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ABSTRACT. At first, the general approach for calculating the horizontal forces an ice cover exerts on 
structures is discussed. Ice-force determination consists of two parts: (1) the analysis of the in-plane forces, 
assuming that the ice cover remains intact, and (2) the use of a failure criterion; because an ice force cannot 
be larger than the force capable of breaking up the ice cover. For an estimate of the largest ice force, an elastic 
plate analysis and a failure criterion are often sufficient. A review of the literature revealed that in the 
majority of the analyses, it is assumed that the failure load is directly related to a "crushing strength" of the 
ice cover. Observations in the field and tests in the laboratory show, however, that in some instances the ice 
cover failed by buckling. Subsequently the ice-force analyses based on the buckling failure mechanism are 
reviewed and their shortcomings are pointed out. A new method of analysis, which is based on the buckling 
of a floating ice wedge, is tben presented. 

RESUME. Sur la determination des forces horizonlales qu'une plaque de glace flottante exerce sur une structure. Tout 
d'abord, on discute Papproche generale du calcul des forces horizontales qu'une nappe de glace exerce sur 
une structure. La determination des forces dues a la glace comprend deux parties: (1) l'analyse des forces 
dans un plan dans l'hypothese ou la nappe de glace est sensed rester intacte et (2) l'introduction du seuil de 
rupture; en effet une force exercee par la glace ne peut pas Stre superieure a celle capable de briser la nappe 
de glace. Pour Pestimation des forces les plus grandes une analyse plane elastique et l'emploi d'un seuil de 
rupture sont souvent suffisants. Une revue de la litterature r6vele que, dans la majority des analyses, on 
suppose que la charge de rupture est directement relive a une "resistance a l'ecrasement" de la plaque de 
glace. Les observations in situ et les essais en laboratoire montrent cependant que dans quelques cas la glace 
se rompt au flambage. Par consequent les analyses des forces dans la glace basees sur les mecanismes de 
ruptures au flambage sont revues et leurs insuffisances sont tiroes au clair. On prisente alors une nouvelle 
methode d'analyse basee sur le flambage d'une poutre de glace flottante. 

ZUSAMMENFASSUNG. Zur Bestimmung der von einer schwimmenden Eisplatte aufein Bauwerk ausgeiibten Horizonlal-
krdfte. Zunachst wird das generelle Verfahren zur Berechnung der Horizontalkrafte, die eine Eisdeckc auf 
Bauwerke ausiibt, dargelegt. Bestimmung von Eiskraften besteht aus zwei Teilen: (1) Die Analyse der 
inneren Flachenkrafte unter der Annahme, dass die Eisdecke unbeschadigt bleibt; (2) Die Einfuhrung eines 
Bruchkriteriurns, weil keine Eiskraft grosser werden kann als die Kraft, die zum Bruch der Eisdecke fiihrt. 
Zur Abschatzung der grossten Eiskraft genugt oft eine elastische Plattenanalyse und ein Bruchkriterium. 
Aus der Durchsicht der Literatur geht hervor, dass die Mehrzahl der Analysen von der Annahme ausgeht, 
die Bruchlast stehe in unmittelbarer Beziehung zur "Quetschfestigkeit" der Eisdecke. Feldbeobachtungen 
und Laborversuche zeigen dagegen, dass in einigen Fallen die Eisdecke durch Knicken nachgab. Deshalb 
werden die Eiskraftanalysen auf der Basis des Nachgebens durch einen Knickmechanismus herangezogen 
und ihre Unzulanglichkeiten hervorgehoben. Schliesslich wird eine neue Methode der Analyse vorgelegt, 
die auf die Knickung eines schwimmenden Eiskeiles beruht. 

i . INTRODUCTION AND STATEMENT OF PROBLEM 

When a river, lake, or part of a sea freezes over, the formed ice cover is often in contact 
with a variety of structures, such as bridge piers, dams, hydroelectric power stations, and off
shore drilling platforms. Subsequently, any attempt to change the position of the ice cover (by 
changing the water level, or by the movement of the water base beneath it or the air above it, 
or by the change in the air temperature) creates forces between the structures and the formed 
ice cover. 

For a rational design of a structure which comes in contact with a floating ice cover, the 
engineer needs to know the forces the ice will exert on this structure; especially the value of 
the largest possible force. 

