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Based on the idea of constructing a time-changed process, strong subordination is
the operation that evaluates a multivariate Lévy process at a multivariate subordinator.
This produces a Lévy process again when the subordinate has independent components
or the subordinator has indistinguishable components; otherwise we prove that it
does not in a wide range of cases. A new operation known as weak subordination
is introduced, acting on multivariate Lévy processes and multivariate subordinators,
to extend this idea in a way that always produces a Lévy process, even when
the subordinate has dependent components. We show that weak subordination
matches strong subordination in law in the previously mentioned cases where the
latter produces a Lévy process. In addition, we give the characteristics of weak
subordination and prove sample path properties, moment formulas and marginal
component consistency. We also give distributional representations for weak
subordination with ray subordinators, a superposition of independent subordinators,
subordinators having independent components and subordinators having monotonic
components.

The variance generalised gamma convolution class, formed by strongly
subordinating Brownian motion with Thorin subordinators, is further extended using
weak subordination. For these weak variance generalised gamma convolutions, we
derive characteristics, including a formula for their Lévy measure in terms of that of a
variance-gamma process, and prove sample path properties.

As an example of a weak variance generalised gamma convolution, we construct
a weak subordination counterpart to the variance-alpha-gamma process of Semeraro.
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For these weak variance-alpha-gamma processes, we derive characteristics, show that
they are a superposition of independent variance-gamma processes and compare three
calibration methods: method of moments, maximum likelihood and digital moment
estimation. As the density function is not explicitly known for maximum likelihood,
we derive a Fourier invertibility condition. We show in simulations that maximum
likelihood produces a better fit when this condition holds, while digital moment
estimation is better when it does not. Also, weak variance-alpha-gamma processes
exhibit a wider range of dependence structures and produce a significantly better fit
than variance-alpha-gamma processes for the log returns of an S&P500-FTSE100 data
set, and digital moment estimation has the best fit in this situation.

Lastly, we study the self-decomposability of weak variance generalised gamma
convolutions. Specifically, we prove that a driftless Brownian motion gives rise to
a self-decomposable process and, when some technical conditions on the underlying
Thorin measure are satisfied, that this is also necessary. Our conditions improve and
generalise an earlier result of Grigelionis. These conditions are applied to a variety
of weakly subordinated processes, including the weak variance-alpha-gamma process,
and, in the previous fit, a likelihood ratio test fails to reject the self-decomposability of
the log returns.

Some of the work in the thesis has been published in [1–3].
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