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APPROXIMATION BY FOURIER STIELTJES SERIES
S.M. MAZHAR

In this paper certain estimates of the rate of convergence of triangular matrix means of
the Fourier Stieltjes series and its conjugate series are obtained.

1. INTRODUCTION

Let F € BV[0;2n]. Then the Fourier Stieltjes series of F' or the Fourier series of
dF is defined as

oo

(1.1) dF(z) ~ > e,

v=-—00

where ¢, = ;- 0“ e~ WtdF(t), v =0, £1, £2, ...

The series conjugate to (1.1) is given by

(=]

(1.2) —1 Z (sign v)c, €=,
We denote (1.1) by ‘S[DF] and (1.2) by S[DF].
It is convenient to define F(z) for all values of z by F(z + 27r) —~ F(z) = F(2r)

F(0). This enables us to integrate, in the formula for ¢, , over any interval of length
2.

We write

F.(t) = F(z +t) - F(z — t) - 2tF'(z),
G.(t) = F(z + t) + F(z — t) — 2F(z),

and denote the total variation of f(t) over the interval [0,t] by V{(f).
Let A=(Ank),n=0,1,2,...,k=0,1,2,...,n be a triangular matrix and let

n
On = Z ’\n,ksk;
k=0
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where {sr} is a given sequence of numbers. ¢, is called the nth A-mean of {sx}.
n
We suppose that {),x} is non-negative with ) A, =1,7=0,1,2,.... For A\,x =

k=0
p’,‘,;" » Pn = po+p1+---+p, the A-means reduce to Norlund means (N,p,). Similarly

for Apx = 7’;1:‘- we get (ﬁ,pn) means.
In what follows we assume that C is a positive constant not necessarily the same
at each occurrence.

We prove the following theorem.

THEOREM. Let {\.x} be non-decreasing with respect to k and let t,(z) and
7,,(:1:) denote respectively the A-means of the series S[dF] and g[dF] . Then

k
(1'3) Itn(m) - F'(z)| S Z (F:)ZAnn —vy
o) b G (t)dt N
(1-4) (@) - {-2 /1r/n+1 (25111t/2) \C;VD (Gz),;,)‘n'n_w

2. PROOF OF THE THEOREMS

. " _ i . __ sin k+§ t
ProoOF OF (1.3): Writing K,(t) = uz=:0 AnkDi(t), with Dg(t) = %ml and
denoting by s,(z) the n-th partial sum of (1.1) we have

n

t,,('.c) = An,ksk(z)
0

1 L
An k; Di(z — t)dF(t)

It
E ko
i M:

-

I
3|

/ Z AnaDi(t)d[F(z +t) — F(z — t))

2|

[ KntyP(z +0) - Gz -0
and hence

to(z) — F'(z) = % /:K,,(t)d[F(:c +1)— F(z —t) — 2tF'(z)]

=2 [ Kawarug -

% (/oW/nJrl * »[r:n+1) Ka()dF=(1)

=I5 + 13, say. -

1
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(3] Fourier Stieltjes series 89
Since |Kn(t)| < 2n uniformly in ¢, we have

1 n/n+1
(2.1) 1<t [T anlarug)
0 .

_ z”'_lvow/n+1(Fz)

™

n k
<O VHUE) S A,
k=0 v=0

in view of the fact that (E Ann— ,,) /k + 1 is non-increasing. Let v,(f) be a linear

function on [k, k + 1] such that y,(k) = Apn-k, £ =0,1,2,...,n and let

t
Ln(t) =‘/0. Tn(u)du, t>0.

Then

k-1 k—1
Yn(v + 1) + 1a(v An,n—v— + An,n—u
R e

v=0 v=0

k
<Y Annew < 2T4(k).

v=0

Using the well-known estimate of McFadden [2]

< 2(27 + 1)Ta(n/t),

b
Z Ay gl PR

k=a

(2.2)

where 0 S a < b< o0, 0 <t m and n is any non-negative integer, we have

(2.3)
1 " Lafrft)
mi<; [ m@ienoi<e [ norEe

=c [ DOMayyr,

/n+1 t

=] (W/t)Vt(F Na/mir + /: . Vi(F,) =T (7r/t

+ /,. ) rv‘,‘(F,)%ﬁ—)dt}

[n+1
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ra¥(F) = S 1)y ()