An early description of problems of this type was given by Barnes (1906, 1928) and by 
Komarovskiy (1932-33). The effort and progress made in this field during the following few 
decades was very modest, as evidenced by the results presented at the ASCE symposium on 
Ice pressure against dams in 1954. 
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During the past decade the problem of ice forces gained in importance, partly because of 
the discovery of oil in the northern regions and the resulting increased activity in this area. 
The intensified research effort that followed is evidenced by the recent increase of conferences 
on this subject, such as the conference on Ice pressures against structures (Gold and Williams, 
1968), the Ice seminar (1969), the international conferences on Port and ocean engineering 
under Arctic conditions (Trondheim, Norway, 1971; Reykjavik, Iceland, 1973; Fairbanks, 
Alaska, U.S.A., 1975), as well as the IAHR symposia on Ice and its action on hydraulic 
structures (Reykjavik, Iceland, 1970; Leningrad, U.S.S.R., 1972; Hanover, New Hampshire, 
U.S.A., 1975). In spite of all these efforts, to date there are no reliable methods for predicting 
the ice forces an ice cover may exert on a structure. 

The analyses of these forces are usually grouped into several categories. For example, 
analyses offerees due to a rise or drop in the water level, analyses offerees because a structure 
constrains the movement of the ice cover in the horizontal plane, and analyses offerees due to 
impact of a moving ice flow and a structure. The present paper discusses problems in the 
second category. Examples of such problems are shown in Figure 1. 

Fig. r. Typical situations in which forces due to ice constraints are applied to a structure: (a) ice cover pressing against a rigid 
wall, {b) ice cover pressing against a rectangular pier. 

Since ice is a visco-elastic material, the forces an ice cover exerts on a structure are time-
dependent. The study of these forces, caused by constrained thermal expansions, was initiated 
by N. Royen in 1922. The analytical and test results by Royen, as well as the more recent 
results of a number of other investigators, were reviewed by Korzhavin (1962, chapter 14), 
by Drouin (1968), and by Michel (1970). Other attempts to solve this problem were presented 
by Panfilov (1965), Nevel (1968) and jumppanen ([1974]). 

The conclusion of the survey by Drouin was that the determination of ice forces as a 
function of time is not yet solved satisfactorily. The relevant results of Panfilov (1965), Nevel 
(1968), and Jumppanen ([1974]) are as yet not conclusive either. A major difficulty in solving 
this problem is the absence of appropriate constitutive equations for the ice cover. It should 
also be noted that even if expressions which determine the ice forces were available, the 
magnitude of these forces may sometimes be limited by a possible failure (crushing or buckling) 
of the ice cover, as discussed previously. 

For the design of a structure which is in contact with an ice cover, it is often sufficient to 
know the largest force the ice cover may exert on the structure. This approach simplifies the 
necessary analyses. 

To demonstrate the essential aspects of this ice-force problem, consider as an example, an 
ice cover constrained by two parallel "rigid" walls, as shown in Figure 2. Assume that (at a 
time t = o) the temperature of the ice plate is instantaneously raised by a constant value, 
AT. Then, the corresponding axial compression force (per unit length of wall) is approxi
mately 

p0 = EhxkT. (1) 
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Fig. 3. Floating ice cover constrained by two parallel "rigid" walls. 

Equation (1) is based on the assumption that, at the instant of the temperature rise (t = o), 
the ice obeys Hooke's law, that Young's modulus E is an averaged value across the plate 
thickness, and that the coefficient of linear expansion a. is also an average value which does not 
vary noticeably in the temperature range of interest. 

Because of the visco-elastic response of the ice cover, the pressure p, for t > o, will be 
smaller than t h e / 0 value given in Equation (1), namely 

p{t)<h- (2) 
A similar argument leads to the conclusion that Equation (2) is also valid for the case when 
the temperature rise is not instantaneous but proceeds gradually, as is the case in the field. 
Thus Equation (1) yields the largest possible axial compression force due to AT. This 
suggests that, for many engineering problems, it may be sufficient to determine the design 
forces acting on a structure by assuming that the ice cover responds elastically. 

At this point it should be noted that the force estimate given by Equation (1), or the more 
accurate expression which takes into consideration the visco-elastic response of the ice cover, 
is valid as long as the ice cover does not fail. Thus, beyond a certain compression force, 
Equation (1), or its visco-elastic equivalent, yields too high values for the ice force, and it has 
to be bounded by a failure criterion. This criterion is obtained by noting that an ice force 
cannot be larger than the force capable of breaking up the ice cover. Thus the needed bound for in-plane 
compression forces is established by determining the intensity of the force at which the ice 
cover fails. Note, that this criterion is valid for the determination of the largest ice forces that 
may be caused by a temperature change or due to any other reason such as the movement of 
the water in the horizontal direction. 

