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Abstract

Many boundary value problems occur in a natural way while studying fluid flow
problems in a channel. The solutions of two such boundary value problems are obtained
and analysed in the context of flow problems involving three layers of fluids of different
constant densities in a channel, associated with an impermeable bottom that has a small
undulation. The top surface of the channel is either bounded by a rigid lid or free to
the atmosphere. The fluid in each layer is assumed to be inviscid and incompressible,
and the flow is irrotational and two-dimensional. Only waves that are stationary with
respect to the bottom profile are considered in this paper. The effect of surface tension
is neglected. In the process of obtaining solutions for both the problems, regular
perturbation analysis along with a Fourier transform technique is employed to derive
the first-order corrections of some important physical quantities. Two types of bottom
topography, such as concave and convex, are considered to derive the profiles of the
interfaces. We observe that the profiles are oscillatory in nature, representing waves
of variable amplitude with distinct wave numbers propagating downstream and with no
wave upstream. The observations are presented in tabular and graphical forms.
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1. Introduction

Recently, researchers have faced various challenges in modelling free-surface fluid
flow over submerged obstacles. In general, flow over a submerged obstacle is studied
in engineering, atmospheric and oceanographic sciences. One such important study is
the free-surface fluid flow over different kinds of obstacles at the bottom of a channel.
Based on an extensive literature survey, we have observed that a major thrust area of
research is to model free-surface flows over different kinds of obstacles situated at the
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bottom of an infinite channel. For instance, Lord Kelvin [23] studied the flow in a
channel having a bottom obstruction that resembles ridges and hollows using linear
theory, and Lamb [21] used linear theory to calculate the drag force on a cylindrical
obstruction attached to the bottom. Long [22] linearized the governing equations
around the uniform upstream flow and obtained solutions representing waves.

On the other hand, attention to nonlinear free-surface flow over an irregular bottom
has rapidly increased over the last three decades. Substantial progress has been
made in this direction by many researchers. Forbes and Schwartz [17] considered
the flow over a semicircular obstruction and calculated the wave resistance offered
by the semicircle, by utilizing a numerical approach to the associated flow problem.
Vanden-Broeck [28] numerically solved the same problem considered by Forbes and
Schwartz [17], and discussed the existence of supercritical solutions dependent on
the Froude number. Later, Forbes [13] presented a numerical solution for critical
free-surface flow over a semicircular obstruction attached to the bottom of a running
stream. Yong [31] used perturbation as well as numerical methods to study the
generation of nonlinear capillary–gravity waves in a fluid system having a concave
bottom including the effect of surface tension. Dias and Vanden-Broeck [8] studied the
problem involving free-surface flow past a submerged triangular obstacle at the bottom
of a channel, and solved the problem numerically by series truncation. Shen et al. [25]
obtained the numerical solution for the steady surface waves on an incompressible
and inviscid fluid flow over a semicircular as well as a semielliptical obstacle at the
bottom. Dias and Vanden-Broeck [10] solved the steady free-surface flow problem
numerically, and demonstrated that there are supercritical flows with waves existing
only downstream. Higgins et al. [19] presented an analytical series method to obtain
the solution of the problem involving flow over topography. They calculated the
analytical series solutions for supercritical, transcritical and subcritical flow regimes
over the considered topography. The above studies were focused on the solution of
the problem involving a steady flow only. For the problems involving unsteady flow,
Grimshaw and Smyth [18] presented a theoretical study of a stratified fluid flow over
bottom topography. They solved the problem using weak nonlinear theory and pointed
out that the flow can be described by a forced Korteweg–de Vries (KdV) equation.
Stokes et al. [26] used a numerical technique to analyse the unsteady flow with a
submerged point sink beneath the free surface. Milewski and Vanden-Broeck [24]
considered the time-dependent free-surface flow over a submerged moving obstacle
on a shallow water channel and solved the problem using weak nonlinear theory. All
the above studies were carried out by assuming fluid flow in a single layer.

Following this, flow problems in a single layer have been extended to two layers of
fluids. In 1989, Forbes [14] developed a numerical solution of a two-layer critical
flow problem over a semicircular obstruction attached to the bottom. He solved
the problem with the help of conformal mapping along with an integro-differential
equation approach. Belward and Forbes [2] considered the steady flow in a two-layer
fluid where the upper fluid layer is bounded by a rigid lid. They have presented the
solution of the problem using linear as well as nonlinear theory. They have shown that
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the interface profile is oscillatory in nature, representing a wave of constant amplitude
with one wave number. Dongqiang et al. [11] described the Hamiltonian canonical
equations for nonlinear waves in a two-layer fluid with a horizontal bottom. The flow
problem in two layers has also been studied by Chakrabarti and Martha [6] using linear
as well as weakly nonlinear theory. Dias and Vanden-Broeck [9] considered nonlinear
waves in a forced channel flow over a bottom obstacle. They obtained a numerical
solution with the help of a boundary integral equation technique. Note that the two-
layer fluid flow problem discussed above can be reduced to a single-layer fluid flow
problem by considering the upper layer to have zero density.

Based on an extensive survey of literature of free-surface flow over an obstacle
at the bottom of a channel, it has been observed that study of three-layer fluid flow
over arbitrary bottom topography is scarce. Such study is important in considering the
problem of flow in an oceanographic or a meteorological situation, since the single- or
the two-layer approximation becomes insufficient due to the continuous stratification
of the fluid, as pointed out by Belward and Forbes [2]. Therefore, the next step is
to undertake a comprehensive modelling effort for fluid flow in three layers that may
lead to a better understanding of the atmospheric situations. Thus, the present paper
considers two linearized flow problems involving three-layer fluid over an irregular
bottom topography having a small undulation. The two linearized flow problems are:

(a) flow in a three-layer fluid when the uppermost layer is bounded by a rigid lid;
and

(b) flow in a three-layer fluid when the uppermost layer is free to the atmosphere.

In general, the rigid-lid approximation is used by many researchers (see, for
example, [2, 6, 12]) to simplify their models. In a rigid-lid approximation, the
free-surface displacements compared to the interface displacements are neglected.
However, in case of a flow with a free surface, the free-surface displacements cannot be
neglected. The aim of the present study is to demonstrate the behaviour of the interface
profiles for both cases. The fluids in each layer are assumed to be immiscible, inviscid
and incompressible. Moreover, the density of the fluid in each layer is considered
to be different. This work is an extension of the work of Belward and Forbes [2],
where the problem of two-layer fluid flow was handled in the light of both linear as
well as nonlinear theory. Note that the three-layer fluid flow problem resembles a
physical situation of flow in a channel, where the uppermost layer of the three-layer
fluid is that of fresh water, the middle layer is of salty water and the bottommost
layer is of muddy water. This situation can be visualized while understanding the
circulation generated beneath melting ice sheets, and the subsequent interaction of
fresh and salt water gives rise to a type of intrusive current as noticed by Williams
et al. [29]. The flow problem involving three-layer fluid is also important, since it
appears in some practical situations as pointed out by Forbes et al. [7, 15, 16]. It may
be emphasized that, in practice, one may encounter flow problems involving multiple
layers of fluids of different densities. Therefore, generalizing the problem involving a
two-layer fluid to that involving a three-layer fluid, considered in the present work, is
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an endeavour to take the matters to another step forward towards a real and practical
situation occurring in channel flow problems. In addition, this paper also highlights the
role of the Fourier transform method for a more general problem like the three-layer
flow problem in an elaborate way, as compared to the two-layer flow problem studied
by earlier researchers.

