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A Construction of Rigid Analytic
Cohomology Classes for Congruence
Subgroups of SL3(Z)

David Pollack and Robert Pollack

Abstract. 'We give a constructive proof, in the special case of GL3, of a theorem of Ash and Stevens
which compares overconvergent cohomology to classical cohomology. Namely, we show that every
ordinary classical Hecke-eigenclass can be lifted uniquely to a rigid analytic eigenclass. Our basic
method builds on the ideas of M. Greenberg; we first form an arbitrary lift of the classical eigenclass
to a distribution-valued cochain. Then, by appropriately iterating the Up-operator, we produce a
cocycle whose image in cohomology is the desired eigenclass. The constructive nature of this proof
makes it possible to perform computer computations to approximate these interesting overconvergent
eigenclasses.

1 Introduction

Let k > 0 be an integer and let I' C SL,(Z) be a congruence subgroup. By Eichler—
Shimura theory, the cohomology group H'(I', Sym*(C)), considered as a Hecke-
module, contains the space of cuspforms of level I' and weight k + 2. In [12], Stevens
studied a much larger cohomology group, one with coefficients in a space of p-adic
distributions Dy equipped with a weight k action of the Iwahori subgroup I'g(p) C
SL;(7Z). The space Dy admits a I'g(p)-equivariant map to Symk((OZIZ,) and thus, if
I' CT'y(p), we have a Hecke-equivariant map

H'(I,Dy) 2 H'Y(T', Sym"(Q}))

on cohomology. While the target of px encodes information about classical mod-
ular forms, the source contains information about overconvergent modular forms
of weight k + 2.!Moreover, in [12], Stevens proved that if one restricts pj to the
subspace where U, acts with non-critical slope, the above map becomes an isomor-
phism. (This should be viewed as the analogue of Coleman’s theorem on small slope
overconvergent forms being classical.)

Ash and Stevens in [5, 6] generalized the above comparison theorem to represen-
tations of GL,(Q)) (even of arbitrary (),-split reductive groups). If A is a character of
a torus of GL,, let V), denote the Q),-representation with highest weight A. One then
replaces Dy with a space of p-adic distributions D) endowed with a weight A action.
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As before, this space maps equivariantly to V), and Ash and Stevens proved that the
corresponding map

H'(T,D,) -2 H'(T,V))

is an isomorphism if one restricts to a subspace where the slope of U,, is small enough
(see [6]).

A more explicit study of the case of GL,((Q) was made in [10] via modular sym-
bols. As a consequence of the above comparison theorem, any non-critical classical
Hecke-eigensymbol lifts to a unique Dy-valued Hecke-eigensymbol. In [10], the fol-
lowing constructive proof of this fact is given: form an arbitrary lift of the classical
eigensymbol to a Di-valued modular symbol (but not necessarily to an eigensymbol).
Explicit formulae for such lifts are given. Then iterate the U,-operator to obtain a se-
quence that converges to the sought after Dy-valued Hecke-eigensymbol.

One may hope then to use the methods of [10] to explicitly lift classical Hecke-
eigenclasses for GL,(Q)) with n > 2. One daunting part of such a task is generalizing
the first step of lifting a V\-valued cohomology class to a Dy-valued cohomology
class. For GL,(Q), this was done by explicitly “solving the Manin relations” which
required writing down an explicit fundamental domain for the action of a congru-
ence subgroup on the upper-half plane. To repeat these arguments for GL,(Q)) with
n > 2 would involve examining the geometry of certain higher dimensional symmet-
ric spaces, which appears to be a difficult task.

However, in the case of GL,(Q)), M. Greenberg [9] simplified the arguments of
[10] and managed to form liftings in a “geometry-free” manner. His basic idea is to
lift modular symbols into a larger ambient space. This larger space is big enough that
forming such lifts is trivial. He then uses the U ,-operator to force such lifts back into
the space of interest. Iterating this process leads to a sequence of modular symbols
that converges to the true Hecke-eigensymbol. These ideas were used by Trifkovi¢ in
[13] to compute lifts of eigenclasses corresponding to automorphic forms for GL,(K)
with K/Q an imaginary quadratic field; this again is a situation where lifting classes
directly is made difficult by the complicated geometry that is present.

In this paper, we generalize these constructions to the cohomology of GL3(Q).
As a rich theory of p-adic automorphic forms for higher rank groups is beginning
to emerge, we note that there are very few groups simple enough for which com-
putations and numerical exploration are feasible. Along with Sp,(Q)) and GL,(K)
for K/Q. imaginary quadratic, GL3((Q)) is a natural next step in complexity beyond
GL,(Q). It is a complicated enough group so that many of the new higher rank phe-
nomena are observable in its theory, but well-enough understood that computational
techniques exist for studying its Vy-valued cohomology.

