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ABSTRACT. A finite-element solution of the time-dependent mass-continuity 
equation for column-averaged ice-sheet flow and sliding is applied to the Antarctic 
ice sheet. First, a calibration of the model to the steady-state present ice-sheet 
configuration is presented. With fitted values of the parameters describing the regions 
of sliding, the degree of bed coupling and the ice hardness, a change in the mean 
annual sea-level temperature is used to simulate variation of the climatic conditions 
over Antarctica for both warming and cooling of the climate. Paradoxically, a 
climate warming of up to 9 deg leads to an increase in ice volume, while cooling leads 
to decreasing ice volume as long as the present margins of Antarctica are maintained. 
Some extreme simulations of the Antarctic ice sheet for "maximum over-riding" and 
"minimum warm climate" are shown for situations where the present bed conditions 
are altered. Finally, a time-dependent simulation shows the response of the ice-sheet 
system to cyclical variations in the simulated climate, demonstrating the lag of the 
ice-sheet response to be approximately 2700years. 
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Net accumulation/ablation rate 
Flow-law parameter 
Ablation rate 
Accumulation rate 
Fitting constant corresponding to the lapse rate 
Sliding-law parameter 
Fitting constant 
Fitting constant 
Saturation vapor pressure 
Saturation vapor-pressure exponent 
Fraction of velocity due to sliding 
Acceleration of gravity 
Ice-surface elevation 
Ice-column thickness 
Linearization constant for constitutive 
relationship 
Distance from the pole 
Sliding-law exponent 
Flow-law exponent 
Annual accumulation of positive degree days 
Seasonality factor for the Ith month 
Seasonality factor for the Ith month 
Seasonality factor 
Densi ty of ice 
Ice-surface second derivative 
Ice-surface gradient 
Mean annual free atmosphere isothermal layer 
temperature 
Mean annual air temperature at sea level 

U Column-averaged velocity 
UF Column-averaged velocity due to flow 
Us Column-averaged velocity due to sliding 
W Fitting constant 
X Fitting constant 
Z Fitting constant 

INTRODUCTION 

Models of the steady-state configuration of the Antarctic 
ice sheet have been used to explore the derived 
characteristics (Budd and others, 1971; Jenssen and 
others, 1985), while time-dependent models have been 
used to hindcast the response of the ice sheet to climatic 
variations (Oerlemans, 1982; MacAyeal, 1989; Huy
brechts, 1990) . These models have been employed to 
determine balance velocities and basal stress maps which 
can be compared with the increasing quantity of field 
evidence (Alley and others, 1986; Bindschadler and others 
1987, 1989; Shabtaie and Bentley, 1987; Whillans and 
others 1987; Shabtaie and others, 1988). 

Controversy exists concerning the behavior of the ice 
sheet during the last ice age, especially with respect to its 
response during the termination. Local alpine glaciers 
mayor may not have responded in the same way that 
larger outlet glaciers, themselves measures of the larger 
ice sheet, behaved. To unravel the chronologies of such 
critical regions as the Dry Valleys (Denton and others, 
1987) requires an understanding of the interactions 
between such different systems. 
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Understanding how the ice sheet will behave in 
response to such human-moderated climatic changes as 
the potential CO2 warming requires such modeling 
experiments. While on the surface a climate warming 
might be expected to result in the reduction of ice in 
Antarctica, there exists the potential for some limited 
growth, due to the increasing accumulation rates that 
warmer temperatures might produce. With so little 
ablation in present Antarctica, a considerable warming 
would need to occur before the increasing ablation 
dominated the simultaneously increasing accumulation 
rates. 

In this paper, a solution to the time-dependent mass
continuity equation using the finite-element method is 
presented. Like any continuity-driven model, the primary 
input consists of the mass balance at a particular time or 
point in the modeled region. For models dealing with 
derived characteristics or steady-state configurations of 
the present ice sheet, the present, albeit incompletely 
known, accumulation patterns suffice. Time-dependent 
studies of the ice sheet's past or future behavior require 
some parameterization of the ice-sheet climate with a 
sufficiently simple "knob" that can be adjusted to reflect 
experienced or expected climatic change. Only with such 
a parameterization can one address such questions as 
whether the ice sheet will shrink or grow in response to 
CO2 warming, or how the ice sheet changed during the 
last ice age and its termination. 