Using linear theory and with the assumption of irrotational motion, each flow
problem is formulated as three boundary value problems (BVPs). The BVPs comprise
three potential functions describing the fluid motion in each layer. Perturbation
analysis involving a small parameter ε (height of the obstacle) is employed in the
governing equations and therefore the original BVPs are reduced to simpler BVPs in
order to determine the first-order velocity potentials as well as the interface profiles.
Fourier transformation is used to derive the analytical expressions of the velocity
potentials and interface profiles. These profiles are obtained in terms of integrals.
We observe that these integrals depend on the bottom profile. In order to study the
influence of natural and individual variation of the bottom profile on the essence of
interface profiles, two different kinds of bottom profiles, such as concave and convex,
are considered in both the problems separately. In this study, the nature of the roots
of the dispersion relation, which is an important relation of the study involving fluid
flow, associated with both the flow problems, is investigated in detail with the help of
Rouche’s theorem [27]. The numerical results are tabulated and illustrated in graphical
forms to understand the effect of some important physical quantities on the behaviour
of interfaces. We also observe that the interfacial profiles are oscillatory in nature,
representing waves of variable amplitude with different wave numbers which lead to
several interesting features, such as wavy solutions giving rise to a wave-free solution
for certain parameter values, beating-like behaviour, downstream resonances and so
on. These phenomena are noticed in our study, which are not reported in earlier works.
In addition, it has been observed that the interface profiles exhibit a wave-free region
upstream of the obstacle followed by a wavy region downstream of the obstacle.

After describing the problems under consideration in Section 2, the formulation
and the solution procedure corresponding to the case of a bounded uppermost layer
and that for the case of a free surface are detailed in Sections 3 and 4, respectively. In
Section 5, the numerical results are discussed and, in Section 6, the overall study is
summarized.

2. Description of the problems

We consider a system composed of three layers of fluids flowing in an infinite
channel having an irregular bottom. It is assumed that the fluid in each layer is inviscid,
incompressible and immiscible, and has varying density. The effect of surface tension
is ignored. It is further assumed that the flow in each layer is two dimensional and
irrotational with uniform velocity far upstream. The profile of the irregular bottom
topography is given by y = B(x), where the x-axis is chosen to be along the bottom
of the channel and the y-axis is measured vertically upward. Moreover, the study
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comprises two flow problems involving three-layer fluid: (a) when the uppermost fluid
layer is bounded by a rigid lid and (b) when it is free to the atmosphere. We denote
the upstream depths, upstream horizontal velocities, densities, velocities and pressures
by H j, c j, ρ j, −→q j and p j, respectively, for j = 1, 2, 3. Note that subscripts 1, 2 and
3 refer to quantities in the lowest, middle and uppermost layers, respectively. The
interface between the lower layer and the middle layer is represented by y = S (x)
and the interface between the middle layer and the uppermost layer is represented
by y = Q(x). These interface profiles are unknown at the outset. The free surface is
represented by y = P(x). Let φ j ( j = 1, 2, 3) be the velocity potential in layer j. So,
−→q j = (u j, v j) = (φ j,x, φ j,y), where φ j,x and φ j,y denote the partial derivatives of φ j with
respect to x and y, respectively. The entire flow system is subjected to the downward
acceleration due to gravity, g. In this study, we have only considered the waves that
are stationary with respect to the bottom profile and, hence, the partial derivatives with
respect to time are equal to zero.

The problems under consideration are nondimensionalized by using H1 as the
length scale and c1 as the velocity scale. As a result, the bottommost layer has
an upstream uniform speed and a height of unity. We have introduced seven
dimensionless quantities

λ1 = H3/H1, λ2 = H2/H1 (ratio of upstream depths of fluids),
D1 = ρ3/ρ2, D2 = ρ2/ρ1 (ratio of densities),
γ1 = c3/c1, γ2 = c2/c1 (ratio of upstream fluid speeds),
F = c1/

√
gH1 (Froude number),

which describe the properties of the flow, and two dimensionless parameters, ε
(obstacle height) and L (obstacle half-length), which describe the properties of the
obstacle. Therefore, the work proceeds purely with nondimensional variables.

3. Three-layer flow when the uppermost layer is bounded by a rigid lid

In this section, we consider the fluid flow problem involving three layers of fluids
in an infinite channel associated with an irregular bottom having a small undulation.
The uppermost fluid layer is bounded by a rigid lid. The fluid system is shown
schematically in Figure 1.

3.1. Mathematical formulation The flow problem considered in this section gives
rise to the following BVPs for the determination of the velocity potential φ j(x, y) in
each layer. Within each layer, the equation of continuity yields

∇2φ j = 0 for j = 1, 2, 3, (3.1)

where ∇2 is the two-dimensional Laplacian operator.
As there is no incursion, the condition on the upper boundary of the uppermost layer
is written as

φ3,y = 0 on y = 1 + λ1 + λ2. (3.2)

https://doi.org/10.1017/S1446181114000480 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181114000480


[6] Three-layer fluid flow over a small obstruction on the bottom of a channel 253

Rigid lid

y = Q(x)

y = S(x)

y = B(x)

Figure 1. Definition sketch of three-layer fluid flow when the uppermost layer is bounded by a rigid lid.

At each interface, there is no fluid exchange and, hence, the conditions at the interfaces
are

φ j,n = 0 for j = 1, 2 on y = S (x), (3.3)
φ j,n = 0 for j = 2, 3 on y = Q(x), (3.4)

where ∂/∂n is the normal derivative at a point (x, y) at the respective surfaces.
As there is no incursion at the bottom, the bottom boundary condition may be

written as
φ1,n = 0 on y = B(x). (3.5)

The continuity of pressure coupled with Bernoulli’s equation [1] gives rise to the
matching conditions for the interfaces, and these are expressed as

F2

2
(q2

1 − D2q2
2) + (1 − D2)S (x) =

F2

2
(1 − D2γ

2
2) + (1 − D2) on y = S (x), (3.6)

F2

2
(q2

2 − D1q2
3) + (1 − D1)Q(x) =

F2

2
(γ2

2 − D1γ
2
1) + (1 + λ2)(1 − D1) on y = Q(x).

(3.7)
In addition to the conditions (3.1)–(3.7), there are conditions far upstream, and these
are

−→q1 →
−→
i , −→q2 → γ2

−→
i , −→q3 → γ1

−→
i , S (x)→ 1,

Q(x)→ 1 + λ2 as x→ −∞. (3.8)

Our objective is to determine the unknown functions φ j ( j = 1, 2, 3), S (x) and Q(x).
These unknowns can be determined once the BVPs involving relations (3.1)–(3.8) are
solved completely. In the following section, the above BVPs are solved with the help
of perturbation analysis along with a Fourier transform technique.

