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COMPACT COMPOSITION OPERATORS ON BLOCH SPACES

CHENGIJI XIONG

The present paper proposes new criteria for compactness of a composition operator
Cyf = f o ¢ on the Bloch space and the little Bloch space. For the case when ¢ is
univalent, a criterion given by K. Madigan and A. Matheson is generalised.

1. INTRODUCTION

Let D denote the unit disk in the complex plane. A function f holomorphic on D
is said to belong to the Bloch space B if

sup(1 — |z]*)|f'(2)| < o0
z€D
and to the little Bloch space B, if

lim (1 - |2/%)|f'(2)] = 0.

|zl=1—

It is well known that B is a Banach space under the norm
I£lls = |£(©)] +sup(1 - |2P)|(2)

and that By is a closed subspace of B. A good source for results and references concerning
Bloch functions is the paper of Anderson, Clunie and Pommerenke ([1}).

It is known that a holomorphic mapping ¢ of D into itself induces a bounded com-
position operator Cyf = f o ¢ on B, and Cy is a composition operator on By if and only
if ¢ € By ([2]). Madigan and Matheson ([2]) studied the compactness of composition
operators and obtained the following results.

THEOREM A. If ¢ is a holomorphic mapping of D into itself, then Cy is a compact
operator on By if and only if
1-— 2
lim l2l

J et @ =0
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THEOREM B. If ¢ is a holomorphic mapping of D into itself, then Cy is a compact
operator on B if and only if for any € > 0 there exists r, 0 < r < 1, such that

oy LBE
up

[¢(2)|>r 1 - |#(2)]2 '¢ (z), <e.

THEOREM C. If ¢ is univalent and if G = ¢(D) has a nontangential cusp at 1 and
touches D at no other point, then Cy is a compact operator on By.

In the same paper, Madigan and Matheson proposed two questions:

1. If ¢ € By and Cy is compact, then log(1/1 — W¢(z)) € By for all w € 4D.
Is the converse of this true?

2. Isthere a ¢ € B, such that ¢(D)N D is infinite and Cy is compact on By?

In Section 2 of this paper, we discuss Question 1 and give an example which yields
a negative anwser. At the same time, we show that C, is compact on By if and only if
log(1/1 — W¢(2)) € By uniformly for all w € D. Section 3 is devoted to the situation
when ¢ is a univalent holomorphic self-mapping of D. Theorem C is generalised to the
case that MO 0D contains countably many points, and an example which satisfies the
conditions in Question 2 is constructed.

2. QUESTION ONE

We shall construct a function ¢ which furnishes a negative answer for Question 1.
Let

G={rei9:0<0<llr6,

By the Riemann mapping theorem, there exists a conformal mapping ¢ of D onto G. It
is known that ¢ belongs to By ([4]) and C; is a bounded composition operator on By.

First, we show that C, is not compact on By. For 0 < § < 7/16, let 2(6) € D be
such that ¢(2(8)) = w(6) = (1 — 26?)e € G. Then

1-—-302<r<1—02}.

dist(w(6),0G) = inf { |(1 - 26%)e® — (1 — a?)e@|, |(1 ~ 26%)e® — (1 — 3a2)e*°|}

0<a<n/16
2
= 6.

Using the Koebe distortion theorem [3] for ¢, we have

(1 - |z(o)|’) ]¢'(z(o))| > dist (¢(z(0)),3G) > 6°

So,

1-2(0)2 92 1 L
_?|¢(z0)|/ — 202)224 for0<t9<16

Note that |z(0)| — 1 as § = 0. By theorem A, C, is not compact.
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Now, let w € 8D be fixed and f(z) = log(l/l —W¢(z)). Then

= lol?
w¢(z)l

If w # 1, there exists a positive number & such that |1 —W¢(2)| > § > 0 for z € D. Thus
f € By since ¢ € By. If w = 1, assume for the sake of contradiction that f(z) ¢ B,. By
Theorem A, there exists a sequence {2,} and a positive number ¢, such that |z,| = 1

1= 2P)f' @) = =5 ¢ @]

and

(1 = 2af?) | F(za)|= 'z'" i) >

Without loss of generality, we may assume w, = ¢(z,) = wo. If wg # 1, the above
inequality contradicts the fact ¢(z) € By. If wp = 1, using the Schwarz-Pick lemma, we
have

_ 2 - 2
(1= Il ()| = _1—|¢,I(Z"TI)|2|¢’(Z")I TR

Jwn|
< (1+] ,.I)Il w0

which leads to a contradiction. This shows that log(1/1 — @W¢(z)) € Bo for all w € dD.
The above example shows that the condition f(z, w) = log(1/1 — W¢(z)) € By for all
w € 8D does not guarantee the compactness of Cy. However, if we assume that f(z, w)
belongs to By uniformly for w € 8D, that is, for any € > 0, there exists r, 0 < r < 1,
such that (1 — |2|?)|fi(z,w)| <& for 7 < |2| < 1 and w € 8D, then Cy will be compact.

