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A REMARKABLE CONTINUED FRACTION

DAviD ANGELL AND MICHAEL D. HIRSCHHORN

We study a particular oscillating continued fraction, and find its two limit points.

Let {ax}ren, {br}ren be sequences of positive integers, and consider the continued

fraction
by by b3

a1+az+az+---

The convergents py/qr to this continued fraction are defined recursively,

Pk = QkPk—1 + bkPr—2, Gk = Gkqk-1 + bkQr-2,

with the initial conditions p_; =1, po =0, g_; =0, go = 1. It is then easy to show

that
by by b3 b _ px

a1+az+ag+---ar g

that g, increases without limit as k — oo, and that

Pe _ Pk-1 _ (—1)*bib—1 - by
9  Qk-1 9k k~1

(2)

Since ay and by are positive, the convergent

Px _ GkPk—1+ bkPk-2

gk GkQr—1+ brQi—2

lies strictly between px_1/gx—-1 and pr_2/qr—2; it is easy to check that the second
convergent is less than the first, and so

P2 Ps Ps_  _Ps _P3_P1
q2 q4 g6 gs q3 q1

It follows immediately that

(3) lim P2k and lim P2k-1
k—oo 2k k—oo Q2x—1
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both exist. If every b is 1, then from (2) we have

lim (%’f—%):o

and S0 pax/qar and pag.-1/gek—1 approach a common limit. In the general case, how-
ever, this need not be true. The continued fraction (1) is said to converge if the two
limits (3) are the same, ‘and to oscillate if not. A simple sufficient condition for conver-
gence is that ay > by for all large k, and a necessary and sufficient condition may be
found in [1]: the continued fraction (1) converges if and only if at least one of the series

ﬂ + a3b2 05b4b2 a7b6b4b2 .
by  bsby  bgbaby  bybsbaby

and
azbr | asbsb, | aghsbsb;

b2 b4 bz b6 b4b2

diverges. From this result it is easy to see that the continued fraction given by a; = 1,
by = 2F

2 4 8 16

1+14+14+ 1 +--
oscillates, but it seems difficult to evaluate the two limit points of px/qx. We made the
surprising discovery that if we tweak the by just a little, we obtain a tractable problem.
Indeed we prove

THEOREM. For the continued fraction given by ay =1, by = 2F + 2,

6 10 18 2k 42
: _

we have

lim M:l and lim @‘—11:2.
k—o0 qak k—oo gok—1

ProOF: We have

@) po=0, p1 =4, pr=pr-1+ (2°+2)pr-2,
0=1 a=1 ¢=qg-1+ (2" +2)q-2

The first few px, qx are given by the table

k 01 2 3 4 5
px 0 4 4 44 116 1612
g 1 1 7 17 143 721
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It is not hard to show from (4) that
(5) o= (2P 25 1 5)pe_n — (2% 4 2K 4 26 L )py_y,
and, of course, the same recurrence holds for the {gx}. Thus,

Pk = pi-1 + (25 + 2)pr—2
= pr—2 + (257 + 2)pr—_3 + (2F + 2)pr—2
= (2'° + 3)pr-2 + (2k_1 + 2)pk—3
= (2% + 3)pr—2 + (2571 + 2) (Pk, 2— (272 + 2)pr-4)
= (2F + 251+ 5)pe_p — (223 4 2K + 2671 4 4)pie .

So we have

(6) Pa = (22 + 2251 4 8)pye_, — (293 4 2%k 4 2214 g)p,
and

(7) Paks1 = (22541 4 275 4 5)py g — (2951 4 22K+ L 0% 4 g)p,, o

and the same recurrences hold for gox, gar+1 respectively.
We now define

P.(z) =) _puzk, Po(z) =) pas17",

k20 k20

Qe(@) =Y quz®, Qolz) = qeks1z".

k20 k20

From (6) it follows that

(8) P.(z) — 5zP.(z) + 4z P.(x) — 6zP.(4z) + 24z* P.(4z) + 322> P.(16x)
= po + (p2 — 11po)z = 4z,

while from (7)

(9) P,(z) — 5zP,(x) + 422 P,(z) — 12zP,(4z) + 48z° P,(4z) + 128z%P,(16z)
=p+ (p3—17p1)z =4 — 24z.