3.2. Method of solution and results We assume that the bottom profile is given
by B(x) = ε f (x), where ε, a dimensionless small quantity, is the height of the bottom
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profile. According to the conditions in (3.8), the velocity potentials and the interface
profiles can be expressed in terms of the perturbation parameter ε as follows:

φ3(x, y) = γ1x + εφ31(x, y) + O(ε2), (3.9)
φ2(x, y) = γ2x + εφ21(x, y) + O(ε2), (3.10)
φ1(x, y) = x + εφ11(x, y) + O(ε2), (3.11)

S (x) = 1 + εS 1(x) + O(ε2), (3.12)
Q(x) = 1 + λ2 + εQ1(x) + O(ε2), (3.13)

where φ j1 ( j = 1, 2, 3), S 1(x) and Q1(x) denote the first-order corrections of velocity
potential φ j, S (x) and Q(x), respectively.

In order to determine the velocity potentials φ j ( j = 1,2,3) and the profiles S (x) and
Q(x), the first-order corrections φ31, φ21, φ11, S 1(x) and Q1(x) have to be evaluated.
Now, substituting the relations (3.9)–(3.13) in relations (3.1)–(3.7), we have obtained
the following BVPs for the order of ε1:

∇2(φ11, φ21, φ31) = 0 (within each layer),
φ31,y = 0 on y = 1 + λ1 + λ2,

φ31,y = γ1Q′1(x) on y = 1 + λ2,

φ21,y = γ2Q′1(x) on y = 1 + λ2,

φ21,y = γ2S ′1(x) on y = 1,
φ11,y = S ′1(x) on y = 1,

φ11,y = f
′

(x) on y = 0,

F2(φ11,x − D2γ2φ21,x) + (1 − D2)S 1(x) = 0 on y = 1,

F2(γ2φ21,x − D1γ1φ31,x) + (1 − D1)Q1(x) = 0 on y = 1 + λ2,

(3.14)

where the symbol ′ denotes the first-order derivative.
In order to solve the BVPs given by (3.14), we assume that the Fourier transforms

of the first-order velocity potentials φ j1(x, y) ( j = 1, 2, 3) and the bottom profile f (x)
exist, and are defined as

φ̂ j1(k, y) =

∫ ∞

0
φ j1(x, y) sin(kx) dx ( j = 1, 2, 3),

with inverse transform

φ j1(x, y) =
2
π

∫ ∞

0
φ̂ j1(k, y) sin(kx) dk ( j = 1, 2, 3),

and

f (x) =

∫ ∞

0
M(k) cos(kx) dk, (3.15)

where M(k) determines the bottom profile. Similarly, the transforms of S 1(x) and
Q1(x) are defined as

S 1(x) =

∫ ∞

0
a(k) cos(kx) dk and Q1(x) =

∫ ∞

0
b(k) cos(kx) dk. (3.16)
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By applying these transforms to the BVPs given by (3.14) and solving them, we
obtain the first-order potentials

φ31(x, y) =

∫ ∞

0

γ1b(k)
sinh(kλ1)

cosh k(y − 1 − λ1 − λ2) sin(kx) dk,

φ21(x, y) =

∫ ∞

0

{
γ2[a(k) − b(k) cosh(kλ2)]

sinh(kλ2)
cosh k(y − 1 − λ2)

− γ2b(k) sinh k(y − 1 − λ2)
}

sin(kx) dk

and

φ11(x, y) =

∫ ∞

0

[ M(k) − a(k) cosh k
sinh k

cosh k(y − 1) − a(k) sinh k(y − 1)
]

sin(kx) dk,

where

a(k) =
F2kM(k)E4(k) sinh(kλ2)

E5(k)
and b(k) =

F2γ2
2ka(k) sinh(kλ1)

E4(k)
, (3.17)

with

E4(k) = F2γ2
2k cosh(kλ2) sinh(kλ1) + F2γ2

1kD1 cosh(kλ1) sinh(kλ2)
− (1 − D1) sinh(kλ1) sinh(kλ2),

E5(k) = E4(k){F2k cosh k sinh(kλ2) + [γ2
2F2kD2 cosh(kλ2)

− (1 − D2) sinh(kλ2)] sinh k} − γ4
2F4k2D2 sinh k sinh(kλ1).

The first-order interface profiles, S 1(x) and Q1(x), are obtained in terms of integrals
as in (3.16). Further, the first-order interface profiles depend on the bottom profile
(refer to equations (3.15) and (3.17)). The resulting integrals can be evaluated
when f (x) is known. In the following section, we consider special forms for the
function f (x).

3.3. Special forms of the bottom profiles In order to demonstrate the influence of
natural and individual variation of bottom topography on the behaviour of interface
profiles, the study is performed by considering two different kinds of bottom profiles,
one of which is concave and the other convex. The bottom profiles considered in
this section are intended to correspond to the bumped shapes encountered in practical
situations.

Example 3.1 (Concave bottom profile). Let us consider a smooth concave bottom
profile given by

f (x) =


1
2

(
1 + cos

πx
L

)
if − L ≤ x ≤ L,

0 otherwise.
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In this context, relations (3.15) and (3.17) yield

a(k) =
F2π sin(kL)E4(k) sinh(kλ2)

(π2 − k2L2)E5(k)
and b(k) =

F4γ2
2πk sin(kL) sinh(kλ1) sinh(kλ2)

(π2 − k2L2)E5(k)
.

By substituting a(k) and b(k) in (3.16),

S 1(x) =
πF2

4L2

∫ ∞

−∞

E4(k) sinh(kλ2)[sin k(x + L) − sin k(x − L)]
(π2/L2 − k2)E5(k)

dk (3.18)

and

Q1(x) =
πγ2

2F4

4L2

∫ ∞

−∞

k sinh(kλ1) sinh(kλ2)[sin k(x + L) − sin k(x − L)]
(π2/L2 − k2)E5(k)

dk. (3.19)

Note that
E5(k) = 0 (3.20)

represents the dispersion relation for this linearized problem. The present study
determines the nature of the roots of this dispersion relation with the help of Rouche’s
theorem. The detailed derivation, which was not reported in earlier studies [6], is given
in the Appendix. The dispersion relation (3.20) for the case of three-layer fluid has two
positive real roots, say k0 and k1. It is to be noted that −k0 and −k1 are also roots of the
relation (3.20).

The integrals in (3.18) and (3.19) are singular with poles on the real axis at k = ±k0,
±k1. Henceforth, these integrals have to be understood as Cauchy principal values,
with an indentation below the singularities at k = ±k0, ±k1. Hence,

S 1(x) =


−π2F2

L2

1∑
j=0

E4(k j) sinh(k jλ2)

(π2/L2 − k2
j )E

′

5(k j)
sin k jx sin k jL for x > L,

0 for x < −L

(3.21)

and

Q1(x) =


−π2F4γ2

2

L2

1∑
j=0

k j sinh(k jλ1) sinh(k jλ2)

(π2/L2 − k2
j )E

′

5(k j)
sin k jx sin k jL for x > L,

0 for x < −L.

