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APPROXIMATION BY FOURIER STIELTJES SERIES

S.M. MAZHAR

In this paper certain estimates of the rate of convergence of triangular matrix means of
the Fourier Stieltjes series and its conjugate series are obtained.

1. INTRODUCTION

Let F € jBV[0;2rrj. Then the Fourier Stieltjes series of F or the Fourier series of
dF is defined as

(1.1) dF{x)

where cv = £ J^ e~ivtdF{t), v = 0, ±1, ±2, . . .

The series conjugate to (1.1) is given by

O O

(1.2) -i Y, (siSn "
l / = —OO

We denote (1.1) by S{DF] and (1.2) by S[DF).

It is convenient to define F(x) for all values of x by F(x + 2TT) - F(x) = F(2TT) -
F(0). This enables us to integrate, in the formula for cv, over any interval of length
2TT.

We write
Fz(t) = F(x + t) - F(x - t ) - 2tF'(x),

Gx{t) = F{x + t) + F{x - t ) - 2F(x),

and denote the total variation of /(<) over the interval [0,<] by Vj/(/).

Let A = (An)jt), n = 0,1 ,2 , . . . , k = 0,1,2,. . . ,n be a triangular matrix and let

n

2
fc=0
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where {$fc} is a given sequence of numbers. <rn is called the nth A-mean of {$*}•
n

We suppose that {An>fe} is non-negative with £ Xntk = 1, n = 0,1, 2, For \nik =
fc=o

Pp~* , P n = Po +Pi H \-Pn the A-means reduce to Norlund means (N,pn). Similarly

for An,fc = | £ we get (iV,pn) means.

In what follows we assume that C is a positive constant not necessarily the same

at each occurrence.

We prove the following theorem.

THEOREM. Let {A,,,*} be non-decreasing with respect to k and let tn(x) and

tn(x) denote respectively the A-means of the series S[dF] and S[dF]. Then

(1.3) \tn(x)-F'(x)\^C]
k—O l/=0

( 1 . 4 ) Z ,_ . r - I G - O *1 /"•

IT Jn/n+l{2smt/2)2
fc=0

2. PROOF OF THE THEOREMS

PROOF OF (1.3): Writing /JfB(t) = £ An,fcZ?fc(t), with Dk(t) = "^j)' and
f=0

denoting by 3n(a;) the n-th partial sum of (1.1) we have

Dk(x-t)dF(t)

k=0

I

and hence

^ - f Kn(t)d[F(x+t)-F(x-t)]
* Jo

< „ ( * ) - F'{x) = - f Kn{t)d[F(x + t ) - F(x - t ) - 2tF'(x)\
it Jo

= - r Kn(t)dFX(t).

= l[fo +1 )Kn(t)dFx(t)
— h + h, say .
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Since

(2.1)

Fourier Stieltjes series 89

2n uniformly in t, we have

—
7T

2n\dFx(t)\

fc=0 i/=0

in view of the fact that I ^ Xn „_„ I /k + 1 is non-increasing. Let 7 n (0 be a linear
V=o /

function on [fc,fc-(-l] such that 7n(fc) = Are>n_fc, ^ = 0 ,1 ,2 , . . . , n and let

rB(<) = / 7n(u)du, t > 0.
Jo

Then

fc-i

t/=0

k

v=0

i/=0

-v < 2rn(fc).

Using the well-known estimate of McFadden [2]

(2.2) J2X^-"ei{n~k

k=a

where 0 ^ a ^ 6 ^ o o , 0 < t ^ TT and n is any non-negative integer, we have

(2-3)

I/2K - / * \Kn(t)\ \dFx(t)\ %C [" \dFx(t)\ ^ f ^
"" Jit/n+\ Jn/n+1 l

[It T^ ( f-i\

Jw/n+l t

= c{[^7^ W.)];/n+, + [n+i vj(Fx)^fildt

r t 7n(T/t)
Jw/n+l t3
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< C\n,nV0"(Fx) + C(n +

+ C E / V;'\Fx)Tn{t)dt + C

C E VroFFr(^) E A".n->'. ^ shown in (2.1),

c E v^V.)rn(* +1) + c

C E ^ ( ^ ) E A".™-" + C E ^ /

* = O v=0 fc=l

n fc

fc=0

Thus from (2.1) and (2.3) we get the required result.

PROOF OP (1.4): We have

= - - f Kn(t)dF{x+t),
* J-w

where

i/=0

with

V " - * cos</2-cos(fc+|)<

Now

=-± J" Kn(t)dG,{t),
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so that

<?.(*) jdt
*" A/n+i (2sin</2)

= - - / Kn(t)dGx(t)
* JO

= I j + i 2 + ^3, say .

Since |A'n(t)| < n, as shown in (2.1) we have

(2.4)

Also

(2.5)

* = 0 i/=0

1 / IT

\n -f

-|- 1) _
n2

n

\

k

1
2 tan ^

fc=O i/=0

Using the estimate (2.2) we observe that

2tan</2
- Kn(t)

1 cos </2 - cos (fc + | )

fc^ "' X2tan</2 2sin</2

cos (n — fc + | )Iv.
k=0

r

2 sin */2

and hence

(2.6) \Lt\KC T \rJj)\dGz(t)\

fc=0 i/=0

as shown in J2 .
The proof now follows from (2.4)-(2.6).
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3. ESTIMATES OF MEANS

Taking Anij. =
 Prp~k , Pn = po + p\ + • • • + p n , we get the following estimates for

Norlund means Nn(x) of S[dF] and Nn(x) of S[dF]. [1].

COROLLARY 1. If {p*} is non-increasing sequence of positive numbers, then

\Nn(x)-F'(x)\$j

and

We can similarly obtain estimates for {N,pn) means by taking An)j. = ̂ -, where

{.Pk } ls & non-decreasing sequence of positive numbers.

As a special case for ph = A^~l, 0 < a ^ 1, we get the following estimates for
(C,a) means.

COROLLARY 1. Let <r%(x) and &%{x) be the (C,a) means of S[dF] and S[dF]
respectively. If 0 < a ^ 1, then

\**{x) - F\x)\ ^ Cn~a J2(k + l ^

and

Cn~

In view of known results: F € BV[0,2ir] =*• V*{FX) = o(t) and V*(GX) = o(t) for
almost all x ([3],p.lO5) we deduce the following result of Zygmund [3]:

1 t C (i\
<r"(x) -> F'(x), n - > o o a n d a°{x) + - / "V ' , (ft -+ 0,n - • oo

^ H f r (2sin</2)
for almost all x.
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