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A MULTIPLE CHARACTER SUM EVALUATION

DAE San KiMm

We evaluate in a simple and direct manner a multiple character sum, a special case
of which can also be derived from the Mébius inversion and a result of Hanlon.

1. INTRODUCTION

Let T be a finite Abelian group with operation written multiplicatively, and let
x : I' — C* be a character of order m. Then we are interested in evaluating the
following multiple character sum

(1) Sam= 3. XM ),

(71,0 JET™
YAV
where the sum is over all (v1,...,7,) € I'" satisfying v; # v; for all 4,5 (1 < 4,j < n)
with 7 # j.

A special case of the sum (1) with n = m was introduced by Professor Fernando
Rodriguez Villegas in the number theory seminar on February 5, 2004 of University of
Texas at Austin. I would like to thank him for drawing my attention to this problem.
He evaluated the sum (1) for n = m by using Mobius inversion and a result of Hanlon in
the early 1980’s (see [2, Theorem 4, p. 338]). We shall briefly go over his method for the
special case of n = m.

A partition § of [n] = {1,2,...,n} is a collection 8 = B, |B,|- - - | By of nonempty,
disjoint subsets of [n] whose union is [n]. The set of all partitions of [n] is denoted by
I1,. I1,, is partially ordered by the relation:

B < B’ < B is a refinement of 5.

Obviously, (I1,, <) has the unique maximal element 3, = 12-- - n, and the unique minimal
element B3 =1|2|--- | n. For 8 =B, |By|---| By € I, let

Zﬁ ={olo:[n] —=T,0lp = constant },
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=AU,

B<p
fB8) =Y x(e(1)--a(n).
UEE'ﬁ
Then
(2) Snin = f(Bo)-
Put
(3 9B = f(B)="Y_ x(o(1)---a(n)).
-394 o€
Then we claim that
_ |Fla for ﬂ = ﬂl
) 9(6) = {0, otherwise.

For f = By |B;|--- | By and o € Zﬁ, let n;, = |Bi|, olp, = 03, fori =1,...,k. As x

k

has order n, 0 — x(o(1)---o(n)) = [] x™(0:) : ZB — C* is trivial & n = n;, for
i=1

all i & k=1 < f = ;. This shows the claim in (4). Now, by (2), (3), {4), and Mébius

inversion,

(5) Snn=f(Bo) = Y_ u(B)g(B) = u(B) T,

Bel,

where p is the Mdbius function of the poset (Il,,<). The following is a special case
of a result of Hanlon (see {2, Theorem 4, p. 338]) which had been used repeatedly in
subsequent papers (see [1, Theorem 4.3, p. 293], [3, Theorem 2.4, p. 447), {4, Theorem
2.1.12, p. 7)).

THEOREM 1. (Hanlon) u(8) = (-1)""1(n— 1)L
From (5) and Theorem 1, we get the following corollary.

COROLLARY 2. S,,=(-1)""(n-1)!|T]

In the present paper, we show the following more general theorem in a direct and
simple manner.

THEOREM 3. LetT be a finite Abelian group with operation written multiplica-
tively, and let x : ' — C* be a character of order m. Then the multiple character sum
in (1)

Sam= Y,  x(n ),

(m,-ym)€C™
YiFEY
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summing over all (11,...,7,) € I'" satisfying ~; # ; for all i, j(1 < < n) withi#j,
is given by
(=1)/mm=(n — YD = (- Ym)
, ifm|n
(6) Spm = mn/m)=1((n/m) — 1)!
0, otherwise.

2. PROOF OF THE THEOREM

The following lemma is elementary but will be useful.

LEMMA 4. Foranintegern>1,and vy €T, let

SamM= > x(n-m)

(715 )EL™
Vi EViHEY

Here the sum is over all (m1,...,7,) € I'® satisfying ; # ~y; for all ¢, j(1 <1,j < n) with
i # j and all v; # . Then

(@) Spm(?) = Sam — nx(7)Sn_1m(V),
(b) Sn,m = Z X(7)S:1—1,m(7)'

~7€r
As the result (6) in Theorem 3 for m = 1 is trivial, we may assume that m > 1.
Using (a), (b) of Lemma 4, the sum in (1) can be written as:

(7) Sn,m = ZX('Y){Sn-—l,m_ (n— 1) ( )S:l 2m(7 } - n—l ZX n— 2m )
~ver yel

since x has order m > 1 and hence is nontrivial.

CASE 1. m > n. Applying (7) n — 2 times with (a) of Lemma 4 in mind, we have:

Spm = (=1)"2(n = D! D_ X" (1)) ()

v€r

= (-1)"(n—-1)'D_x"(v)
vl
=0,

as S () = Z-#,, x(7) = —x{(7v) and x" is nontrivial.
CASE 2. m=n.

Sam = (1" (n=1)1Y_x"(7) = (-1)"(n - D!,

yer

as x has order n = m. This agrees with Corollary 2.
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CASE 3. m<n. Writen=Im+ 7,0 < r < m. Applying (7) m — 1 times, we get:
Sn,m = (-l)m-l(n - 1) to (TL - (m - 1)) Z Xm(7)s:1—m,m(7)

~ver
= (-l)m—l(n - 1) ot (n - (m - 1)) X Z{Sn—m,m - (Tl - m)X('\/)S, —-m—l,m(7)}
~€r
8) =(1)"tn-1)-(n~(m=-1))(T] = (n-m))Snmm,
by using (a), (b) in Lemma 4.

CASE 3(a). 7=0 Applying (8) [ — 1 times, we obtain:
Snm = [[ {1 (n= G = Dm=1) - (n = G = Ym = (m ~ 1))
x(IT = (¢ = 5)m) } Smm
{0 = = Dm = 1)+ (2= (G = Y = (m = 1)

x(IP] - (1 - 3)m)}

(=DHm=D(n — WL (I0} = (G ~ 1)m)
mi-1(l — 1)! ’

in view of Corollary 2.

CaskE 3(b). r >0 Applying (8) ! times, we have:
]
Sam = [[{-D™ (= G- Dm=1) - (r = (G = Ym ~ (m — 1))
x (I = (= )m3) } Srim
=0

by Case 1 above. This completes the proof of Theorem 3.
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