(3.22)

From (3.21) and (3.22), we have observed that S 1(x) and Q1(x) are oscillatory
in nature, representing waves of two different wave numbers. The existence of two
different wave numbers is mainly due to two positive real roots of the dispersion
relation (3.20). In addition, we have found that these waves are propagating
downstream and there is no wave upstream. The most important observation here
is that the amplitudes of the waves having distinct wave numbers are varying. Further,
several interesting features due to the varying amplitude may occur, which are
illustrated later in Section 5. For example:
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(a) for certain speed ratios the wavy solutions may cancel out, and these might be
close to wave-free solutions. This happens if the change in amplitude is not too
large (refer to Figures 4(a) and 6(b), described in Section 5);

(b) also, we have found a beating-like behaviour giving rise to a third wave whose
amplitude is larger than the two waves observed (refer to Figure 6, described in
Section 5);

(c) there can be a downstream resonance for certain values of the parameters
involved in the study.

Here it may be noted that in the case of a two-layer fluid where the upper fluid layer
is bounded by a rigid lid [6], there exists a propagating wave of constant amplitude and
of one wave number. Hence, the features described in the present case are not reported
in that article [6], because these are not possible in the case of two-layer fluid with the
uppermost layer being bounded by a rigid lid.

Example 3.2 (Convex bottom profile). In order to illustrate the behaviour of interface
profiles due to the influence of a convex bottom profile, we further consider a smooth
convex bottom profile given by

f (x) =

(x2 − L2) when |x| ≤ L,
0 when |x| > L.

(3.23)

In this context,

a(k) =
8F2[kL cos(kL) − sin(kL)]E4(k) sinh(kλ2)

πk2E5(k)
,

b(k) =
8F4γ2

2[kL cos(kL) − sin(kL)] sinh(kλ1) sinh(kλ2)
πkE5(k)

.

Hence, from (3.16),

S 1(x) =
2F2L
π

∫ ∞

−∞

E4(k) sinh(kλ2)[cos k(x + L) + cos k(x − L)]
kE5(k)

dk

−
2F2

π

∫ ∞

−∞

E4(k) sinh(kλ2)[sin k(x + L) + sin k(x − L)]
k2E5(k)

dk (3.24)

and

Q1(x) =
2F4γ2

2L
π

∫ ∞

−∞

sinh(kλ1) sinh(kλ2)[cos k(x + L) + cos k(x − L)]
E5(k)

dk

−
2F4γ2

2

π

∫ ∞

−∞

sinh(kλ1) sinh(kλ2)[sin k(x+L)+sin k(x−L)]
kE5(k)

dk. (3.25)
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After using the residue theorem [4] in (3.24) and (3.25),

S 1(x) =



−8F2L
1∑

j=0

E4(k j) sinh(k jλ2)
k jE′5(k j)

sin k jx cos k jL

+ 8F2
1∑

j=0

E4(k j) sinh(k jλ2)

k2
j E
′
5(k j)

cos k jx cos k jL for x > L,

0 for x < −L,

(3.26)

Q1(x) =



−8F4γ2
2L

1∑
j=0

sinh(k jλ1) sinh(k jλ2)
E′5(k j)

sin k jx cos k jL

+ 8F4γ2
2

1∑
j=0

sinh(k jλ1) sinh(k jλ2)
k jE′5(k j)

cos k jx cos k jL for x > L,

0 for x < −L.

(3.27)

Note that in the case of a convex profile, similar observations are noticed concerning
waves of variable amplitudes propagating downstream with no wave upstream.

3.4. Validation of the present results To validate this model, the present results
are compared with the existing results available in the literature. To the authors’
knowledge, only the theoretical results of the problem involving fluid flow over
undulating bottom topography in a two-layer fluid are available in the literature.
Therefore, the study is carried out by validating the results of the two-layer fluid flow
over an undulating bottom only.

Observe that the three-layer fluid flow problem becomes a two-layer fluid flow
problem in the absence of an uppermost layer, that is, when ρ3 = 0, H3 = 0 and c3 = 0.
To validate the present model, we derived the results by taking ρ3 = 0, H3 = 0 and
c3 = 0. We found that φ31(x, y) and Q1(x) disappeared since γ1 = 0, and the other
results were

φ21(x, y) =

∫ ∞

0

γ2a(k)
sinh(kλ2)

cosh k(y − 1 − λ2) sin(kx) dk,

φ11(x, y) =

∫ ∞

0

[ M(k) − a(k) cosh k
sinh k

cosh k(y − 1) − a(k) sinh k(y − 1)
]

sin(kx) dk

and

S 1(x) =
πF2

4L2

∫ ∞

−∞

sinh(kλ2)[sin k(x + L) − sin k(x − L)]
(π2/L2 − k2)E(k)

dk,

where

E(k) = F2kD2γ
2
2 sinh k cosh(kλ2) + [F2k cosh k − (1 − D2) sinh k] sinh(kλ2),

which exactly matched the results for the problem involving two-layer fluid flow over
a concave bottom with the uppermost layer being bounded by a rigid lid, as considered
by Belward and Forbes [2] and Chakrabarti and Martha [6].
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Free surface y = P(x)

y = Q(x)

y = S(x)

y = B(x)

Figure 2. Definition sketch of wave propagation where the uppermost layer is free to the atmosphere.

4. Three-layer flow when the uppermost layer is free to the atmosphere

In this section, the same problem described in Section 3 is considered with the
uppermost fluid layer free to the atmosphere instead of the rigid-lid approximation.
The fluid system is shown schematically in Figure 2.

4.1. Mathematical formulation The following BVPs need to be solved for
obtaining the velocity potentials and profiles of the interface and free surface. The
velocity potentials φ j ( j = 1, 2, 3) satisfy Laplace’s equation:

∇2φ j = 0 for j = 1, 2, 3.

At the free surface, Bernoulli’s condition is
1
2 F2(q2

3 − γ
2
1) + P(x) = 1 + λ1 + λ2 on y = P(x).

By assuming no flow across the free surface, we obtain the condition

φ3,n = 0 on y = P(x).

The conditions on the interfaces and at the bottom are the same as the conditions
(3.3)–(3.7). The conditions far upstream (when x→ −∞) are

−→q3 → γ1
−→
i , −→q2 → γ2

−→
i , −→q1 →

−→
i , S (x)→ 1, Q(x)→ 1 + λ2,

P(x)→ 1 + λ2 + λ1.

We solve these BVPs in the next subsection.

4.2. Method of solution and results The method of solution and results for the
problem involving three-layer flow with a free surface are based on the analysis given
earlier in Subsection 3.2. We assume the similar bottom profile as mentioned earlier in
Section 3. Next, we express the velocity potentials and the interface profiles in terms
of the perturbation parameter ε as given by the relations (3.9)–(3.13). In addition to
the earlier expressions (3.9)–(3.13), the profile of the free surface is expressed as

P(x) = 1 + λ2 + λ1 + εP1(x) + O(ε2).