Many published analyses are based on this notion. In the majority of these publications 
it is assumed that this failure load is directly related to a "crushing strength" of the ice. 
Namely, that the mechanism of failure is due to crushing or splitting of the floating ice plate in 
the immediate vicinity of the structure. For a review of the relevant literature up to 1962 
refer to Korzhavin (1962). For a more recent utilization of this approach refer to Shadrin 
and Panfilov (1962), Afanas'yev (1968), Michel (1970), Schwarz ([1971]), Afanas'yev (1972) 
and Assur ([1974]). 

However, in laboratory and field tests it was observed by E. Rose (1947), Kheysin (1961), 
Afanas'yev and others (1971) and Nevel and others (1972), that for relatively thin ice plates 
(compared to the width of contact of plate and structure) the ice cover failed by buckling in 
the vicinity of the contact area. 

The published analyses of ice forces on isolated structures which are based on the buckling 
failure mechanism, are not conclusive, however. The purpose of the present paper is first to 
review these few attempts and then to develop an improved method of analysis for the deter
mination of the largest force that a relatively thin ice cover may exert on an isolated structure. 
The proposed analysis is based on the buckling mechanism of the floating ice plate. 
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2. REVIEW OF RELEVANT ANALYSES AND TESTS 

An early attempt to determine analytically the buckling force for an ice plate was presented 
by Albenga (1921). However, because Albenga neglected the effect of the liquid base, the 
obtained results do not apply to floating ice covers. 

On the basis of observations in the field, Rose (1947, p. 883) stated that "arching and 
buckling of an ice sheet does occur but that there is a limiting thickness of about 1 foot [0.3 m] 
beyond which buckling will rarely occur". He also claimed (p. 880) that "for ice sheets less 
than 1 foot [0.3 m] thick the critical buckling load is the limiting factor governing the ice 
pressure on a dam, whereas for very thick ice sheets (about 2 feet [0.6 m] or more) the 
crushing strength pressure" is the limiting factor. No analysis was given for the determination 
of the buckling load. 

Shadrin and Panfilov (1962) presented an analysis for the semi-infinite ice cover whose 
straight edge is pressing against a rigid wall, as shown in Figures i(a) or 2. The authors 
assumed that the type of ice cover failure depends on the thickness of the ice cover; namely, 
buckling for thin covers and local crushing at the contact area for thick covers. This assump
tion is in agreement with the observations made by Rose (1947), as described above. 

Shadrin and Panfilov expressed the failure load (per unit length) as 
pi = CTcf/!; (3) 

where crCf is a "compression strength" and h is the thickness of the ice cover. 
For relatively thin covers the buckling load was determined from the differential equation 

d4te) _ dzw , . 
D-&+P-&+rw = 0> (4) 

and the boundary conditions 

w(o) = o, 

= o, 
0 

(5) d2w 

Hie'2 

where w(x) is the vertical deflection at x and at any value — 00 < y < co, D = Eh3l[iz(i — v2)] 
is the flexural rigidity of the cover, and y is the specific weight of the liquid base. The solution 
of the above formulation yields 

pb = <z{yD)K (6) 

It should be noted that the above expression for pb is also valid when the boundary at x = o 
is clamped (Hetenyi, 1946, ch. 7), as may often be the case in the field. 

Next, Equations (3) and (6) are compared by noting that according to tests, if the corres
ponding p\> < pt ice cover fails by buckling and if pi < pt, ice cover fails by crushing. 
Substituting Equations (3) and (6) in the first inequality, it follows that the ice cover will 
fail by buckling when 

* < 3 ( i - ; ; ) q c t 2 . (?) 

As an example, if v = 0.34, y = 0.001 kg/cm3, E = 40 000 kg/cm2, and act = 20 kg/cm2 

then according to Equation (7) the ice cover will buckle when h < 27 cm x 10.5 inches. 
This result agrees reasonably well with the field observations reported by Rose (1947)-

According to the above analysis when Inequality (7) is satisfied, the largest force that the 
ice cover may exert on the long rigid structure is the buckling lo&dpb = 2(yD)4; otherwise the 
largest force is pt = acth. 

Next we review the calculation of the largest force an ice cover exerts on a ship hull, 
presented by Kheysin (1961); a problem closely related to the determination of ice forces on 
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isolated structures. Kheysin reduced this problem to the determination of a uniform pressure 
fi at Which a floating elastic semi-infinite plate, shown in Figure 3, will fail. He based his 
analysis on observations in the field that ice cover failures often occur in two stages: the 
formation of cracks which emanate from the points i and 2, followed by the buckling of the 
inner part of the ice cover which is formed by these cracks. 