To carry out M. Greenberg’s lifting idea in the context of GL3-cohomology, we
first axiomatize the situation as follows. Let R be a commutative ring and letI' C G
be abstract groups. Let m € G be such that I" and 7'’ are commensurable. Set
S equal to the semigroup generated by I' and 7. Then the double coset I'7I" induces
an operator U on H'(I', M) for any right R[S]-module M. Consider a surjective map
D — V of R[S]-modules and the induced map on cohomology

H'(T', D) — H'(T, V).
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Let ¢ be a U-eigenclass in H'(I", V) whose U-eigenvalue is a unit in R/Anng(¢p).
We prove the existence of a unique U-eigenclass ® in H'(I", D) lifting ¢ under the
assumption that D has a decreasing R[S]-stable filtration Fil®*D such that:

* D/FI’D =V,
* Fil'D-m CFI"'D,
* the topology on D induced by Fil®D is separated and complete.

(This result corresponds to Theorem 3.1.)

For GL,(Q), a filtration on Dy that satisfies the above conditions is given in [10]
and it is precisely these properties that are used in [9] to produce explicit lifts of
modular symbols. In this paper, we construct for every dominant weight A of GL3((Q))
a filtration on D) that satisfies the above axioms. In particular, we obtain another
proof of the theorem of Ash and Stevens on lifting ordinary eigenclasses.

The proof of this general lifting theorem follows the methods of [9]. Indeed, the
basic idea is to lift a V-valued cocycle representing ¢ to a D-valued cochain. There is
no reason why such a lift should again be a cocycle. However, as V = D/Fil’D, this
cochain will be a cocycle mod Fil’D. Applying the U-operator and dividing by the
U -eigenvalue of ¢ forms a new cochain that still lifts ¢, but is now a cocycle modulo
Fil'D. This increase in accuracy is a consequence of the second assumption on the
filtration. Iterating this process then leads to a sequence of cochains that converges
to a cocycle whose image in cohomology is the desired Hecke-eigenlift.

For I' C SL3(Z), the work of Ash and others [1,4] gives a description of H*(I", M)
in terms of GL3;-modular symbols. These spaces are computable using the methods
of [3,4], and by iterating the U,-operator one can actually compute approximations
to D) -valued lifts of Hecke-eigenclasses in H>(T', V). We carried out such compu-
tations for some boundary classes of small level and trivial weight V,, and indeed
obtained sequences of improving approximations to Dy-valued Hecke-eigenlifts of
these classes. We intend in the near future to compute lifts of classes of trivial weight
found in [4] that do not arise from GL,.

Now that the beginnings of a computational theory exist for GL3((Q)), many ques-
tions arise. For GL,(Q), a non-critical Hecke-eigensymbol in H'(I", D;) encodes
the p-adic L-function of the corresponding classical cuspform. Do these D-valued
Hecke-eigenclasses encode some kind of p-adic L-function of the corresponding au-
tomorphic form? In [11], Di-valued Hecke-eigensymbols are used to attach a p-adic
L-function to a critical slope modular form. Can critical slope GL;(Q)-forms be
studied using these methods? In [8], the algorithms of [10] were used to compute
Stark—Heegner points on elliptic curves. Can one hope to use these Hecke-eigenlifts
to (conjecturally) construct points on the (conjectural) motive attached to these au-
tomorphic forms a la Darmon [7]?

The format of the paper is as follows: in the following section we introduce the
distribution spaces D for GL3(Q). In the third section, we prove our general lifting
result. In the fourth section, we construct a filtration on D), satisfying the properties
mentioned above and obtain a lifting result for GL;(Q).
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2 p-Adic Distributions

In this section, we recall the notion of Ash and Stevens of p-adic distribution valued
cohomology for GL3(Q)). Our description will be fairly concrete, proving many of the
basic facts by explicit computations. We refer the reader to [5] and the forthcoming
[6] for the case of GL,(Q)) and for a more systematic treatment.

2.1 Notation

Let p be a positive prime. Let C, denote the completion of a fixed algebraic closure
of Q), and let O, denote its ring of integers.

Let G denote the algebraic group scheme GL3. Let B (resp. B°’P) denote the group
of upper (resp. lower) triangular matrices in G. Let N (resp. N°PP) denote the group
of unipotent matrices in B (resp. B°’P). Let T be the group of diagonal matrices so
that B= TN and B°PP = N°PPT,

Let J denote the Iwahori subgroup of G(0),), that is, the collection of elements in
G(O,) whose reduction modulo the maximal ideal of O, is upper triangular.