Similar relations hold for Q.(z), Q.(z) respectively.
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(8) and (9) can be written

4z 6z 32z

1) R =it aog % - g0 i 06
4 — 24z 12z 128z?

(11) PO(Z) = (1 — 1;)(]_ - 41;) + (1 — z)Po(4l') - mPo(l&c)

Iteration of (10) leads to to the following, which we prove by induction.

" (2k2+3k+3 _ 2k2+2k+2) k+1

(12) Pe(z) = kE_—.:o (1—z)(1 - 4z)--- (1 — 45+1g)

(2n2+3n+3 _ 2n2+2n+1)zn+1
+

"+1.’L‘
(1_:1;)...(1_4711-) Pe(4 )

(2n2+5n+6 _ 2n2+4n+5) l.n+2

_ (1 — .1:)(1 — 42:) TS 4""’1.7)) Pe(4ﬂ+2x).

First, (12) is true for n = 0 by (10). Also, if we put 4"*+z for z in (10), we obtain

4nt2g 6x4ntlg
P n+1l _ e 4n+2
(13) e(4 x) (1 _ 4n+1z)(1 _ 4n+2x) + (1 _ 4n+lx)P ( x)

32 x 42n+2x2 +3
T (1 =4 tig)(1 - 47+2g) P.(4"*z).

If we suppose (12) true for some n 2 0, and we substitute (13) into (12), we obtain

n (2k2+3k+3 _ 2k2+2k+2) Zk+1

Pe(z) = kg (1-2z)(1 - 4z)--- (1 — 45+1z)

(2n2+3n+3 _ 2n2+2n+1)zn+1

(14) YAy -4

4n+2z 6 x 4n+1$
X
{(1 — gn+1g)(1 — 4n+21) + (1 - 4n+lg)
32 x 42n+2;2
T (1 =4r+iz)(1 - ant3g)

(2n2+5n+6 — 2n2+4n+5)$n+2

Pe (4"+2I)

P.(4"*3z) }

_ (1 — 1,')(1 —_ 43) .. (1 — 4”+lz) Pe(4n+2:1,‘)

ntl (2k2+3k+3 _ 2k2+2k+2)zk+1

= = (1 - x)(l - 4$) “es (1 - 4k+1£)
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(2(n+1)2+3(n+1)+3 _ 2(n+1)2+2(n+1)+1)xn+2
+

(1-z)(1 -4z)---(1 — 4an+1g) Pe(4n+2z)

(2(n+1)2+5(n+1)+6 _ 2(n+1)2+4(n+l)+5)$n+3

(1-z)1—4z)--- (1 —4nt+2)z Pe(4n+3x).

Here we have used the facts that
4n+2? (2n2+3n+3 _ 2n2+2n+1) = 2(n+1)2+3(n+1)+3 _ 2(n+1)2+2(n+1)+2’
6 x 4n+1 (2n2+3n+3 _ 2'n2+2n+1) _ (2n2+5n+6 _ 2n2+4n+5)

— o(n+1)%43(n+1)+3 _ 2(n+1)2+2(n+l)+1,

2042 (9n243n+3 _ 9gn242n+1) _ o(n+1)24+5(n+1)+6 _ o(n+1)2+4(n+1)+5
32x4 2 2 =2 2 .