Fig. 3. Ice pressing against a wall of limited length. 

For his analysis Kheysin assumed that the cracks are initiated by the largest shear stress 
along the edge 

( % ) « = »*»(<>» ±bM = ^ • (8) 

Choosing for the "shear strength" of the (sea-)ice cover aBt = 30 Mg/m2, and using the 
equation 

(ff*!/)max = CTSf, (9) 

as a crack criterion, he obtained from Equation (8) the pressure intensity which causes the 
formation of the cracks as 

pst » (94 Mg/m2) h. (10) 

To simplify the buckling analysis, Kheysin assumed that the two cracks which emanate 
from the points (o, ±4/a) are parallel to the #-axis, and that the formed ice strip buckles when 

/>b|cylbend = (yD)*. ( « ) 

Assuming v = 0.36, y = 1 Mg/m3, and E = 40 000 Mg/m2, the above equation reduces to 

px,\cyl bend = (62 Mg/m*) A». (12) 

Comparing Equations (10) and (12), Kheysin found that for o < i < S . 2 m , * which 
is the range of practical interest, the inequality 

pat >/>b|cyl bend) (*3) 

holds (although, according to Kheysin pst < pb, where pn is the buckling load of the un-
cracked, semi-infinite plate). Based on observations that an ice cover cracks prior to its 
destruction, Kheysin (1961) concluded that the largest ice force is given by pst, namely 
Equation (10). According to the above analysis, after the plate cracks, buckling takes place 
immediately, since ^b|Cyi bend < pst-

The above method is based on a number of questionable assumptions. Namely, that 
Equation (9) is a valid criterion, that the cracks are parallel and normal to the free edge, etc. 
It should also be noted that pb given in Equation (11) is the critical buckling pressure when 
the edge is free to rotate and displace vertically, which is usually not the case when the ice 
cover is in contact with a fixed vertical structure or the hull of a ship. Other shortcomings of 

* Note that in the previous example (Shadrin and Panfilov, 1962) E — 400 000 Mg/m2 was used. For this 
value of E the corresponding interval is 0 < h < 0.23 m. 
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Equation ( n ) are that the ice strip formed in the field is not of constant width and is con
strained along the entire length of the formed edges by the surrounding ice cover. Also, 
according to Nevel and others (1972), who conducted many closely related tests, the formation 
of radial cracks is not followed immediately by ice cover failure. Therefore, the results obtained 
by Kheysin, which are also reproduced in the book by Ya. N. Popov and others (1967, 
p. 60-62) should be used with caution. 

Afanas'yev and others (1971) published results of an extensive laboratory test program 
in which a number of thin floating ice plates (2.6 cm ^ h ^ 3.4 cm) were subjected to a 
horizontal force, by pressing a circular or a rectangular model pier against the free edge of the 
plate. According to these results, when bjh > 4 and the ice cover was not made more rigid by 
the proximity of the basin walls or the presence of simulated ridges, the ice plate failed by 
buckling. During these tests it was observed (p. 64) that at a certain intensity of the load, 
radial cracks formed in the plate. At a further increase of the load, the ice plate lifted along a 
nearly circular curve at a distance of about 14A from the pier. This was followed by a break
down of the ice field. 

Afanas'yev and others (1971) then presented an analysis for the semi-infinite ice plate 
pressing uniformly against a rigid wall, which is similar to the one given by Shadrin and 
Panfilov (1962) and discussed previously. The obtained results are also similar, namely, that 
for fresh-water ice the ice cover buckles when h < 30 cm and for salt-water ice when 
h < 20 cm. Thus, for cases for which these inequalities are satisfied, the buckling load is the 
largest force the ice cover can exert against the wall. 

Nevel and others (1972) presented results of extensive ice force tests conducted at GRREL. 
The test set-up was similar to the one described by Afanas'yev and others (1971), except that 
the used basin (6.3 m x 6 . 3 m) and the thickness of the tested plates (6.5 cm ^ h <! 22.4 cm) 
were larger in size. The description of the test results is also more complete. The test results 
with rectangular piers showed that for an average ice temperature of —4-3DC and h « 12 cm, 
the ice plate failed in buckling for bjh > 2. For circular piers, instead of the 6-value, the pier 
diameter D was used. From the presented test results it follows that for cold ice (—4.o°C) 
the ice plate buckled for Djh > 4.85 whereas for warmer ice (—2.7°G) buckling occurred 
for larger Djh ratios, namely Djh > 8.2. In some of these tests, it was observed that, as the 
load increased, cracks occurred as indicated in Figure 4. For rectangular piles (Fig. 4(a)) the 
cracks formed a funnel-shaped plate which buckled in the wider part. 