As the ice sheet grows or shrinks in response to 
changing climate, it will necessarily affect its own climate 
in a complex fashion. While the ideal might be to couple 
the ice-sheet model with a global-circulation model to 
predict changing mass-balance patterns, this is at present 
impractical. A more tractable approach is to define a 
parameterization of the ice-sheet climate in terms of 
simple meteorological quantities such as the ambient air 
temperature over the ice sheet or the potential water
vapor content of the atmosphere. Such a mass-balance 
scheme should have the potential for both increasing 
ablation rates as well as increasing accumulation rates as 
the climate warms. 

The mass-balance scheme presented here depends 
primarily on the specified mean annual sea-level 
temperature as the "knob" with which we adjust 
climate. The temperature at any point on the ice sheet 
is obtained from an adiabatic lapse rate, from which the 
saturation vapor pressure at elevation is calculated. From 
this quantity, an accumulation rate dependent upon 
surface elevation and slope can be obtained by fitting to 
present accumulation rates. Ablation rates can be 
estimated by applying a seasonality factor which 
simulates the seasonal variation in temperature. Compar
ison with regions of Greenland, where ablation is 
presently occurring, allows parameterization of this 
process. Net mass balance is then simply the difference 
between these two rates. 

THE MODEL 

Glaciological equation. 

This model has been described in detail in Fastook and 
Chapman (1989) and Fastook (1990). The model consists 
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of a finite-element solution of the two-dimensional (map
plane) time-dependent mass-continuity equation, given 
in terms of the net annual mass balance, a, by the 
following expression. 

v.u=a-':::. (1) 

To cast this as a differential equation, one must relate 
the flux, u, to the ice-surface elevation, h, through a 
constitutive equation. For non-Newtonian fluids, such as 
ice, this involves a non-linear relationship depending on 
the ice-surface elevation, the thickness and the surface 
slope. 

We can, however, linearize this by absorbing all 
dependencies on h and all non-linearities in the surface 
slope into a spatially non-uniform proportionality 
constant k(x, y). This constitutive equation, relating ice 
flux to surface slope, can be expressed by 

u = -k(x, y)Vh = UH. (2) 

The material coefficient k(x, y) is dependent upon the 
form of the flow and sliding laws. 

We use Glen's flow law (Glen, 1955) for the 
component of velocity due to internal deformation of 
the ice, given by the following expression. 

UF = _2_ [pgIVhl] n ~+l . 
n+2 A 

(3) 

The sliding law used here is a general relationship for 
beds at the melting point developed by Weertman (1957, 
1964) and given by the following expression. 

Us = [P91;hl]mJPl. (4) 

The column-averaged ice velocity for a combination 
of these two modes of motion is 

U = IUs + (1 - I)UF (5) 

where I is the fraction of velocity due to sliding. For 
existing ice sheets, I can be used as a parameter to "tune" 
the model. For reconstructing ice sheets from the past and 
for extrapolating future behavior, I can be estimated 
from various erosional features found in the glacial 
geologic record (Hughes, 1981). 

The form of k(x, y) is obtained by combining 
Equations (3), (4) and (5), and substituting into 
Equation (2): 

k(x,y) = _(/[~]m IF+1IVhlm-1 

+ (1 - I) [n! 2] ['1] n ~+2IVhln-l). (6) 

This shows the dependence of the material coefficient 
on ice density, gravity, flow-law constant and sliding-law 
constant (both of which are dependent on ice temper
ature, ice-crystal size, impurity content, etc.), ice thick
ness and surface gradient. 

Substituting the constitutive law expression for u from 
Equation (2) into continuity Equation (I) yields the 
following differential equation in h. 
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V· (-k(x,y)Vh) = a -: . (7) 

The presence of k(x, y) in the continuity equation 
incorporates the physics of the flow and sliding laws into 
the problem, since its form depends on the form of the 
flow and sliding law. Different treatments of the flow and 
sliding process change the form of k(x, y) but do not affect 
the method with which the problem is solved. An entirely 
different sliding relationship can be substituted without 
materially affecting the finite-element method of obtain
ing a solution to this equation. 