THEOREM 1. If ¢ € By, then the composition operator Cy on By is compact if
and only if f(z,w) € By uniformly for w € 6D.

PROOF: First, assume that ¢ € By and C, is compact on By. A direct computation
gives

(1 = 2)| £z w)] = (1 - |22 |1 w¢(z)
_Q-12Pd ) 1 16(2)
1-[g(z)> 11 —-we(z)|
2(1 - |2])|¢'(2)]
S 1-p(a)fF

Since Cy is compact on By, using theorem A, we have

Thus, f(z,w) belongs to By uniformly for w € 8D. The necessity is proved.
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Now, let f(z,w) belong to By uniformly for w € 8D. Then, for every ¢ > 0, there
exists r, 0 < r < 1, such that

A= EPIEE)] 1-1e@P
(- ERILEE =T 550 T

<e for|z|>r, weadD.

For |z| > r, letting w = ¢(2)/|#(2)| in the above inequality, we have

(1- 228 (2)]
T—16(P ¢

By Theorem A, C, is compact on By. The theorem is proved. 1]

In the same way as above, we can prove the following theorem for composition
operators on B. :

THEOREM 2. For any holomorphic mapping ¢ of D into itself, the composition
operator C, is compact on B if and only if for any € > 0 there exists r, 0 < r < 1, such
that

sup (1— |2%)|fi(z,w)| <e for r<|z| <1, wedD.
le(2)|>r

3. UNIVALENT CASE

In this section, we consider only the case that ¢(z) is a univalent mapping of D into
itself. It is well known that such a ¢ belongs to the little Bloch space B, ([4]), and Cy is a
bounded composition operator on By. Denote G = ¢(D) C D. For wy € G N 3D, we say
G has a cusp at wj if there exists a neighbourhood U of wp such that UNGNAD = {wy},

and
dist(w, 8G) = o(|wo — w|)

as w — wp in G. The cusp wy is said to be nontangential if U N G lies inside a Stolz
angle near wp, that is, there exist r, M > 0 such that

lwo —w| S M(1 = |w|*) for lwo—w|<r, we GNU.

In Theorem C, it is assumed that G intersects D at one point 1. It is obvious that
Theorem C is valid when G touches the unit circle at only a finite number of points all of
which are nontangential cusps. Now, we generalise this to the case that GNdD contains
infinitely many points.

THEOREM 3. Let ¢ be a univalent holomorphic mapping of D into itself and
G = ¢(D). Ifdist(w,8G) = o(1 — |w|) as w — 8D, then C, is compact on By.
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PROOF: By the hypothesis of the theorem, for € > 0, there exists r, 0 < r < 1, such
that
dist(w,0G) <e(1 - |w|]) for |w|>r

Since ¢ € By, there exists 7', 0 < ' < 1, such that
(1-1z3) |4 (2)| < @1 —r%)e for |2} > 7.

Let z be a point such that |z] > 7' and w = ¢(2). If |w| > r, let ¢ be a holomorphic
mapping of D onto itself such that ¥(0) = z. Then, by Koebe’s one-quarter theorem,

(1= 122)]6/(2)] = (8 0%)'(0) < 4dist(w, 5C).

Thus,
A=) 4
1-[8(2) 1+ |é(z)]

< 4e.

If |¢(z)| < r, we have
(- PEl _ (- _
1 - [é(z)? 1-[¢(z)I? =~

By Theorem A, Cy is compact. The theorem is proved. 0

COROLLARY 1. Let ¢ be a univalent holomorphic mapping of D into itself and
G = ¢(D). For 0 < r < 1, denote the maximum length of all arcs contained in G N {z :
|z =7} by I(r). IfI(r)/(1 —7) = 0 as r — 1, then C, is compact on By.

We now present an example of a ¢ for which G = ¢(D) satisfies the condition in the
above corollary and GNAD contains infinitely many points. This gives a positive answer
to Question 2. Let

Dy = {z:lzl < %},
A(3,60) = {re‘0:00-6<0<00+6, %<r<1—2—1\/—§\/|0T00_|}.
Denote
¢=pyua(33)va(EF)va(F ) v
= DOQA(@}*—?’”’ 2%;%_3_”)

It is easy to verify that G C D is a simply connected domain and satisfies the condition
in Corollary 1. Let ¢ be a conformal mapping of D onto G. Then, by Corollary 1, Cy is
compact on By.
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