Let T'o(p) := J N SL3(Z) denote the p-Iwahori subgroup of SL3(Z), and fix a
congruence subgroup I' C SL3(Z) contained in I'y(p).

2.2 Spaces of Distributions

We set X := im(J — NOPP((CP)\G((CP)) . Since J = (J N N°P(0,))B(0,), we have
that X is isomorphic to B(O)).

Let \ denote some algebraic character of the torus T. Consider the collection of
0p-valued functions

My :={f: X =0, | f(tg) = AXt)f(g) fort € T(0,) and g € X}.

We wish to consider the subset of these functions that are (), -rigid analytic. To make
this precise, note that N(O,) maps injectively into X. We give N(O),) the structure of
a (), -rigid analytic space by identifying it with the unit polydisc in (C; via

S O
S = R

y
z| €X— (x,7,2 E(O);.
1

So explicitly, a function on N(Q),) is Q),-rigid analytic if it is of the form
R oyl
F(537) = 2o
i,

where ¢;jp — Oasi+ j+k — oo.
We then define

f restricted to N(O),) is a Q),-rigid function, }

Ay = {f X — (O f(tg) = A1) f(g) fort € T(O)
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Note that any function in A, is uniquely determined by its restriction to N(Q),).

Under our identification of N(O),) with 03, rigid functions on N (Oy,) correspond
to elements of the Tate algebra 7Z,(X,Y, Z). Let fu denote the unique extension to
A, of the function that sends

y
z to  x7y'z".
1

(=R
o = R

Under the above identification, f,,, corresponds to the element X?Y?Zz¢. Since the
Z,-span of these monomials is dense in Z,(X,Y,Z), the span of the f, forms a
dense subset of A,.

We then set D) = Homy,,; (Ay, Zp), the space of continuous Z,-linear functionals
of A, into Z,. By the above observations, an element y € D) is uniquely determined
by its values on f,, for all a, b, c > 0.

2.3 The Weight \ Action

Let I = J N GL3(Z,) be the Iwahori subgroup of GL3(Z,). Let 7 be the diagonal
matrix with diagonal entries 1, p and p?, and let X be the semigroup generated by I
and 7.

Note that I acts on N°PP(0,)\G(O,) by multiplication on the right. We extend
this to an action of ¥ by letting 7 act by N°PPg - 7r := N°PPr~!gm. This is well defined
as m normalizes N°PP. We note that this action of ¥ preserves X C N°PP(0,)\G(O,).

We then get a left action of 3 on M) by (vf)(g) = f(g - 7). The following lemma
describes this action explicitly on the functions f,p.. In particular, it will imply that
this action induces a left action on A and thus a right action on D) by (,u’ () =

(v )
d 00
Let A(ki, kz, k3) be the character of the torus that sends ( 0 dy L? ) to d]f‘ d;‘zd’f.
00 ds
Also, for f € M), we write f (é J(I; g) = f(x,y,2).

Lemma 2.1 Let A = A(ky, ka, k3). For v € I, the weight A action of y on f € M) is
given by:

(Y)(x, y,2) = det(7)P(any + anx +as y) 75 (ms3 — mizy — mypsz + myzxz)le ™"

( app tapx+tasxy aiz+apxtasy —ms +mpy -+ mpz — mlzxZ)
b b
an tanxtasy an tanx+asy msz — mzy — my3z+ mizxz

Here my;; is the i j-th minor of . Also (7 f)(x, y,2z) = f(px, p*y, pz).

Remark 2.2 In the case of GL,(Q), consider A = A(ky, k), the highest weight of
Symh —k (@) ® det™. Then the corresponding weight X action is given by

(N(5F) = (N = [dety)(a+ v g (
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Proof of Lemma 2.1. For v € I, we have

I x y app  dp a3
0 1 z|-|an axn axp
0 0 1 as as) ass
apnptanx+asy aptapxtasny apztapxtasy
= a1 +as 1z ay + aspz ays + a33z
as] asp as3
byy by by b b1y bis
_ byby —byb bysby —bayb
— 221 222 223 = O bZZhll 1thIbIZ bZSbllh“thbl}
32911 — 0310912 33011 — 031013
31 b3 D33 0 - "
b b, bis
_ bypby—=bybyy  bybi—bnbis
3 ail
0 0 by by —by1biz
bu 0 0 1 Zﬁ Zﬁ
=0 ‘lzbuzbib 0 1o il bysbiy by by
b det(7) by by —by1biy
0 0 Babn bt/ \O 0 !

The congruences above are taking place in X, i.e., modulo N°P(C,) (on the left).