The finite-element lDethod 

The finite-element method is especially well suited for 
solving equations such as Equation (7). The method 
assumes linear spatial interpolants for the solution of this 
differential equation, turning the problem into a set of 
algebraic equations which can be solved by ordinary 
matrix methods (Becker and others, 1981). The solution 
of these algebraic equations corresponds to the values of h 
at each of the nodal points defining the grid of elements 
used to represent the domain of the problem. Boundary 
conditions can either be specified ice-surface elevations or 
specified ice fluxes across the boundary. Material 
properties (such as the linearization constant, the net 
accumulation rate, the flow-law constant, the sliding-law 
constant or the fraction of the velocity due to sliding) can 
be specified for each node. 

Due to the non-linearity in the equation represented 
by the linearization constant, k(x, y) , we must proceed to 
the solution by an iterative technique. Initially, a uniform 
value is chosen for k(x, y) and a solution for h at each 
node is found. From this a new non-uniform k(x, y) is 
obtained from Equation (6) and a new solution for h is 
obtained. This process is repeated a handful of times until 
the values of the solution stop changing. 

The mass-balance relationship 

The primary input, besides the bedrock topography, is 
the mass balance at each node. In modeling existing ice 
sheets, measured values of accumulation rates can be 
used. However, if experiments dealing with changing 
climate are desired, some self-consistent mass-balance 
relationship that accounts for changes in the ice 
configuration is necessary. In the ideal, we would couple 
such an ice-sheet model with a global-circulation model 
(GCM), so that changing topography and albedo would 
enable us to affect the ice sheet's own climatic conditions. 
With GCMs too expensive and complicated, a simpler 
parameterization of the ice-sheet's effect on local climate 
is required for efficient experimentation. We developed a 
mass-balance relationship based on empirically fitting to 
present Antarctic accumulation rates. This relationship 
depends on surface elevation, surface slope, and latitude. 
Complementary ablation rates are based on south 
Greenland mass-balance data, and are appropriate for 
modest warming of the Antarctic climate. The climate is 
adjusted by varying the mean annual sea-level air 
temperature, TNSL , which provides a starting point for 
all temperature calculations at present sea level. We 
understand the limitations of this very simplified model of 
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the mass balance but feel that it is an appropriate 
approximation to the actual situation. 

The mass-balance relationship follows Fortuin and 
Oerlemans (1990) with modifications suggested by J ouzel 
and Merlivat (1984) and Braithwaite and Olesen (1989) . 

Basically, this involves an annual average surface 
temperature (Ts, QC) derived from a lapse rate 
(AL ,QC km- I) and modified for distance from the pole 
(BL QC Q lat.-I) 

Ts = ALh + BLLAT + C + TNSL + 14.0. (8) 

From this a free atmosphere-isothermal layer tem
perature (TF' K) is obtained from a standard meteor
ological relationship. 

TF = 0.67(Ts + 273.0) + 88.9 . (9) 

This temperature is used to calculate the saturation 
vapor pressure (Es, mbar) from a standard meteorolog
ical relationship. 

TERM1 = -9.09718(273.16/TF - 1.0) (10) 

TERM2 = -3.566541og(273.16/TF) (11) 

TERM3 = -8.76793(1.0 - TF/273.16) + 0.785835 (12) 

Ex = TERM1 + TERM2 + TERMJ (13) 

Fs = lOEx . (14) 

Finally, accumulation rate (AAce, m year- I ice equiv
alent) is obtained from a fit of accumulation rate as a 
function of saturation vapor pressure and surface slope 
(SLOPE m km -I ). 

Ace = WEs + XSLOPE + Z. (15) 

Ablation is modeled by calculating the number of 
positive degree days based on assumptions of the 
seasonality as a function of latitude. A seasonality factor 
is calculated that represents incoming solar radiation at 
the top of the atmosphere as a function of latitude and 
month. From published values (Sellers, 1965), we obtain 
a latitudinal slope, QSl (ly d-I Q lat.-I), and intercept, 
QSl (ly d- I), from which an annual mean is calculated by 
the following expression. 

1 12 

Qy = 12~)Qh - QSILAT). (16) 
1=1 

A monthly mean temperature (QC) is calculated from 
the mean annual temperature as a function of the 
difference between the annual mean and the monthly 
solar radiations. The proportionality constant is obtained 
by linear regression from 28 stations where measured 
monthly temperature and calculated solar radiation 
could be compared (Schwerdtfeger, 1984). 