Employing similar analysis as described in Subsection 3.2, we obtain the first-order
potentials
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φ31(x, y) =

∫ ∞

0

[
γ1[b(k) − c(k) cosh kλ1]

sinh kλ1
cosh k(y − 1 − λ1 − λ2)

− γ1c(k) sinh k(y − 1 − λ1 − λ2)
]

sin(kx) dk,

φ21(x, y) =

∫ ∞

0

[
γ2[a(k) − b(k) cosh(kλ2)]

sinh(kλ2)
cosh k(y − 1 − λ2)

− γ2b(k) sinh k(y − 1 − λ2)
]

sin(kx) dk,

φ11(x, y) =

∫ ∞

0

[ M(k) − a(k) cosh k
sinh k

cosh k(y − 1) − a(k) sinh k(y − 1)
]

sin(kx) dk,

where

a(k) =
F2kM(k)E7(k) sinh(kλ2)

E8(k)
,

b(k) =
F2γ2

2a(k)kE6(k) sinh(kλ1)
E7(k)

,

c(k) =
F2γ2

1b(k)
E6(k)

,

(4.1)

with

E6(k) =
1
k

[F2γ2
1k cosh(kλ1) − sinh(kλ1)],

E7(k) = [γ2
2F2k cosh(kλ2) sinh(kλ1) + γ2

1F2kD1 cosh(kλ1) sinh(kλ2)
− (1 − D1) sinh(kλ1) sinh(kλ2)]E6(k) − F4γ4

1D1k sinh(kλ2),
E8(k) = E7(k){F2k cosh k sinh(kλ2) + [γ2

2F2kD2 cosh(kλ2)
− (1 − D2) sinh(kλ2)] sinh k} − γ4

2F4k2E6(k)D2 sinh k sinh(kλ1).

4.3. Special forms of the bottom profiles This section is devoted to evaluating the
profiles of the interfaces and free surface due to both kinds of bottom profiles, such as
concave and convex.

Example 4.1 (Concave bottom profile). We adopt a smooth concave bottom profile
similar to the one considered in Section 3.3. The expressions for a(k), b(k) and c(k)
are obtained from (4.1) and, hence, are

S 1(x) =
πF2

4L2

∫ ∞

−∞

E7(k) sinh(kλ2)[sin k(x + L) − sin k(x − L)]
(π2/L2 − k2)E8(k)

dk, (4.2)

Q1(x) =
πF4γ2

2

4L2

∫ ∞

−∞

E6(k)k sinh(kλ1) sinh(kλ2)[sin k(x + L) − sin k(x − L)]
(π2/L2 − k2)E8(k)

dk (4.3)

and

P1(x) =
πF6γ2

1γ
2
2

4L2

∫ ∞

−∞

sinh(kλ2)[sin k(x + L) − sin k(x − L)]
(π2/L2 − k2)E8(k)

dk. (4.4)
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The dispersion relation of the above linearized problem is

E8(k) = 0. (4.5)

Applying similar analysis as in the case of the dispersion relation (3.20), we found that
the dispersion relation (4.5) has three positive real roots, k0, k1 and k2 (say). Using the
residue theorem in relations (4.2)–(4.4) with an indented contour below the poles at
k = ±k0, ±k1, ±k2,

S 1(x) =


−π2F2

L2

2∑
j=0

E7(k j) sinh(k jλ2)

(π2/L2 − k2
j )E

′

8(k j)
sin k jx sin k jL for x > L,

0 for x < −L,

(4.6)

Q1(x) =


−π2F4γ2

2

L2

2∑
j=0

E6(k j)k j sinh(k jλ1) sinh(k jλ2)

(π2/L2 − k2
j )E

′

8(k j)
sin k jx sin k jL for x > L,

0 for x < −L
(4.7)

and

P1(x) =


−π2F6γ2

1γ
2
2

L2

2∑
j=0

sinh(k jλ2)

(π2/L2 − k2
j )E

′

8(k j)
sin k jx sin k jL for x > L,

0 for x < −L.

(4.8)

Example 4.2 (Convex bottom profile). An approach similar to the one in Section 3.3
is followed to evaluate the influence of the convex bottom profile on the profiles of
the interfaces and free surface. The same convex bottom profile as given in (3.23) is
considered. Next, using similar analysis to that discussed earlier, we have obtained the
first-order profiles

S 1(x) =



−8F2L
2∑

j=0

E7(k j) sinh(k jλ2)
k jE′8(k j)

sin k jx cos k jL

+ 8F2
2∑

j=0

E7(k j) sinh(k jλ2)

k2
j E
′
8(k j)

cos k jx cos k jL for x > L,

0 for x < −L,

(4.9)

Q1(x) =



−8F4γ2
2L

2∑
j=0

E6(k j) sinh(k jλ1) sinh(k jλ2)
E′8(k j)

sin k jx cos k jL

+ 8F4γ2
2

2∑
j=0

E6(k j) sinh(k jλ1) sinh(k jλ2)
k jE′8(k j)

cos k jx cos k jL for x > L,

0 for x < −L
(4.10)
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and

P1(x) =



−8F6γ2
1γ

2
2L

2∑
j=0

sinh(k jλ2)
k jE′8(k j)

sin k jx cos k jL

+ 8F6γ2
1γ

2
2

2∑
j=0

sinh(k jλ2)

k2
j E
′
8(k j)

cos k jx cos k jL for x > L,

0 for x < −L.

(4.11)

From the expressions (4.6)–(4.11), we observe that the interfaces S 1(x), Q1(x) and
the free surface P1(x) are oscillatory in nature. In addition, each of the two interfaces
and the free surface possesses a wave train, which comprises three waves having
different wave numbers downstream of the obstacle. However, the upstream region
of the obstacle is a wave-free zone. Different wave numbers are due to the existence
of three real positive roots of the dispersion relation (4.5). Similar observations as
discussed in Section 3.3 are noticed in the present case regarding the amplitude and
other interesting features of the resulting waves occurring due to the superposition of
three waves with different wave numbers. The interesting features for the present case
are discussed in Section 5.

4.4. Validation of the present results In a similar way as discussed in Section 3.4,
the present results are validated with the results for fluid flow over an undulating
bottom in a two-layer system as available in the literature. Therefore, a comparison is
established with the theoretical results of Chakrabarti and Martha [6] and the current
work. In the absence of the uppermost layer, φ31(x, y) and P1(x) disappear, and

φ21(x, y) =

∫ ∞

0

[
γ2a(k) − b(k) cosh kλ2

sinh(kλ2)
cosh k(y − 1 − λ2)

− γ2b(k) sinh k(y − 1 − λ2)
]

sin(kx) dk,

φ11(x, y) =

∫ ∞

0

[ M(k) − a(k) cosh k
sinh k

cosh k(y − 1) − a(k) sinh k(y − 1)
]

sin(kx) dk,

S 1(x) =
πF2

4L2

∫ ∞

−∞

E1(k) sinh(kλ2)[sin k(x + L) − sin k(x − L)]
(π2/L2 − k2)E2(k)

dk,

Q1(x) =
πF4γ2

2

4L2

∫ ∞

−∞

sinh(kλ2)[sin k(x + L) − sin k(x − L)]
(π2/L2 − k2)E2(k)

dk,

where

E2(k) = E1(k)[F2k cosh k sinh(kλ2) + {F2D2γ
2
2k cosh(kλ2)

− (1 − D2) sinh(kλ2)} sinh k] − F4D2γ
4
2k sinh k,

with E1(k) = [F2γ2
2k cosh(kλ2) − sinh(kλ2)]/k.