Thus,
bu 0 0 1 Zﬁ Zﬁ
1 _ 11 11
(’Yf)( 01 Jz,) =)0 bzzb“buhnbn 0 flo 1 %
001 det(v) 22011 — 021012
0 0 Bttt/ N0 0 !
A direct computation finds that
basbi1 — baib3) = —msy + myy + myz — mixxz, and

bybiy — baibiy = m33 — mizy — mazz + mizxz

where m;; are the minors of . Plugging back in establishes the first formula of the
lemma.
For 7, we have

@ (535) =7 (=" (535)7) :f(

as claimed. [ |

oo~
o~

~~
= e
-R3
~__

Corollary 2.3 The action of ¥ on M), preserves Ay.

Proof In the formulae of Lemma 2.1, the only possibly troublesome terms are (a;; +
axix+as y) "' and (ms3 —mysy —mysz+my3xz) "L Fory € I, one checks that a;; and
mas3 are units while all other coefficients present are divisible by p. In particular, the
power series expansion of these two functions is again rigid analyticinx, y,andz. H
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2.4 Specialization to Weight \

This section follows closely [5, Section 4], where the general case of GL,, is treated.
We note that we will be considering right representations of G = GL3 exclusively.

Let A be an algebraic character of the torus T which is dominant with respect to
the Borel B°PP, and let V), be the finite dimensional right representation of G with
highest weight A (with respect to B°PP). Fix vy € V,(Q)) a highest weight vector;
that is,

va-t = At)vy fort € T(Qp), and wvy-n =) forn e NP(Qy).
Thus, the function

Hri G(O,) — VA(C,) given by fo(g) =va-g
descends to N°PP(0),)\G(O,), and by restriction gives a function on X.

Remark 2.4

1. We now describe the analogous map in the case of GL,. Let V}, = Symk((Olg) be
the space of homogeneous polynomials in X; and X, of degree k, and let GL, act
on V on the right by

(P|7)(X1,X2) = P(aX) + bXy, cX; + dX,).

Then V} has highest weight A\ = A(k,0) and highest weight vector X¥. The map
f restricted to X is given by ((1) ’f) — Xk ((1) ’f) = (X; +xX)k.

2. For G = GL3, let A\ = A(k,0,0) so that V), = Symk((Olz). We view V), as the space
of homogeneous polynomials in X, X,, and X3 of degree k with the analogous
right action of G. Then V), has X¥ as a highest weight vector and the map f; is

given by
1x 1x
(0 1 Jz,) — X]f- (0 1 Jz,) = (X1 +xX, +yX3)k.
001 001
3. More generally, if A = A(a,b,0), then V) arises as a subrepresentation of

Sym*(Q;) ® Symb((Oz;) and has highest weight vector

b
(0N ya—iyi o yiyb—i
VA:Z(_U <i>X1 X; @ X X) .
i=0

From this explicit formula for vy, one could write down the map f) as above.

Lemma 2.5 The restriction of fy to X is in Ay ® V(Q)).
Proof Fort € T(O,)and g € G(O,),

Ng) = va-tg = At)va - g = ) fa(g)

since vy, is a weight vector of weight A. From this, it follows that f) is in M) ® V,(Q,).
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Further, let vi,v,, ..., v be a basis of V\(Q),). Then since V) is an algebraic rep-
resentation of GL3,
1xy
5% (g(l)f) - ZPi(xayaz)Viv
1

where P;(x, y,z) € Q[x, y,z]. Since these coefficients are polynomials, they are in
particular Q),-rigid analytic. Hence, f) isin Ay ® V. ]

We evaluate a distribution ;4 € D, on functions in Ay ® V,(Qy) by setting
u(>” fi ® vi) tobe > u(fi)vi where {v;} is a basis of V. It is clear that this definition
is independent of the choice of basis.

Evaluation at f, then gives a map Dy, — V(Q)) which we will see below is
I-equivariant. However, this map is not m-equivariant, and for this reason we in-
troduce the x-action on V) as in [2].

For v € V, we define

vxy=v-yfory€l and v*m=\m 'v-m.

This action extends uniquely to an action of ¥, and we write V} when we view V), as
a ¥-module under this action.
We now have the following analogue of [5, Lemma 4.1].

Lemma 2.6 Evaluating at f), gives a YX-equivariant map py: Dy — V3(Qy).
Proof Note that for any v € I,
NGy) =va-(xy) = (v %) -y = falx) - .
Recall that m actson X by x - 7 = 7 xm. Thus,
Al m) = Al xm) = vy - (1w = A DA -7 = filx) *

We have thus proven that for all v € 3, vfy = e, o f), where e,: V), — V) is the
linear map e, (v) = v 7.