TI = Ts + 0.021((Qh - QSILAT) - Qy). (17) 

The annual sum of positive degree days 

12 

lbn = L30Ti 
1=1 

is used to calculate the ablation rate 

(18) 
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ABL = O·OO6lbD (19) 

where the proportionality constant applies to West 
Greenland ablation data (Braithwaite and Olesen, 
1989). Finally, the net mass balance is the difference 
between these two. 

a = Ace - ABL . (20) 

Fortuin and Oerlemans (1990) estimated parameters 
for the various fitting equations from available Antarctic 
data. We have used the Scott Polar Research Institute 
map (Drewry, 1983) as digitized by Budd. These data 
provide surface elevation, ice thickness, bedrock elev
ation, surface temperature, accumulation rate and 
balance velocity for a 20 km grid centered on the South 
Pole (241 x 241 grid). We differ slightly from their 
published values in that we have lumped together the 
escarpment and interior values while excluding the ice 
shelves. This was done to avoid a discontinuity in mass
balance values that their curves generated at the escarp
ment/interior boundary. 

The following are the values obtained for the monthly 
seasonality factors. For Q/r we use 960, 1036, 1200, 825, 
330,90, 150, 600, 1200, 1020, 930 and 850°C. For QS[, 
we use 0.667, 4.6, 11.667, 9.167, 3.667, 1.0, 1.0, 1.667, 
6.667, 12.0, 6.333, 0.333 and - 3.333°C ° 1at. Other fitting 

2600 

520 

-520 

--0-- outJine 
_ 0.100 
_ 0.200 

_ 0 .300 

• 0 .400 

~ • 0,500 
_ 0.600 

-2600 

a 

b 

170 

-2600 -1560 -520 520 

x (km) 

-2600 
-2600 -1560 -520 520 

X (km) 

1560 2600 

~ outline 
_ 0.000 

• 0.100 

- 0 .200 
--..- • 0.300 
-()-- • 0.400 

- 0.500 

1560 2600 

Fig. 1. Comparison of present Antarctic mass balance (a) 
with that obtained from Equation (20) (myear-1 Jee 
equivalent) (b). 

parameters obtained include AL = -9.623 x 10-3 °C m- I, 
B = -O.5469°Co lat., C = 24.98°C, W = 0.1914myear-1 

mbar-I, X = 9.2228 x 10-3 m year-I and Z = -7.389 x 
10-3 m year-I, where these are all obtained by linear 
regression with the Scott Polar Research Institute map 
data. 

Figure 1 shows a comparison between the fitted values 
generated by Equation (20) and those presented by 
Drewry (1983). Major discrepancies occur mainly in the 
Antarctic Peninsula region and along the Amundsen Sea 
coast where the fit consistently underestimates the net 
accumulation rates. 

Calibration of the model 

With a mass-balance relationship such as the one 
described in the previous section, we can begin to look 
at the effects of warming or cooling the climate of 
Antarctica. To see the subtle effects that such changes 
produce, we must be confident that the other unknown 
parameters are defined in such a way that for the present 
climate we will obtain a steady-state configuration for the 
ice sheet which agrees well with the present configuration. 

This is done in an iterative fashion by defining the 
spatially non-uniform linearization constant, k(x, y) from 
the present ice-sheet surface. But first we must define all of 
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Fig. 2. Comparison of present Antarctic surface elevation 
(a) with that obtained by fitting with sliding fraction, 
flow-law parameter and sliding-law parameter (m above 
present sea level) (b) . 
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the 1772 nodal-point values of the flow-law constant, the 
sliding-law constant and the fraction of the velocity which 
is due to sliding (A,B and f in Equation (6)). 

We do this by initially assuming a uniform value for 
each of these parameters, obtaining a solution, h, for 
several time steps, and then examining each of the nodal
point surface-elevation values relative to the known 
elevation at that point. The various values of the 
parameters are then adjusted in a direction that will 
improve the fit . For example, if the surface is too high at a 
particular node, the flow- and sliding-law constants will 
be reduced and the fraction of sliding will be increased, 
thereby tending to reduce the surface elevation at this 
point and improving the fit . 

This process is repeated for all the nodes collectively, 
until the surface attains a reasonable fit or until the 
parameters go outside some reasonable range of values. 
For instance, the sliding fraction cannot exceed 1 nor be 
less than 0, and the range of ice-hardness values is in some 
sense prescribed by the temperatures. A few dozen passes 
of this iterative process usually suffice to obtain a good fit, 
which is shown in Figure 2. 