It is clear that when there is no uppermost fluid layer, the results are in agreement with
the results of Chakrabarti and Martha [6].
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Table 1. Wave numbers k for a fluid flow when the uppermost layer is bounded by a rigid lid.

Values of the parameters Wave number: Wave number:
three-layer two-layer [2]

F = 0.2, λ1 = 1, λ2 = 1 4.355 12 4.410 464.461 24

F = 0.3, λ1 = 1, λ2 = 1 1.409 93 1.869 752.145 86

F = 0.2, λ1 = 2, λ2 = 1 4.355 59 4.410 464.461 53

F = 0.3, λ1 = 1, λ2 = 2 1.861 42 1.909 621.951 30

F = 0.3, λ1 = 2, λ2 = 2 1.883 03 1.909 621.98024

5. Results and discussion

This section comprises a discussion about the roots (wave numbers, k) of the
dispersion relation and the behaviour of interface profiles for both flow problems.
In addition, it also contains the effect of different system parameters like obstacle
height, obstacle length, density ratios and so on on the quantities of interest, namely
the profiles of interfaces. Several computations are performed and, in particular, some
special results are tabulated and presented in graphical form. In the present study, the
Froude number F = 0.3, ratios of fluid depth λ1 = 1, λ2 = 1, ratios of density D1 = 0.7,
D2 = 0.7, ratios of upstream speed γ1 = 1, γ2 = 1, length of obstacle L = 0.5 and height
of obstacle ε = 0.6, which are kept fixed for computation unless otherwise mentioned
in the text.

5.1. Wave numbers with effect of different dimensionless parameters The
numerical values of the roots (that is, wave numbers) of the two dispersion relations
(3.20) and (4.5) are shown in Tables 1 and 2, respectively, for different combinations
of Froude number, F, and fluid depth ratios, λ1 and λ2. These roots are obtained by
using Newton’s method, keeping other parameters constant.

From Table 1, it is clear that the dispersion relation (3.20) has two nonzero real
positive roots as verified in Section 3.3. Note that when γ1 = 0, λ1 = 0 and D1 = 0,
the dispersion relation (3.20) reduces to the same one for two-layer flow, when the
uppermost layer is bounded by a rigid lid [2]. We have calculated the roots of the
relation (3.20) by taking γ1 = 0, λ1 = 0 and D1 = 0 and they are shown in Table 1 (refer
to the last column). In this particular case, we have successfully obtained one wave
number, which is similar to a previous study [2]. Further, from the present work, we
have also noticed that the wave number decreases as the value of the Froude number, F,
increases. From Table 1, observe that there is an insignificant increment in both wave
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Table 2. Wave numbers k for a fluid flow when the uppermost layer is free to the atmosphere.

Values of the parameters Wave number: Wave number:
three-layer two-layer [6]

F = 0.2, λ1 = 1, λ2 = 1
4.355 15 4.410 23
4.461 19 24.40 86
25.00 00

F = 0.3, λ1 = 1, λ2 = 1
1.409 91 1.851 19
2.145 82 11.10 12
11.11 10

F = 0.2, λ1 = 2, λ2 = 1
4.355 59 4.410 25
4.461 52 24.41 24
25.00 14

F = 0.3, λ1 = 2, λ2 = 2
1.883 04 1.909 28
1.980 23 11.11 32
11.11 11

numbers due to the upstream depth ratio λ1. However, there is a significant increase
in the lower wave number and a significant decrease in the higher wave number due
to the upstream depth ratio λ2. Our study reveals that the wave numbers are somewhat
insensitive to the depth λ1 of the upper layer fluid, but sensitive to the depth λ2 of the
middle layer fluid. In addition, the difference between two wave numbers decreases
as the fluid depth ratio, λ2, increases. This phenomenon indicates that as the depth
ratio increases, the downstream waves having variable amplitude may become waves
with constant amplitude. In the case of three-layer fluid flow having a free surface, the
roots of the dispersion relation (4.5) are shown in Table 2. It is clear from Table 2 that
the dispersion relation (4.5) has three nonzero positive real roots, which confirms the
theoretical investigation analysed in Section 4.3. A similar phenomenon concerning
the effect of the Froude number is also observed in the case of three-layer flow having
a free surface.

5.2. Effect of dimensionless parameters on the profiles for flow with rigid lid
In the case of three-layer fluid flow over a concave bottom with the uppermost layer
having a rigid lid, the interface profiles S (x) and Q(x) are evaluated using the relations
(3.12), (3.13), (3.21) and (3.22). However, in the case of a convex bottom, the
interface profiles are evaluated using the relations (3.12), (3.13), (3.26) and (3.27).
In Figure 3(a), the interface profile S (x) due to a concave as well as a convex bottom is
shown for different values of obstacle height ε, while Figure 3(b) depicts the interface
profile Q(x) due to both bottom profiles. In both figures, the interface profiles for a
concave bottom are shown in black lines, whereas the profiles for a convex bottom are
indicated by blue lines. The common feature observed in both Figure 3(a) and (b)
is that the profiles are oscillatory in nature (representing waves). The oscillatory
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Figure 3. Variation of the profiles (flow when the uppermost layer is bounded by a rigid lid) due to
concave and convex bottom for different obstacle heights in (a) S (x) and (b) Q(x) for F = 0.3, γ1 = 1,
γ2 = 1, λ1 = 1, λ2 = 1, D1 = 0.7, D2 = 0.7 and L = 1. The profiles for a concave bottom are indicated by
black lines with the scale shown in the left hand side axis and the same for a convex bottom are indicated
by blue lines with scale shown in the right hand side axis. (Colour available online.)

nature may be attributed to multiple interactions of the fluid with the bottom and
the interfaces. In addition, the amplitude of each profile increases with the height
of the obstacle, as illustrated in Figure 3. This agrees with physical intuition, since a
high obstacle will produce waves with higher amplitude. In comparison with earlier
papers (see, for example, [6]), the present study reveals that the amplitude of each
profile is varying. This varying nature is due to the fact that more waves of different
wave numbers propagate with the same speed. Further, in Figure 3, we have also
observed that for the particular parameter values, the downstream wave has a beating-
like behaviour. As a result, every third wave has an amplitude larger than the two
previous waves. This is completely consistent with our theoretical observation as
described in Section 3. The occurrence of beating-like behaviour is mainly due to
the existence of two different frequencies in the downstream waves.