Now, if L: V3(Q,) — Va(Qp) is a linear map, one sees immediately that
(Lo f) = L(p(f)) for fin Ay ® V5(Q)). Thus,

(L[ = p(vf) = pley o fr) = ey (u(f)) = p(fy) * v
which proves the ¥-equivariance of p). ]

Remark 2.7 We continue with the second example of Remark 2.4, namely A =
A(k,0,0). The map p, is then given by

k
s (X +xX + yX;)F) = u( 3 (r S t)xfytxgxgxg)

rstt=k

k T S
= Z (rjs,t)ﬂ(fsm))ﬁxzxé-

r+s+t=k
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Set Ly equal to the image of D) under py; then Ly is a X-stable Z,-lattice of
V3(Qp). Recall that I' € I'y(p) = J N SL3(Z) is a congruence subgroup. The map p)
then induces a map on cohomology p\: H'(I',D,) — H'(I', L)), which we refer to
as specialization to weight \.

These cohomology groups carry a natural action of Hecke operators U, and
T(¢,k) for £ # p prime and k = 1,2,3 (see, for instance, [2]). We will primarily
be interested in the operator U, which is associated to the diagonal matrix m whose
diagonal entries are 1, p, and p*. This operator will correspond to the operator U
carefully defined in the following section. We point out that since p) is £-equivariant,
p'\ is automatically a Hecke-equivariant map.

The following theorem of Ash and Stevens analyzes the specialization map re-
stricted to the U,-ordinary subspace. (See [6], which also treats the non-ordinary
case; see [5] and [2] for analogous results.)

~

Theorem 2.8 The natural map pi: H' (T, D,)od =5 H(T, Ly)° is an isomor-
phism. Here M°™ denotes the direct sum of all generalized U ,-eigenspaces whose U ,-
eigenvalue is a p-adic unit.

As a consequence of this theorem, any U,-ordinary Hecke-eigensymbol in
H'(T", Ly) lifts uniquely to a Hecke-eigensymbol in H'(I", D). In the following sec-
tions, we will prove this fact in a constructive manner analogous to Greenberg’s work
in [9].

3 Lifting Cohomology Classes

In this section, we present a general lemma on lifting cohomology classes. The no-
tation of this section is meant to mirror that of the previous section with the aim of
making transparent the intended application to the case of interest.

Let I' C G be two groups, let ™ be some element in G, and let S be the semi-
group generated by I" and 7. Let R be a commutative ring and let D be any right
R[S]-module. For v € Sand p € D, we write the action of S on D by 1 - 7.

If we assume that I and 7~ !T'r are commensurable, there is an operator U =
U(rm) on H(T', D) defined as follows. Let D™ denote the 7~ 'T'r-module whose un-
derlying set is just D and whose actionby s € 7~ 'I'm is given by p1 -r s = p - s~ 1.
Acting by 7 gives a map H'(I', D) —— H'(7n~'T'm, D™) and restriction and transfer
yield maps

H'(r~'I'r,D") = H'(A,D™) -5 H'(T, D)
where A = I' N 7~ !'T'wr. We define U as the composition of these three maps.

For x in an R-module M, we set Anng(x) equal to the ideal of elements of R that
annihilate x. If M is a right R-module and T: M — M is a linear map, we call a
non-zero element x € M an eigenvector for T with eigenvalue o € R, if x‘ T = ox.
Note that « is only determined modulo Anng(x). We say that x is ordinary for T if
the image of «v is a unit in R/Anng(x).

The following theorem is the main result of the section.

Theorem 3.1 Let D be a right R[S]-module with a decreasing R[S]-filtration Fil°®D
such that
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(1) FilI"'D -« C Fil"“Dfor eachn > 0,
(2) the natural map D — lim D/Fil"D is an isomorphism.

Let ¢y in H'(T', D/Fil’D) be an ordinary eigenvector for U with eigenvalue o.. Then
there exists ® € H'(I', D) such that

(1) the image of ® in H' (T, D/FilOD) equals @y,

(2) @ is an eigenvector for U with eigenvalue cv,

(3) Anng(®) = Anng (o).

Moreover, if ® is any ordinary U -eigenlift of o, then ®' = ®.

The proof of this theorem will occupy the remainder of the section. We will make
use of a non-canonical lift of U to the level of cochains. To this end, let

-—)F,iFr_1—>---—>F0—>R—>O

be a free resolution of R by right R[I']-modules. Applying Homr(—, D) yields

0 — Homp(Fy, D) — - - - — Homp(F,_y, D) % Homg(F,, D) — .. ..
Set
C'(I', D) = Homr(F,, D), Z'(I', D) = ker(d,+1), and B’ (I', D) = im(d,).

So, by definition, H'(I", D) = Z"(I", D) /B'(T', D).