Figure 3 shows the distribution of the sliding fraction 
that was obtained in this fitting process. Note the almost 
complete dominance offlow throughout the interior of the 
ice sheet. Sliding only occurs in localized regions around 
the margin of the ice sheet and in regions known to be 
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Fig. 3. Distribution of sliding fraction obtained in the 
fitting process. 

associated with ice streams, such as the ice streams along 
the Siple Coast, the ice streams that feed the Amery Ice 
Shelf and Pine Island and Thwaites Glaciers, as well as 
some of the major outlet ice streams that flow through the 
Transantarctic Mountains. In addition, there is a large 
region of sliding surrounding and to the east of the 
Filchner-Ronne Ice Shelf. Qualitatively, this agrees well 
with where sliding might be expected to occur. 

Figure 4- shows the distribution of the flow-law 
parameter that was obtained in this fitting process. The 
bulk of the values in regions where flow dominates are 
between 2.5 and 3.5 baryeart, with an average value of 
2.97 for the 850 nodes (out of 1316 ice-covered nodes) 
with sliding fraction less than or equal to 0.1. In addition, 
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Fig. 4. Distribution of flow-law parameter obtained in the 
fitting process (bar yeart ) . 

note that the higher values (i.e. harder ice) tend to occur 
further from the coast where the ice is in general cold er. 
The regions of soft ice corresponding to small flow
parameter values occur mainly in areas where sliding 
dominates so these do not affect the ice-sheet surface 
elevation. 

The distribution of the sliding parameter is similar to 
the d istribution of the flow-law parameter, again with 
extreme values occurring mainly in regions where flow 
dominates. Because of the limited areas where sliding 
dominates this is not shown. In regions where the sliding 
dominates (466 nodes out of 1316 for sliding fraction 
greater than 0.1 ), the average value of the sliding 
parameter is 0.0277 bar yeart. In regions where the 
sliding fraction is particularly high (greater than 0.9), the 
sliding parameter is lower, with an average value of 
0.0129 for 217 nodes. This could reflect the fact that 
regions of high sliding fraction are controled by some 
mechanism that leads to greater decoupling of the bed, 
such as deformable sediments. 

SENSITIVITY TESTS OF THE MODEL 

Variation of the sea-level mean lUlIlual air 
telDperature 

To see the effect of variation of the climate on the volume 
and areal extent of the Antarctic ice sheet, a number of 
experiments were performed for various values ofTNSL. In 
each case, the value of the mean annual sea-level 
temperature was adjusted, and the model allowed to 
run for 9000 years, a time period that approximated 
equilibrium conditions. In this time period, the major 
adjustments in the shape and respons,e of the ice sheets 
have occurred, although there is still an adjustment 
remaining as the high-elevation, low accumulation-rate 
parts of the ice sheet equilibrate. These further adjust
ments are small and, since the climate system rarely 
remains in the same state for much longer than 
10 000 years, this response was not considered to be 
important. Shown in Table 1 are flotation volume, total 
volume, areal extent, average thickness and maximum 
surface elevation for various values ofTNsL. The flotation 
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Table 1. Flotation volume, total volume, area, average 
thickness and dome elevation as a Junction of TNSL 

TNSL Flotation Total Area Average Maximum 
volume volume thickness elevation 

°C Mkm3 Mkm3 Mkm2 m m 

-24 19.2308 22.4171 12.9491 1485 3745 
-22 19.5653 22.8920 13.1091 1492 3762 
-20 19.9257 23.3951 13.2391 1505 3781 
-18 20.2936 23.7694 13.2091 1536 3802 
-16 20.7041 24.2962 13.2990 1557 3826 
-14 21.1255 24.8246 13.3890 1578 3853 
-12 21.5264 25.3507 13.4890 1596 3883 
-10 21.8475 25.7289 13.4890 1620 3916 
-9 21.9341 25.7865 13.3690 1641 3933 
-8 22.0108 25.8417 13.2890 1656 3952 
-7 21.9983 25.7512 13.0791 1682 3971 
-6 21.7804 25.3779 12.7091 1714 3992 
-5 21.5188 24.9209 12.3091 1748 4013 
-4 20.8359 23.6676 11.4492 1820 4035 
-2 19.7050 21.7596 10.3493 1904 4081 

Table 2. Ratios of flotation volume, total volume, area, 
average thickness and dome elevation to the configuration 
for -14°C as afumtion OJTNSL 