The outcome of the effect of density ratios on the interface profiles is shown
in Figure 4(a) and (b). Figure 4(a) demonstrates the profile S (x) and Figure 4(b)
demonstrates the profile Q(x). From Figure 4(a) and (b), observe that the amplitude
of the downstream amplitude-modulated waves, S (x) and Q(x), gradually reduces as
the density ratio reduces. This may be attributed to the fact that the densities of the
two layers across the profiles differ. Since the amplitude of the downstream waves
decreases, it may happen that a closely wave-free solution (refer to Figure 4(a)) exists
for particular values of the parameters involved in the study. Further, one can also
visualize from Figure 4(a) and (b) that the wavelength of the profiles reduces (that
is, wave number increases) as the density ratio reduces. For illustration purposes,
the results are presented for a concave bottom only. A similar phenomenon is also
observed in the case of a convex bottom, which can be determined in a similar fashion.

We have also investigated the effect of the obstacle length on the interface profiles
S (x) and Q(x), and this is shown in Figure 5(a)–(d) for various values of the length
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Figure 4. Variation of the profiles (flow when the uppermost layer is bounded by a rigid lid) in (a) S (x)
and (b) Q(x) due to a concave bottom for F = 0.3, γ1 = 1, γ2 = 1, λ1 = 1, λ2 = 1, L = 0.5 and ε = 0.9. The
profiles are for D1 = 0.7 = D2 (chain line), D1 = 0.6 = D2 (dashed line) and D1 = 0.4 = D2 (solid line).

of the obstacle situated at the bottom. Figure 5(a) and (b) correspond to the interface
profiles due to a concave bottom, whereas the profiles due to a convex bottom are
shown in Figure 5(c) and (d). It can be observed from Figure 5(a) and (b) that the
amplitude of the downstream waves increases up to a certain length L of the obstacle,
but after that the amplitude of the waves decreases when the length increases. As a
result, the wavy nature of the profiles diminishes with a certain length. In the present
study, we have observed that the amplitude increases up to L = 1.7, the amplitude is
nearly the same in the range L = 1.8 to L = 2.1 and the amplitude decreases for L > 2.1.
In the case of a convex bottom, as expected, the amplitude of the downstream waves
decreases up to a certain length L of the obstacle and, then, the amplitude increases
with obstacle length as shown in Figure 5(c) and (d).

To illustrate the effect of varying upstream speed ratios, the interface profiles S (x)
and Q(x) for a concave as well as a convex bottom are plotted in Figure 6 for two
different sets of upstream speed ratios: γ1 = 0.75, γ2 = 0.75 and γ1 = 1, γ2 = 1.
We have observed, in both Figure 6(a) and (b), the beating-like behaviour for the
particular values of the various parameters. In addition, we have also found (refer
to Figure 6(a)) the existence of a closely wave-free solution for particular values
of the parameters involved in the study. Further, we have also observed that both
the amplitude and wavelength of the downstream waves increase as the ratio of
upstream fluid speed increases. This phenomenon can be realized from the dispersion
relation (3.20), by increasing the values of the upstream speed ratio and noticing
the corresponding decrease in the values of wave number (that is, an increase of
wavelength). This observation is completely consistent with the results presented by
Belward and Forbes [2].

5.3. Effect of dimensionless parameters on the profiles for flow with free surface
The effect of different dimensionless parameters on the interface profiles S (x) and Q(x)
and free-surface profile, P(x), is illustrated in Figures 7–9. Figure 7(a)–(c) depict these
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Figure 5. Variation of the profiles (flow when the uppermost layer is bounded by a rigid lid) in (a) S (x)
and (b) Q(x) due to a concave bottom and in (c) S (x) and (d) Q(x) due to a convex bottom for various
lengths of the obstacle with F = 0.3, γ1 = 1, γ2 = 1, λ1 = 1, λ2 = 1, D1 = 0.7, D2 = 0.7 and ε = 0.6. The
profiles are for L = 0.5 (dotted black line), L = 1.2 (red solid line), L = 3 (blue dashed line) and L = 6
(green chain line). (Colour available online.)
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Figure 6. Variation of the profiles (flow when the uppermost layer is bounded by a rigid lid) in (a) S (x)
and (b) Q(x) for different ratios of upstream fluid speed with F = 0.3, λ1 = 1, λ2 = 1, D1 = 0.7, D2 = 0.7,
L = 1 and ε = 0.7. The profiles due to a concave bottom are indicated by a black solid line (γ1 = 1, γ2 = 1)
and a red solid line (γ1 = 0.75, γ2 = 0.75). The profiles due to a convex bottom are indicated by a blue
dotted line (γ1 = 1, γ2 = 1) and a magenta dotted line (γ1 = 0.75, γ2 = 0.75). (Colour available online.)
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Figure 7. Variation of the profiles (flow when the uppermost layer is free to the atmosphere) in (a) S (x),
(b) Q(x) and (c) P(x) due to a concave bottom for different obstacle heights with F = 0.3, γ1 = 1, γ2 = 1,
λ1 = 1, λ2 = 1, D1 = 0.7, D2 = 0.7 and L = 0.5.

profiles due to three-layer fluid flow over a concave bottom for three different values of
the obstacle height, ε = 0.5, 0.7 and 0.9. In accordance with the earlier observations in
Figure 3, the present profiles S (x), Q(x) and P(x) exhibit a similar oscillatory nature,
and the amplitudes are found to be varying (refer to Figures 7 and 9). It can be
seen from Figure 7(a)–(c) that the amplitudes of the amplitude-modulated waves S (x),
Q(x) and P(x) increase as the height of the obstacle situated at the undulating bottom
increases. The reason for this phenomenon is the same as given earlier in Figure 3. In
a similar way, analysis shows that these profiles due to a convex bottom are oscillatory
in nature having variable amplitudes. In this case, it is also noticed that the amplitudes
of the profiles increase with the height of the obstacle.

Figure 8 depicts the influence of the obstacle length on the interface profiles of
three-layer fluid flow over a concave bottom when the uppermost layer is free to the
atmosphere. In this figure, the variation of the downstream waves S (x), Q(x) and P(x)
is presented for a similar set of parameters as that of the fluid flow when the uppermost
layer is bounded by a rigid lid (Figure 5). The study reveals a similar observation as
that of the previous study of three-layer fluid flow with a rigid lid (refer to Figure 5(a)
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Figure 8. Variation of the profiles (flow when the uppermost layer is free to the atmosphere) in
(a) S (x), (b) Q(x) and (c) P(x) due to a concave bottom for various lengths of the obstacle with
F = 0.3, γ1 = 1, γ2 = 1, λ1 = 1, λ2 = 1,D1 = 0.7,D2 = 0.7 and ε = 0.6.

and (b)). In a similar way as in Figure 8, the effect of the obstacle length on the
amplitude of the downstream waves due to a convex bottom can also be studied.