~45° 

Fig. 4. Form of cracking observed when an ice cover presses against a pier: (a) rectangular pier (left), (A) circular pier (right). 

According to the above test results by Afanas'yev and others (1971) and Nevel and others 
(1972), for rectangular piers a thin ice plate may fail in buckling for bjh > 2, and for circular 
piers for Djh > 5, ranges of practical interest. Thus, for a variety of isolated structures and 
relatively thin ice covers, the largest ice forces appear to be related to the buckling load of the 
ice cover and not to the local "crushing strength". 
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The results of the reviewed analyses for the determination of the largest force an ice cover 
may exert on a long vertical wall (for example a long dam), presented by Shadrin and Panfilov 
(1962) and Afanas'yev and others (1971), are in agreement with observations in the field, 
regarding occurrence of buckling failures. Therefore, it is reasonable to expect that if the 
material parameters are chosen properly, the largest ice force for problems of this type can be 
estimated using these analyses, namely, Equations (4) to (7). 

For the determination of the largest ice forces on isolated structures based on the buckling 
failure mode, only the analysis of Kheysin (1961) seems to be available. As shown above, 
this analysis is based on questionable assumptions. According to Kheysin, the failure load is 
the load at which the plate cracks, since buckling takes place immediately after the cracks 
form, which is not substantiated by the observations described by Afanas'yev and others (1971) 
and by Nevel and others (1972). 

The above findings suggest the need for an improved analysis for the determination of the 
largest forces an ice cover exerts on isolated structures, based on the buckling failure 
mechanism. Such an analysis is presented in the following section. 

3. DETERMINATION OF THE LARGEST ICE FORCE ON AN ISOLATED STRUCTURE 

Preliminaries 

According to the laboratory tests by Nevel and others (1972), when a pier with a flat 
surface presses against the free edge of a floating ice plate (or vice versa) then at a certain 
intensity of load radial cracks emanate from the loaded region, as indicated in Figure 4(a), 
and a further increase of the load leads to more radial cracks and finally to the buckling of the 
cracked region. A similar observation was also made by Afanas'yev and others (1971). These 
observations suggest that the largest force a relatively thin ice cover may exert on an isolated 
structure may be related to the buckling load of floating wedge-shaped plates. 

Fig. 5. Geometry of a floating wedge with a force P tending to buckle it. 

The buckling analysis of a floating wedge 
Consider a floating truncated wedge, as shown in Figure 5. It is assumed that the buckling 

load P\> may be determined approximately from the eigenvalue problem consisting of the 
differential equation 

[£/(*) w"Y+Pw'+k{x) w = o, o < x < 00, (14) 

the boundary conditions at the contact area 

w{o) = o, 1 
> (15) 

w'(o) = o, J 
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w(o) = o, "] 
y (16) 

w'(o) = o, J 
and regularity conditions at x = oo. In the above formulation, w(x) is a vertical perturbation 
of the wedge axis at x. Furthermore 

*(*) = y(M-***), "I 
f (17) 

£/(*) - D(b0+x<f>*), J 
where 

D = ~. - r , f* = 2 t a n - , (18) 
I 2 ( l — v2)' r 2 ' K J 

and y is the specific weight of the liquid base. The term (1 — v1) was inserted in the denomi
nator of EI(x) to account for plate action, as done by Papkovich (1962, p. 424—26) in con
nection with a related problem and discussed by Kerr (1976). 

Substituting Equations (17) into Equation (14) we obtain 

[D(b0+x<f>*) w"]"+Pw"+y{b0+x<l>*) w = o, o < x < 00, (19) 
a fourth-order equation with variable coefficients. For <£* = o (i.e. for <f> = o) and with 
b0 = 1 the above equation reduces to the equation with constant coefficients used by Kheysin 
(1961). 

Because of the nature of the variable coefficients, no exact closed-form solution is available. 
A numerical solution can be easily obtained using, for example, a finite-difference scheme, 
since the buckling mode is restricted to the vicinity of the contact region at x = o. However, 
the solution obtained will be valid only for the set of parameters assumed. 