TNSL Flotation Total Area Average Minimum 
volume volume thickness elevation 

°8C Mkm3 Mkm3 Mkm2 m m 

-24 0.910 0.903 0.967 0.941 0.972 
-22 0.926 0.922 0.979 0.946 0.976 
-20 0.943 0.942 0.989 0.954 0.981 
-18 0.961 0.957 0.987 0.973 0.987 
-16 0.980 0.979 0.993 0.987 0.993 
-14 1.000 1.000 1.000 1.000 1.000 
-12 1.019 1.021 1.007 1.011 1.008 
-10 1.034 1.036 1.007 1.027 1.016 
-9 1.038 1.039 0.999 1.040 1.021 
-8 1.042 1.0n 0.993 1.049 1.026 
-7 1.041 1.037 0.977 1.066 1.031 
-6 1.031 1.022 0.949 1.086 1.036 
-5 1.019 1.004 0.919 1.108 1.042 
-4 0.986 0.953 0.855 1.153 1.047 
-2 0.933 0.877 0.773 1.207 1.059 

volume differs from the total volume in that it is the part 
of the ice sheet that would contribute to sea-level rise if 
the entire ice sheet were melted. This part of the column 
does not contribute to the rise in sea level and hence is not 
included in the volume calculation. 

Table 2 shows the same results normalized with 
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respect to the present configuration, which corresponds to 
a value for TNSL of -14°C. Figure 5 shows the same results 
in a graphical form. Note that the maximum increase in 
volume occurs for a temperature increase of 6 deg, and 
that both average thickness and dome elevation continue 
to increase as the temperature warms. This is due to the 
increasing accumulation rates at high elevations, a 
consequence of the increasing saturation vapor pressure 
as the climate warms. While ablation rates also increase, 
their effect is primarily at lower elevations which results in 
a decrease in the areal extent of the ice sheet as the 
climate warms. 

ExtreDle configuration. 

Maximum configuration 
A maximum configuration for the ice sheet is attained by 
removing certain of the conditions that are derived for the 
"best-fit" configuration. First, all sliding conditions are 
removed. This effectively removes all ice streams and ice 
shelves. These regions of fast flow or low bed coupling 
lower the surface both in their immediate vicinity as well 
as upstream in their catchment areas. Since the 
distribution of sliding is changed, keeping the distrib
ution of flow-law parameters shown in Figure 4 is 
unreasonable. Hence the flow-law parameter is set to a 
value of 3.0 bar year! everywhere. Beginning from the 
"best-fit" configuration, the model is allowed to adjust to 
the new boundary conditions. Table 3 shows the volumes, 
area, average thickness and dome elevation as a function 
of time as this system comes to equilibrium. It would be 
expected that such a configuration would develop its own 
distribution of sliding zones around the margin, but these 
have not been included, and hence this ice sheet is 
somewhat simplified. Figure 6 shows the surface-elevation 
contours for this maximum configuration after 
50 000 years. The total volume for this simulation is just 
over twice the present volume. 
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Table 3. Flotation volume, total volume, area, average 
thickness and dome elevation for the maximum configur-
ation as a function of time 

Time Flotation Total Area A.verage Minimum 
volume volume thickness elevation 

Years Mkm3 Mkm3 Mkm2 m m 

0 2l.26 25.18 13.68 1554 3854 
1000 23.65 28.74 15.07 1570 3876 
2000 25.84 31.52 15.21 1699 3902 
3000 27.71 34.05 15.48 1790 3927 
4000 29.39 36.49 15.83 1856 3951 
5000 30.90 38.56 16.01 1930 3974 
6000 32.17 40.34 16.19 1987 3995 
7000 33.30 4l.94 16.34 2038 4016 
8000 34.28 43.24 16.40 2090 4036 
9000 35.10 44.31 16.44 2135 4055 
10000 35.79 45.16 16.45 2176 4073 
20000 39.78 50.06 16.50 2411 4236 
30000 4l.49 52.09 16.50 2515 4367 
40000 42.39 53.14 16.51 2568 4481 
50000 42.88 53.71 16.51 2597 4581 
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Fig. 6. Maximum configuration, surface elevation (a) and 
thickness (b) for all nodes meteorological mass balance, 
with flow-law parameter equal to 3.0 and no sliding. 