That is, (12) is true for n+ 1. So (12) is true for n > 0 by induction. If we let n — oo
we find

(2k2+k+1 _ 2k2+1)xk,

(15) P.(z) = Z Q-x)---(1—4kz)

k>0

In the same way, we can show that

(2k2+2k+1 - 2k2+k) (4 — 24 x 4kz)z*
(1-2)(1 - 42)- - (1~ 45¥1g)

(2’=’+'=+l - 2"2):1:"
Qe($)=z (1—.’6)“'(1—4"2),

k>0

Py(z) = Z

k>0

(2k2+2k+1 _ 2k2+k) *

Qulz) =2 (Q-z)(1-4z)---(1 - 4+g)’

k>0
It is not hard to show that

(3 X 2k2+2k+l — 2% 2k2+k)$k

(1-2)--(1—4kz)

Po(z) = Z

(16) k20 ) .
(3 x 2k +2k _ 2 x 2k +k)$k
Q"(z):g’ (1=1)--- (1 - 4¥z)
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For instance,

(2k2+2k+1 _ 2k2+k) (6(1 — 45+1z) — 2) g
(1-z)(1 —4z)--- (1 - 4*+1g)

Py(z) =)

k>0
B 6(2k2+2k+1 _ 2k2+k) z* 2(2k2+2k+1 _ 2k2+lc)zlc (1 N ey )
- & - z)---(1 — 4kzx) 50 (1-z)---(1—4Fz) 1 —4k+1g
4{ 9k +2k+1 2k2+k)xk (2k2+4k+4 _ 2k2+3k+3)xk+1
- prvd (1-zx)---(1 - 4kx) e (1—1z)--- (1 - 4k+1g)
4( 9% +2k+1 _ 2k2+k)zk (2k2+2k+1 _ 2k2+k+1)$k
—k;O (1-z)---(1 —4kx) P (1—z)---(1 - 4*z)

2 2
(3 x 9k?+2k+1 _ ok +k+1)xk

i

(1-2z)---(1 - 4%z)

k>0
Now let
= ok?+k Lk _ .

Al) ‘g 1 —:c)---(l — 4kz) ‘ga"’” ’

(17) B(.’B) ’Z(:) (1 1 _ 4k'£L‘) ;)bkx )
3 x 2k +2k k

C(z) = ,§) A=z (1-42) ’gt:)ckz
Then
(18) P.(z) = 2A(z) — 2B(z), P,(z)=2C(z)— 2A(z),

Qe(z) = 2A(z) - B(z), Qo(z) = C(z) — 2A(z),
from which it follows that
(19) Pak = 20k — 2bk, Poky1 = 2ck — 20k, Qox = 2ar — bx, Q2k41 = Ck — 2ay.

We have

1| 4z 1
-z )1 B(z) - l——

(20) l1-z

1—:1:+1—- )
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or,
A(z) =1+ zA(z) + 4z A(4x),
(21) B(z) =1+ zB{z) + 2z B(4x),
C(z) = 3+ zC(z) + 8zC(4x).
It follows that
ao=1, ar=ak_1+4*ak_1 = (4¥ + 1)ax_s,
(21) bo=1, bp-1+2x4 by = (2x 457 + 1)y,
c0=3, ck=cr1+8x 4" ter_ = (2x4¥ +1)cp.
It follows that
ar=(4+1)(4#+1) - (F+1),
(22) b= (2+1)(2x4+1) -+ (2x 4571 4+1),
ck=3(2x4+1)(2x42+1) -+ (2x4F+1).
Note that ¢x = bk4+1, so (19) becomes
(23) pok = 2ak — 2bk, p2r+1 = 2bg41 — 20k, G2k = 20k — bk, Qar41 = bry1 — 2.

Observe the table

kE 01 2 3 4 5

px 0 4 4 44 116 1612

g 1 1 7 17 143 721

ar 1 5 85 5525 1419925 1455423125

by 1 3 27 891 114939 58963707
Now,

by (2+1)  (2x4F141) 34k
24 — = . e <=
(24) ar (4+1) 4+1) = (5)
and
(25) axy 1 (4+1)  (&F+1) <l(§)k
bry1  (2+1)(2x4+1)  (2x4k4+1) " 3\9
It follows that
D2k bk/ak (3/5)k 3\*

26 1>—=1-———21-——— 21— (=
(26) Q2k 2 — bi/ax 2 — (3/5)" (5)
and

Q2k+1 1—2ak/bryr 1-(2/3)(5/9)

The result follows.

(21) 2<PBEl_ogy 2ak/ber1 (2/3)(5/9)" <2+2(5)’°.
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