For the method to determine PmM proposed in the following, an analytical expression 
which shows the dependence of the buckling load Pu on the various geometrical and material 
parameters of the floating ice wedge and the width of the structure, is more suitable. Noting 
that the representation of the buckling of a cracked ice cover by the buckling of a floating 
wedge is, at best, an approximation, it appears sufficient to solve the wedge formulation 
approximately. In the following such an analytical solution is obtained first using the Stodola-
Vianello method (Hildebrand, 1962, p. 200). 

For this purpose Equation (19) is rewritten as 
<f>* 

+4"4» = —h -ixw] (xwtT+irxwA-XhvS, (20) 

where 
y 

Assuming for wz the expression 
KJi(#) = Al exp (—KX) sin KX, (22) 

and substituting it into Equation (20), we obtain a non-homogeneous ordinary differential 
equation with constant coefficients for w(x). Its solution, which satisfies the boundary 
conditions of a simply supported edge, Equations (15), is 

w{x) = A1 exp (—KX) [A sin (KX) + (KA+B) X sin (KX)+BX cos (KX)], (23) 

where 

A = — x - , B = 1r¥rT . (24) 
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T h e first eigenvalue is obtained by substituting Equations (24) into the condition (Hilde-
brand, 1963, p . 216, equation 129) 

CO CO 

I w1
z(x) dx = Wj(x) w(x) dx. (25) 

Performing the necessary integrations and noting that A2 = Pj(Db0), we obtain the 
approximate buckling load 

(P*U =• 5-30*[«*o+**] . (26) 

If instead of the boundary conditions for a simply supported end the ones for a clamped 
end at x = o are used, the above procedure yields 

(P„) e = 8DK[2Kb0+4,*]. (27) 

Note, that in both cases the respective Px> expression consists of a sum of two terms: 

(DK*b0) a n d (£>Kcf>*), 

each multiplied by a constant coefficient. Thus, for the P^ expressions obtained, the different 
boundary conditions at x = o affect only these coefficients. 

T o check if the above two terms are representative of the buckling solution for the com
pressed wedge, the wedge problem is next solved again using the energy method. 

With the notation used above, the second variation of the total potential energy for the 
wedge problem shown in Figure 5, is 

CO 

K EI k P \ 
— tt/'2+-w2 a / 2 ] d x , (28) 

o 

where EI and k are given in Equations (17). Assuming 

w(x) — A exp ( — fix) sin fix, (29) 

as an approximate shape function, substituting it into F2, and performing the necessary 
integrations, we obtain 

A* 
Vz ~ 8j3* 

If /S is chosen a priori as 

6Dft0/3
4-J'Pa+Y!) £+,£* (aDp+Z (30) 

P = «' = (ff = 4**, (30 
the value which corresponds to the compressed semi-infinite plate, it follows that F2 = V2(A). 
The condition SF2 = o then reduces to 

dV2 . . 

-M=°- (32) 

The above equation yields 

(6Db0K'* + yb0l2-P*K'*) «'+^*(2JDK'4 + y/2) = O, (33) 

and thus 

Pb = 6ZV ^ ' ( I +-^-77)+^(^+ Y 
(34) 

12-DK' 4 / \ 3 IZDK'*) 

Noting that y/(i2-D/c'4) = 1/12 and K == 4**, the expression for P^ reduces to 

Px> = 3 - 5 ^ 4 3 - 7 ^ + f * ] - (35) 
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If ft is not fixed a priori, then V2 — VZ(A, p). The condition hV2 = o then reduces to 

(36) 
dV2 3V2 

The first equation is identical to Equation (32) and yields Equation (34) with K' = /S. Namely, 

Pb = 6Dp w(l-^)++*&W>jfi\ (37) 

The second equation in (36) yields, after eliminating Pb by using Equation (37), 

P(404./34-*oy/3)+**(a0/34/3-y/3) = 0 . * (38) 

This is the equation for the determination of /? which appears in Equation (37). 

Comparing Equation (35) with Equations (26) and (27) it follows that it is of the same 
functional form as these two equations except for the constant coefficients. 

In order to compare the approximate expressions obtained for the buckling load Pt, with 
each other, they were evaluated for E = 30 000 kg cm2, v — 0.34, y = 0.001 kg/cm-, b0 = 20 
cm, and h = 10 cm. The results are shown in Figure 6. 

35 

30 

25 

20 

15 

!0 

f- v p
b 

/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

/ 
/ 

/ 

/ / 
/ / 

/ / 
e q . ( 2 7 ) / e q . , 2 6 ) /

/ e q • ( 3 5 , 

/ / y^- feq. (37) 
/ ^ > ~)eq. |38) 

/ 

/ 

4> 
0 10° 20° 30° 40° 50° 60° 

Fig. 6. Critical buckling loads for a floating wedge. Pt, = sb0(yD)K The numbers by each curve indicate equation numbers 
in the paper. 