F astook and Prentice: A. Jmite-elemmt model of Antarctica 

Minimum configuration 
Of course, with sufficiently high temperatures and 
ablation rates the entire Antarctic ice sheet can be 
removed. However, for what one might consider a 
"reasonable" warming, a residual ice sheet is left in 
major parts of the continent. With a warming of 20 deg 
(from -14°C at sea level to +6°C) the ice configuration 
obtained is shown in Figure 7. This, like the maximum 
configuration, is a simplification of the actual ice sheet, 
since in this case we have preserved the present sliding 
zones, as well as the flow-law spatial distribution. One 
would expect that these would change as the ice sheet 
diminished in volume and area, with local zones of sliding 
along the margin evolving. This would manifest itself as 
lower surface slopes along the reduced ice-sheet margin, 
which would in turn lower the interior elevations 
somewhat. This could result in greater ablation on the 
reduced ice sheet, and it might shrink further from the 
displayed configuration. However, given the simplified 
boundary conditions, the ice sheet does not disappear, 
even for a warming of 20 deg. 

To demonstrate this, the ice sheet is prescribed to have 
sliding conditions everywhere. This situation results in the 
equilibrium configuration shown in Figure 8. While the 
outline of the residual ice sheet is similar, the ice in the all-
sliding case is almost 1000 m thinner in the interior of the 
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Fig. 7. Minimum configuration, surface elevation (a) and 
thickness (b) for a warming of 20 deg (T NSL = + 6) 
and the cc best-fit" sliding distribution preserved. 
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Fig. 9. Comparison of total volumes versus time for the 
cases shown in Figures 7 and 8. 
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Fig. 10. Total volume versus time shown with the TNSL 

curve to show the lag in the ice sheet's response. The dashed 
line is the driving parameter and the solid line is the 
system's response. 

ice sheet. In addition the ice sheet equilibrates much more 
quickly. Figure 9 shows total volumes as a function of 
time for both the situation where the sliding zones are 
preserved from the "best-fit" configuration, and for the 
situation where there is sliding everywhere. The all
sliding case equilibrates in less than 10000 years, while 
the "best-fit" case takes almost three times as long. 

Tbne-dependent esperiment. 

The experiments thus far have dealt with equilibrium 
situations that are attained by applying a sudden change 
to an initial condition and allowing the system to respond. 
As the rate of change of the system decreases, the system 
approaches an equilibrium state. In reality the ice sheet 
will rarely attain such an equilibrium configuration, since 
before that state is attained the driving mechanism will 
have changed, either abruptly or in some continuous 
fashion. 

To demonstrate the response of the Antarctic ice sheet 
to a smoothly varying driving force, a smooth sinusoidal 
variation of the mean annual sea-level temperature, TNSL, 

is applied over a time span of 20000 years. The cycle 
begins with TNSL at its current value of -14°C, and the ice 
sheet in its equilibrated "best-fit" configuration. Over 
20000 years, the temperature is warmed to ...g°e, then 
cooled down to -20°C, and then warmed back up to 
-HOC. This driving force is shown in Figure 10 by the 
dashed line. The response of the ice sheet is to change 
both volume and area! extent. The total volume is shown 
in Figure 10 by the solid line. Vertical lines indicate both 
peaks and valleys of the two curves. The volume response 
of the ice sheet lags the driving-force temperature by 
approximately 2700 years, as the volume changes just 
under 10% of its total volume. There is some indication 
that this lag depends slightly on the amplitude of the 
driving-force variations, as a similar simulation with a 
smaller temperature swing showed a lag of just over 
2000 years. 
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CONCLUSION 

A finite-element model of the Antarctic ice sheet with an 
adjustable meteorological mass-balance relationship can 
be used to study the response of the ice sheet to different 
climates. 

Calibration of the model with the present ice-sheet 
configuration yields a reasonable fit with a distribution of 
sliding which is in accord with expected regions of low 
bed coupling. The distribution of the flow-law parameter 
is also in rough agreement with that which would be 
expected from ice-column temperature considerations. 

Two extreme configurations, a maximum over-riding 
and a minimum warm-climate ice sheet, display the 
boundaries of the envelope in which our simulations must 
behave. 

A varying driving force in the form of the mean 
annual sea-level temperature yields a non-equilibrium ice 
sheet that responds to the continuously varying climate. 
This response has a finite lag time of approximately 
2700 years, with a volume amplitude of just under 10%. 
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