Q3

L et C [
+ / Vo 'N(F)a(t)dt + ?/ tVy (Fe yym(t)dt
1 1
S CAnnVW(F.)+ C(n+ DV (F)

n k+1 n k+1
+Cy / Vo {(F)Ta(t)dt +C Y / Vo (Fo)tyn(t)dt
k=1"% k=1"k

n . k
<CY VFT(Fo) ) Annoy, s shownin (2.1),
k=0

v=0
+C S VM ENTalk + 1)+ C S VM E)(k + 1)(7"(” + nlk + ”)
k=1 k=1 2
n k n
<CVIF(EYS A + € SV HE(E + 1) Ann
k=0 v=0 k=1
n - k
SCY VEF(FD) D Annw
k=0 v=0
Thus from (2.1) and (2.3) we get the required result. ]

PROOF OF (1.4): We have

—~ 1 o
ta(z) = -= K. (t)dF(z + 1),
where
— n —
Kn(t) = Z /\n‘ka(t)
v=0
with
“k
~ cost/2 — cos (k + 1)t
Di(t) = invt = XA
k(t) ‘;!smu 2sint/2
Now

tn(z) = *7—1r /0" KL (t)d[F(z + t) + F(z — t)]

1 /™ -
== /0 R A(t)dG.(t),
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(5] Fourier Stieltjes series

so that

1 [ G.(t)
n(z) - < ,/,:/n+1 (2sint/2)* dt)

__1 / T/ Ra(1)dG. (1)

™

D IR R CTL IS AN )

7' 2tant/2 wFT /41 2tant/2
=Ly + Ly + L3, say.

Since |Kn(t)] < n, as shown in (2. 1) we have

n n
(2.4) Ly < ™ / 4G (¢)]
™ Jo
n x k
<CY VF(G) D Anmow
k=0 vr=0
Also
1
< ("’+ I)VTT(G )

<C Z VF(G,) Z Arinow-
k=0 v=0
Using the estimate (2.2) we observe that

i { cost/2 — cos (k + -})t}
Ank 2tant/2 2sint/2

1
2tant/2

- K.(t)| =

k=0

z":/\ cos(n—k-}-%)t
nn—k 2sint/2

and hence

(2.6) | |L,|<c/’ %rn(g) 4G (1)]

1

n k
¢V (6) Y A
k=0 v=0

as shown in [;.
The proof now follows from (2.4)-(2.8).
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3. ESTIMATES OF MEANS
Taking Apt = —p——, P, = py +p1+ -+ pn, we get the following estimates for
Nérlund means Nn(z) of S[dF] and N,(z) of S[dF]. [1].

COROLLARY 1. If {pi} is non-increasing sequence of positive numbers, then
C ., &
Na(z) = F'(2)I < 5= D Vo (F2) P,
" k=0

and

ZV (Gz2)Ps.

2sint/2)’

Fae) = (7 [ G
Fesy

We can similarly obtain estimates for (N,p,,) means by taking A, = }%i- , where
{p.} is a non-decreasing sequence of positive numbers.
As a special case for p, = A:_l, 0 < a <1, we get the following estimates for

(C, «) means.

COROLLARY 1. Let o%(x) and '5?‘,(w) be the (C, ) means of S[dF| and S[dF]
respectively. If 0 < a € 1, then

lon(z) = F'(=)| S On™® 3 (k+1) "V (),

k=0

and

w2 - (-1 [ o ay <cone Y @+ G
" m™J 2 (2 sint/2)> = 0 *
In view of known results: F € BV[0,2r] = V#(F;) = o(t) and V§(G.) = oft) for
almost all = ([3],p.105) we deduce the following result of Zygmund [3]:

o2(z) = F'(z), n — oo and Gg(z)-l—l/ i(i)——z—dt—vO,n—»oo
™ J 37 (2sint/2)

for almost all z.

REFERENCES

(1] S.M. Mazhar, ‘On the rate of convergence of Norlund means of Fourier Stieltjes series and its
conjugate series’, Indian J. Math 28 (1986), 203-209.

[3] L. McFadden, ‘Absolute Norlund summability’, Duke Math J. @ (1942), 168-207.

[3] A. Zygmund, Trigonometric Series: Vol. I (University Press, Cambridge, 1959).

Department of Mathematics
Kuwait University

P.O. Box 5969

Kuwait

https://doi.org/10.1017/50004972700027271 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700027271