* Note that this equation may be obtained directly from the condition dPbjdfl = o. 
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Proposed method to determine Pmax 

When an actual ice cover presses against a bridge pier or the leg of a drilling platform, the 
boundary conditions at the contact area between ice and structure will fluctuate, depending 
on a number of factors. Also, the value <f> is usually not a measurable entity since according 
to test observations, at the onset of buckling, the ice cover exhibits many radial (and some 
non-radial) cracks. 

It is therefore proposed to express the largest force an ice cover exerts on an isolated 
structure (when buckling dominates) by the expression 

-Pmax = n'DK{Kb0+m'), (39) 

where according to Equations (18) and (21), 

D 
Eh> _ / _ y \ * 

12(1-**) ' \4DJ ' 

and n' and m' are parameters to be determined from field tests. 
Since the effective values of £ and v will depend upon the nature of the pre-cracked plate, 

the term E/[i2(i— v2)~\ = E* should be determined from the same test data. Thus, the 
proposed expression for Pmax is 

P*** = n(yE*W)* ( ^ y A0+mj , (40) 

where y is the specific weight of the liquid base, h is the ice-cover thickness, and b0 is the width 
of pier. The parameters m, n, and E* are to be determined from appropriate test results. 

It is anticipated that m, n, and E* will vary for different categories of problems and 
different ice temperatures (in particular in the vicinity of the melting temperature). This 
point, as well as the validity of Equation (40) to represent PmBK (when the buckling failure 
mode predominates), can only be established by comparing it with the relevant results of 
laboratory and field tests. 

ACKNOWLEDGEMENT 

The author wishes to thank G. E. Frankenstein, A. Assur, D. E. Nevel, and F. D. Haynes 
from CRREL for participating in helpful discussions on the subject of ice forces and for 
reviewing the manuscript before publication. 

MS. received 28 July igj6 and in revised form 21 January 197J 

R E F E R E N C E S 

Afanas'yev, V. P. 1968. Opredeleniye prochnosti l'da pri raschete gidrotekhnicheskikh sooruzhenii [Determina
tion of strength of ice in the design of hydraulic structures]. Gidrotekhnicheskqye StroiteVstvo, No. 5, p. 48-51. 

Afanas'yev, V. P. 1972. Davleniye l'da na vertikal'nyye pregrady [Ice pressure on vertical structures]. Transport-
noye StroiteVstvo, Tom 3, p . 47-48. [English translation: Canada. National Research Council. Technical Transla
tion 1708, 1973.] 

Afanas'yev, V. P., and others. 1971. Davleniye l'da na morskiye otdel'no stoyashchye opory [Ice pressure on 
isolated structures in the sea]. [By] V. P. Afanas'yev, Yu. V. Dolgopolov, Z. I. Shvayshteyn. Trudy 
Arkticheskogo i Antarklieheskogo Nauchno-IssledovateV skogo Instituta, Tom 300, p . 61-80. [English translation: 
U.S. Cold Regions Research and Engineering Laboratory. Draft Translation 346, 1972.] 

Albenga, G. 1921. Thrust of ice against dam. Annali dei Lavori Pubblici, Vol. 3, p. 71-74. 
Assur, A. [1974.] Structures in ice infested waters. (In [International Association of Hydraulic Research.] 

I.A.H.R. symposium: ice and its action on hydraulic structures, Leningrad, USSR, zd-zg September 1972. [Leningrad, 
International Association of Hydraulic Research], [Vol. a] , p . 93-97.) 

Barnes, H. T. 1906. Ice formation. New York, John Wiley and Sons. 
Barnes, H. T. 1928. Ice engineering. Montreal, Renouf Publishing Co. 

https://doi.org/10.3189/S0022143000198028 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000198028


134 J O U R N A L OF GLAGIOLOGY 

Drouin, M. 1968. Static ice force on extended structures. Canada. Motional Research Council. Associate Committee 
on Geotechnical Research. Technical Memorandum No. 92, p. 95-108. 

Gold, L. W., and Williams, G. P., comp. 1968. Ice pressures against structures. Canada. Motional Research Council. 
Associate Committee on Geotechnical Research. Technical Memorandum No. 92. 