Note that F7 — R — 0 is a free resolution of R[7~!I'r]-modules. Also, both
Fe — R — 0and F] — R — 0 are free R[A]-resolutions of R. In particular, there
exists an R[A]-chain complex map 7:

F.HRHO

Ff, —= R —— 0
lifting the identity map on R.
Unraveling the definition of restriction and transfer gives the following descrip-
tion of U on the level of cocycles, as in [5, Formulae 4.3]. Let ¢ € H'(I', D) and let

@ € Z'(I', D) be a cocycle representing . Decompose the double coset I'rI" as a
union of right cosets U;I'my; for 7; € I'. Then

(elU)(f) = Z @(r(fr-77") - ™y (mod B'(T', D).

To lift U to the level of cochains, we simply define an operator U: Hom(F,,D) —
Hom(F,, D) by

@I = p(r(f 77D - 7
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for ¢ € Hom(F,, D).

Note that this operator depends on the choice of 7 and on the choice of coset rep-
resentatives for I'rI". We will see in the proof of the following lemma, however, that
its restriction to Homyp (F,, D) is independent of the choice of coset representatives.

Lemma 3.2 The operator U: Hom(F,,D) — Hom(F,,D) induces a map of
chain complexes U: C"(I';D) — C'(I', D) and hence a map of cohomology groups
H'(I',D) — H"(I", D).

Proof We first check that the action of U on an element of C'(I", D) does not depend
on the choice of coset representatives for I'rI". So assume for each i that we have
I'my; = T'ns; and write 1;my; = m9; with 7; € T. Note that 7~ !5, 'm = 4;7; ! and
thus is in A. We then have for ¢ € C"(I", D) = Homp(F,, D),

D@ fe A i =3 ey w Ty ) - m
=2 el fe e )
=D enlfe )
= Z(p(Tr(fr ) -,

which establishes the independence.
We now verify that U induces a map from C'(I', D) to C"(I", D); that is, we must
verify that if ¢ is invariant under I', then so is go‘ U. We have

(| U) - N = (| fr-y™D) -y
=Y o (f-y ) Ty

= o lfe ) = (| U,

Here the second to last equality follows from the independence of coset representa-
tives established above as I'n[" = U;T'my; = U; 'y,
Lastly, the fact that U commutes with d is immediate from its definition. ]

The following simple lemma forms the basis of our argument.

Lemma 3.3 Assume that D has a decreasing R[S]-filtration Fil® D satisfying hypothe-
sis (1) of Theorem 3.1. Then ¢ € C"(I, Fil'D) implies |U € C"(I', Fil"*' D).

Proof We have
U =D er(f 5" - 7y,

which is in Fil"*' D as ¢ takes values in Fil"’D and, by (1), Fil"D - = C Fil""'D. []
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Lemma 3.4 Assume that D has a decreasing R[S)-filtration Fil® D satisfying hypothe-
ses (1) and (2) of Theorem 3.1.

If W is in the kernel of H'(I', D) — H’(I‘,D/FilOD) and \I!} U = a¥ witha €
(R/Anng(W))*, then ¥ = 0. That is, there are no ordinary U -eigenclasses in the
kernel of H'(I", D) — H'(I", D/Fil’D).

Proof Since « is a unit modulo Anng(W), there is an element 3 € R such that
af = 1 (mod Anng(¥)). We then have ¥ = B"\I/’U” foralln > 0. If ¥ isa
cocycle in Z'(T, Fil’D) representing ¥, by Lemma 3.3, U e z/(I, Fil"D) + B'(I", D)
for all n > 0. Thus, the image of ¥ in H'(T", D/Fil"D) vanishes for all n > 0. By
hypothesis (2) on Fil®D, we have

H'(T', D) = lim H'(T", D/Fil"D)

n

and thus ¥ = 0. [ |
We are now prepared to prove our main theorem.

Proof of Theorem 3.1 Let ¢, € Z'(I', D/Fil’D) denote a cocycle representing ¢, €
H'(I',D/ Fil’D) and let @o € C'(I', D) denote an arbitrary lift of ¢o. Note that d@
takes values in Fil’D as ¢ is a cocycle.

Since ¢y is an ordinary U-eigenclass, there is some 3 € R be such that a5 = 1
(mod Anng(pg)). Define ¢, := 6”@0] U" € C"(I', D). We claim that the image of
@, in C"(T', D/Fil"D) is a cocycle. Indeed,

dp, = "d(@o| U™ = 5"(do)| U™,
which by Lemma 3.3 takes values in Fil"D as d@, takes values in Fil’D.

Let ¢, € Z'(T', D/Fil"D) denote the reduction of ¢, modulo Fil"D and let ¢,
denote the image of ¢, in H'(T, D/Fil"D). We will show that for each n > 0, ¢, is
U -eigenvector with eigenvalues o and that ¢, is a lift of ¢,,_;.

