanwhile, the boundedness, compactness, and essential

norm of Volterra integral operators from Dirichlet type spaces D
p
p−� to general function spaces are

also investigated.

1 Introduction

As usual, let D be the unit disk in the complex plane C, let ∂D be the boundary
of D, and let H(D) be the class of functions analytic in D. Let H∞ be the space of
all bounded analytic functions with the supremum norm � f �H∞ = supz∈D � f (z)�.

LetD
p
p−� denote the Dirichlet type space of all functions f ∈ H(D) satisfying

� f �p
D

p
p−�

= � f (�)�p +∫
D

� f ′(z)�p(� − �z��)p−�dA(z) < ∞.

The spacesD
p
p−� are closely related to Hardy spaces H

p . In fact,D�
� = H� . Notice that

when � < p ≤ � (see [�]),Dp
p−� ⊆ H p . When � ≤ p < ∞ (see [��]), H p ⊆Dp

p−�.

Suppose that � < p < ∞, −� < q < ∞, and � < s < ∞. The space F(p, q, s) is the
space consisting of all f ∈ H(D) such that

� f �p
F(p,q ,s)

= � f (�)�p + sup
a∈D
∫
D

� f ′(z)�p(� − �z��)q(� − �φa(z)��)sdA(z) < ∞,

where φa(z) = a−z
�−az

. This space was first introduced by Zhao in [��]. F(p, p, �) is just
the classical Bergman space, which is always denoted by Ap . From [��], we know that
F(p, p − �, s) is equivalent to the Bloch space for all s > �, where the Bloch spaceB is
the class of all f ∈ H(D) for which � f �B = � f (�)� + supz∈D(� − �z��)� f ′(z)� < ∞. The
little Bloch space,B� , consists of all f ∈ H(D) such that lim�z�→�(� − �z��)� f ′(z)� = �.
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