Hetenyi, M. 1946. Beams on elastic foundation. Ann Arbor, University of Michigan Press. 
Hildebrand, F. 1963. Advanced calculus for applications. Englewood Cliffs, N.J., Prentice-Hall. 
Ice seminar. 1969. Ice seminar: a conference sponsored by the Petroleum Society of G.I.M., Calgary, Alberta, 

May 6-7, 1968. Canadian Institute of Mining and Metallurgy. Special Vol. 10. 
Jumppanen, P. [1974.] Ice thermal loads against walls of water reservoirs. (In Karlsson, T., ed. Proceedings, the 

second International Conference on Port and Ocean Engineering under Arctic Conditions. University of Iceland, Dept. of 
Engineering and Science, Reykjavik, Iceland, August 27-30, igj$. [Reykjavik, University of Iceland], p. 679-702.) 

Kerr, A. D. 1976. The bearing capacity of floating ice plates subjected to static or quasi-static loads. Journal of 
Glaciology, Vol. 17, No. 76, p . 229-68. 

Kheysin, D. Ye. 1961. Opredeleniye vneshnykh nagruzok deystvuyushchikh na korpus sudna pri ledovom 
szhatii [Determination of external loads which act on the hull of a ship caused by compression of the ice 
cover]. Problemy Arktiki i Antarktiki, Vyp. 7, p. 25-31. 

Komarovskiy, A. N. 1932-33. Deystviye ledyanogo pokrova na sooruzheniya i b.orba s nim [Effect of an ice cover on structures 
and ways to combat it]. Moscow, Gosenergoizdat. 2 vols. 

Korzhavin, K. N. 1962. Vozdeystviye I'da na inzhenernyye sooruzheniya [Action of ice on engineering structures]. Novo
sibirsk, Izdatel'stvo Sibirskogo Otdel, Akademiye Nauk SSSR. [English translation: U.S. Cold Regions Research 
and Engineering Laboratory. Draft Translation 260, 1971.] 

Michel, B. 1970. Ice pressure on engineering structures. U.S. Cold Regions Research and Engineering Labora
tory. Cold regions science and engineering. Hanover, N.H., Pt. I l l , Sect. Bib. 

Nevel, D. E. 1968. Lifting forces exerted by ice on structures. Canada. Motional Research. Council. Associate Com
mittee on Geotechnical Research. Technical Memorandum No. 92, p. 155-61. 

Nevel, D. E., and others. 1972. Ice forces on vertical piles, by D. E. Nevel, R. E. Perham and G. B. Hogue. 
Proceedings of the 1972 Army Science Conference, U.S. Military Academy, West Point, M.T. Washington, D.G., [U.S.] 
Army Research Office, Vol. 3, p . 104—14. 

Panfilov, D. F. 1965. O davlenii l'da pri izmenenii temperatury [On the pressure of ice caused by the change in 
temperature]. Trudy Koordinatsionnykh SoseshchanU po Gidrotekhnike, Vyp. 17, p. 256-65. [English translation: 
U.S. Cold Regions Research and Engineering Laboratory. Draft Translation 422, 1972, p. 260-69.] 

Papkovich, P. F. 1962. Trudy po stroiiel'noy mekhanike korablya [Collected works on naval structural mechanics]. [Edited 
by] V. V. Tekimov. Tom 1. Leningrad, Sudpromgiz. 

Popov, Yu. N., and others. 1967. Prochnost' sudov plavayushchikh vo I'dakh [Strength of ships which operate in ice]. [By] 
Tu. M. Popov, O. V. Fadeyev, D. Ye. Kheysin, A. A.Xakovlev. Leningrad, Izdatel'stvo Sudostroyeniye. 

Rose, E. 1947. Thrust exerted by expanding ice sheets. Transactions ASCE, Vol. 112, Paper No. 2314, p . 871-85. 
Schwarz, J . [1971.] The pressure of floating ice-fields on piles. (In [International Association of Hydraulic 

Research.] I.A.H.R. symposium: ice and its action on hydraulic structures, Reykjavik, Iceland, [8]—10 September iQ7°-
[Delft, International Association of Hydraulic Research], paper 6.3.) 

Shadrin, G. S., and Panfilov, D. F. 1962. Dinamicheskoye davleniye l'da na gidrosooruzheniya [Dynamic 
pressure of ice on hydraulic structures]. Izvestiya Vsesyuznogo Mauchno-Issledovatel'skogo Instituta Gidrotekhniki, 
Tom 69, p. 175-94. [English translation: U.S. Cold Regions Research and Engineering Laboratory. Draft Translation 
348, 1972.] 

https://doi.org/10.3189/S0022143000198028 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000198028