The effect of two different sets of upstream speed ratios, that is, γ1 = 0.75, γ2 = 0.75
and γ1 = 1, γ2 = 1, on the free surface as well as interface profiles for both kinds
of bottom profiles are illustrated in Figure 9. In Figure 9, the red solid line is
chosen for the graphical representation of the profiles due to a concave bottom for
γ1 = 1, γ2 = 1 and the black solid line is chosen for the graphical representation
of the same for γ1 = 0.75, γ2 = 0.75. The magenta dotted line is chosen for the
graphical representation of the profiles due to a convex bottom for γ1 = 1, γ2 = 1 and
the blue dotted line is chosen for the graphical representation of the same for γ1 = 0.75,
γ2 = 0.75. In Figure 9(a), we have noticed that, for certain values of the parameters,
the wave solution leads to a nearly wave-free solution. This is consistent with the
theoretical argument described earlier. Further, it is clear from Figure 9(a)–(c) that for
both kinds of bottom profiles, the maximum amplitudes of the downstream waves S (x),
Q(x) and P(x) increase as the upstream speed ratio increases. Further, we also observe
from Figure 9(a)–(c) that the wavelengths of the downstream waves S (x), Q(x) and
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Figure 9. Profiles (flow when the uppermost layer is free to the atmosphere) in (a) S (x), (b) Q(x) and
(c) P(x) for different upstream speed ratios with F = 0.3, λ1 = 1, λ2 = 1,D1 = 0.7,D2 = 0.7, L = 1 and
ε = 0.5. The profiles due to a concave bottom are indicated by a red solid line for γ1 = 1, γ2 = 1 and a
black solid line for γ1 = 0.75, γ2 = 0.75. The profiles due to a convex bottom are indicated by a magenta
dotted line for γ1 = 1, γ2 = 1 and a blue dotted line for γ1 = 0.75, γ2 = 0.75. (Colour available online.)

P(x) due to both bottom profiles increase as the ratios of the upstream speed increase.
Also, this fact can be visualized from the dispersion relation (4.5) for the reason that
when the values of the ratio of upstream fluid speed decrease, the values of the wave
number increase.

6. Conclusion

Flow problems involving three-layer fluid in an infinite channel over concave and
convex bottom profiles were studied, where the uppermost fluid layer is either bounded
by a rigid lid or free to the atmosphere. The interfaces which vary with x were
considered as important practical parts of the formulation. The effect of surface tension
was neglected. Perturbation analysis followed by the Fourier transform technique was
employed to derive the first-order velocity potentials and profiles of the interfaces.
The main advantage of this method is that we solved comparatively easier ordinary
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differential equations. From the obtained results, it is clear that the profiles are
oscillatory in nature, representing waves of variable amplitude with different wave
numbers which lead to several interesting features, such as beating-like behaviour, a
wave-free solution for certain values of the parameters and so on. In addition, the
interfaces consist of a wave-free region upstream of the obstacle, followed by waves
downstream. Further, the amplitudes of the profiles seem to be increasing with the
height of the obstacle situated at the bottom. We also observed that the solution
consists of several waves with variable amplitudes and of different wave numbers.
This is in contrast with the situation which involves two-layer fluids, where the waves
propagate downstream with one wave number and constant amplitude. We then
predicted that in the case of multiple layers of fluids involving more than three layers,
one should observe the existence of waves propagating downstream with variable
amplitude and of many more distinct wave numbers, regardless of whether the bottom
surface is concave or convex. Notice that although the flow in three layers of fluids is
a natural extension of two layers of fluid, we have handled more complicated double-
interface conditions occurring due to the presence of two interfaces. The present
results may be helpful to analyse the mechanism of wave generation in a large class
of multi-layered fluid flow problems over arbitrary bottom topography. As is well
known, understanding channel flow problems considered in this paper is also useful in
resolving various problems of atmospheric sciences [5, 20, 29, 30].
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Appendix

Assuming γ1 = γ2 = 1 and D1 = D2 = D in the dispersion relation (3.20),

[F2k cosh(kλ2) sinh(kλ1) + {F2kD cosh(kλ1) − (1 − D) sinh(kλ1)} sinh(kλ2)]
× [F2k cosh k sinh(kλ2) + {F2kD cosh(kλ2) − (1 − D) sinh(kλ2)} sinh k]
− F4k2D sinh k sinh(kλ1) = 0. (A.1)

Now we will use Rouche’s theorem to determine the nature of the roots of the
relation (A.1).
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Let us define

F(z) = [F2z cosh(zλ2) sinh(zλ1) + {F2zD cosh(zλ1) − (1 − D) sinh(zλ1)} sinh(zλ2)]
× [F2z cosh z sinh(zλ2) + {F2zD cosh(zλ2) − (1 − D) sinh(zλ2)} sinh z]

= A(z) × B(z) (say)

and

G(z) = −F4z2D sinh (z) sinh(zλ1),where z is complex.

Let us consider the closed square contour C with vertices ((nb + δ), (nb + δ)), (−(nb +

δ), (nb + δ)), (−(nb + δ),−(nb + δ)), ((nb + δ),−(nb + δ)) in the complex z-plane, where
n, b are integers and δ (> 0) is sufficiently small. The value of n is to be chosen in such
a way that the contour C does not pass through any of the zeros of the function F(z).
The function F(z) has four real roots (the analysis is given at the end of this section).

On the upper edge of the contour C, z = x + i(nb + δ)π and∣∣∣∣∣F(z)
G(z)

∣∣∣∣∣ =

∣∣∣∣∣[A(z)
z
×

B(z)
z

]/G(z)
z2

∣∣∣∣∣
=

∣∣∣∣∣[[F2 cosh {λ2(x + i(nb + δ)π)} sinh {λ1(x + i(nb + δ)π)}

+

{
F2D cosh {λ1(x + i(nb + δ)π)}

−
(1 − D) sinh {λ1(x + i(nb + δ)π)}

{x + i(nb + δ)π}

}
sinh {λ2(x + i(nb + δ)π)}

]
×

[
F2 cosh {x + i(nb + δ)π} sinh {λ2(x + i(nb + δ)π)}

+

{
F2D cosh {λ2(x + i(nb + δ)π)}

−
(1 − D) sinh {λ2(x + i(nb + δ)π)}

{x + i(nb + δ)π}

}
sinh {x + i(nb + δ)π}

]]
÷ [DF4 sinh {x + i(nb + δ)π} sinh {λ1(x + i(nb + δ)π)}]

∣∣∣∣∣. (A.2)

Since ρ1 > ρ2 > ρ3, D < 1. Now, for large n, from (A.2),∣∣∣∣∣F(z)
G(z)

∣∣∣∣∣ ≥ 1
D
> 1.

So, |F(z)| > |G(z)| on the upper edge of C. In a similar manner, we can prove that
|F(z)| > |G(z)| on the other edges of the contour C. Hence, |F(z)| > |G(z)| uniformly
on the whole contour C. Therefore, by Rouche’s theorem, F(z) and F(z) + G(z) have
the same number of zeros inside the contour C, which proves that the transcendental
relation (A.1) has four real roots. Hence, it is proved that the relation (3.20) has four
real roots.
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The investigation of the roots of F(z) = A(z) × B(z) = 0 is based on the root analysis
of Bhattacharjee and Sahoo [3]. Using a similar approach to that given in [3,
Appendix] and with the help of Rouche’s theorem, we have determined that A(z) = 0
has two real roots. Since the expression of B(z) is similar to the expression of A(z),
B(z) = 0 also has two real roots. Hence, F(z) = A(z) × B(z) = 0 has four real roots.
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