For the first claim, since <p0| U = oy, we have ¢o| U — oy is in C'(I', Fil’D) +
B'(T", D). Thus

@ulU — a@u = B"@o| U™ — af8"@o| U™ = 8" (%0 U — ago) | U,

which, by Lemma 3.3, is in C'(T', Fil"D) + B'(T", D). Therefore, cpn} U = ap,.
For the second claim, we have

Bn— Pu1 = B"Go|U" = 8" G| U = 5" (B |U — @o) U™,

which, by Lemma 3.3, is in C"(T', Fil"D) + B'(T", D) as ﬁ<p0| U = .
Thus,

{¢u} € lim H'(T, D/Fil'D) = H'(T, lim D/Fil"D) = H'(T", D),
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where the last equality follows from hypothesis (2) on Fil®D. The collection of classes
{©n} therefore corresponds to a single class ® € H'(T', D). It is immediate that ®
lifts oo and that <I>| U =ad.

The equality of the R-annihilators of ® and ¢, and the uniqueness of ® now
follow from Lemma 3.4. We check these two facts simultaneously. To this end, let ®’
in H'(T", D) be any ordinary U -eigenlift of ¢ with fIJ" U = o/®’. Then Anng(®’) C
Anng(p) as @’ maps onto (. To see the reverse inclusion, let x € Anng((g). Then,
by Lemma 3.4, x®' = 0 since otherwise x®’ would be a U-ordinary eigenclass which
maps to 0 in H'(I', D/Fil’D). Thus, Anng (o) = Anng(®’).

Further, since U scales ®’ by a’ and scales g by a, it follows that o’ — « is
in Anng(pg) = Anng(®’). In particular, ¢’ also satisfies @” U = ad’. Again,
by Lemma 3.4, the difference ® — ®' must vanish as otherwise & — &’ would be
a U-ordinary eigenclass which maps to 0 in H'(T', D/Fil’D). Hence, ® = ®’ and
Anng(®) = Anng(y). [ |

Remark 3.5 If R is assumed to be a local ring, we can further deduce that there
is a unique U -eigenclass lifting ¢ (as opposed to a unique ordinary U -eigenclass).
Indeed, o € R is a unit if and only if « is a unit modulo any proper ideal. From this
it follows easily that any eigenlift of an ordinary eigenclass is automatically ordinary.
This strengthening will be used in the proof of the main theorem of the following
section.

4 Filtrations and Liftings

We return now to the setting of Section 2. In order to invoke the results of the previ-
ous section, we introduce a filtration on D), which satisfies the hypotheses of Theo-
rem 3.1.

4.1 A X-Stable Filtration on D,

We define a filtration on D), as follows. For N € 729, set

[N—(r2+s+t)“

EIVD, i= { 4 € Dy s ordy(pu(fn)) = forrs,t >0},

where [x] is the smallest integer greater than or equal to x. Recall that the functions
frst are defined at the end of Subsection 2.2.

We note that this filtration is too large to satisfy the hypotheses of Theorem 3.1.
In the following subsection, we will replace it by a slightly smaller filtration.

Proposition 4.1 The filtration Fil* D, is stable under the action of 3.

Proof By definition, (u\ N (frsr) = 1y frse). X = A(ki, ka, k3), by Lemma 2.1, for
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~ € I we have
lxy r s
(7 frst) ( 01 f) = det()" (a12 + apx + azyy) (a13 + ayx + assy)
—ky—r—s

k
X (—mz + myy + mypz — mppxz)' (an + anx + azs y)"

k
X (m33 — mizy — ma3z + myzxz)™

—k3—t

We expand out the last terms with the binomial theorem (keeping in mind that the

exponents may be negative). We have

('Yfrst)(

xy
! f) = det(7)" (ar + apx + azny)"

SO =

X (a13 + apx + aszy)’ (—may + My + mpz — mypxz)*

X (au)klszfrfs(i <k1 B kZJ._ T 5> (Z—ix+

j=0

x <m33>'<f’“*‘(2 (k2 - ?3 - t> (—Z—Zy

j=0

= g aahcx“ybzﬂ.

a,b,c

as]

apn

)

my3 mi3 J
— —2z+ —xz
ms33 ms33

Binomial coefficients (“) with a > 0 and b > a should be interpreted as 0. Note that

b

a1, da, 33, Maa, and mss are all units while ay;, as;, asz, M2, M3, and my3 are all

multiples of p.

‘We now consider the possible valuations of ay, for a fixed triple (g, b, ¢). Note that
the coefficient of a monomial of degree d appearing in the expansion of the first three
nonconstant factors of this product has valuation at least d — (r+s+1). (This follows
as the only non-linear term that appears in these factors has a coefficient divisible
by p.) Also note that the coefficient of a monomial of degree m in the expansion

m

of the last two nonconstant factors will have valuation at least equal to [ 2] . (This
follows as all coefficients that appear in these expressions are divisible by p including

(a+b+c)7(r+s+t)'|

the coefficient of the xz term.) Thus, the valuation of o, is at least { >

Note that pu(y frse) = >_, ) - Qabet( fabe); we wish to show that this sum has valua-
tion at least { W] . We do this term-by-term. Fix a triple (a, b,¢). Ifa+b+c >
N, then by the above computation, we have that the valuation of o is large enough.
Ifa+ b+ c < N, then, as p is in FilVD,, we have that 1( fave) has valuation at least

[ flatbrd _(“;b“q . Since

N—(r+s+t)

[N—(a+b+c)] N [(a+b+c)—(r+s+t)] > [

2 2

we have that u’ ~ is in FilVD,.

s |

Lastly, we consider the action by the element 7. In this case,

(| ) frs) = 17 fr) = P2 il frt).-
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Thus, if 1t is in FilV D) so is ,u‘ 5. [ |
Lemma 4.2 Ifu € FilVD, and 1 fooo) = 0, then u‘ 7 € FN''D,.

Proof Since (u’ ) (frst) = P75 ul o), if (1,5, ) # (0,0, 0), then

(N+1)—(r+s+t)]

Ordp((ﬂ}ﬂ)(ﬂst)) > ord, (p(frs)) +1 > [ .

Moreover,

(1] 7)(fooo) = p(m - fooo) = i fooo) = 0

and thus p|r € FilV''D,. [ |

4.2 The Main Filtration

Recall the map py: D)y — L) defined in Subsection 2.4. Set K, := ker(p,), which is
a X-module, as p) is X-equivariant. We then define our main filtration on D, by

Fil'D, := FIVD, N K,.

Before checking that this filtration satisfies the hypotheses of Theorem 3.1, we intro-
duce one lemma.

Lemma 4.3 If u € K), then p( fooo) = 0.

Proof Let vy, v,, ..., vqbe abasis of V(Q)). Since vy is a highest weight vector for

N°PP_we have
d

1xy
V)\'(g(l)f) =+ Pilx,y,2)vi
i—2

Thus,
d
pAi) = i(fooo)va + Y (P})v;
i=2

where P/ is the unique extension of P; to X. Therefore, i(fooo) = 0 as p is in the
kernel of pj. [ ]

Proposition 4.4 We have that FiI* D), is a decreasing 7., [ X]-stable filtration such that
(1) FiIVD,|w C FiIV*'D, forall N > 0,
(2) the natural map D) — lim D, /Fil"D,, is an isomorphism.

Proof The first part of the proposition follows from Lemmas 4.2 and 4.3. For the
second part, it is clear from the definitions that NFil" Dy = 0. Conversely, if {ux} €
limD, / FilVD,, for a fixed triple (a, b, ¢) the sequence {un(fape) } is Cauchy converg-
ing to say ape € Zp. Let p1 be the unique distribution such that p( fupe) = cvap for all
a, b, c. Then i projects to uy for each N > 0. |
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4.3 Lifting Hecke-Eigensymbols

Let } denote the abstract Hecke-algebra generated over Z, by U, and by T'(/, k) for
all primes £ # p and k = 1, 2, 3. Recall that the specialization map

pr: H(I',Dy) — H'(I', Ly)

is H-equivariant. We offer the following theorem (which is implied by Theorem 2.8).

Theorem 4.5 If ¢ € H'(I',L)) is an H-eigenvector whose U ,-eigenvalue is a unit,
then there exists a unique H-eigenvector ® € H'(I', Dy ) that specializes to .

Proof We apply Theorem 3.1 to the distribution module D), and its filtration Fil*D,.
By Proposition 4.4, this filtration satisfies the hypotheses of Theorem 3.1 with re-
spect to T, the diagonal matrix with entries 1, p and p?. Note that Dy /Fil’D, = L,
and thus, by Theorem 3.1, there exists a unique U ,-eigenvector @ lifting ¢ (see Re-
mark 3.5).

We moreover claim that ® is automatically an J{-eigenvector. Indeed, let T €
H and let <p’ T = ap. Then, since T and U, commute, both <I>‘ T and a® are
U ,-eigenlifts of ap. By uniqueness, we conclude that <I>‘ T = ad. ]

Remark 4.6 The above argument works equally well if one has a H(-eigenvector
v e H(I', L)) ® O for some finite extension O of Z,,.
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