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HEREDITARY AND STRICT DOMAINS FOR RADICAL
CLASSES OF ASSOCIATIVE RINGS

N.R. McCONNELL

We generalise some existing results on strict radical classes, and introduce some
new notions of hereditariness of radical classes. This is achieved by considering the
classes of rings for which a radical class is hereditary and/or strict (in the general
sense).

0. INTRODUCTION

It is well-known that a radical R is hereditary if and only if, for any ideal I of any
ring A, the equality R(I) = I N 'R(A) holds. The analogous condition for left ideals,
however, holds only very rarely (Gardner, [7]). This paper is concerned with conditions
like this for other types of subrings. Since such equalities would not. be expected to
hold for all rings very often, we look at the classes of rings for which they do hold (for
a given R).

In Section 1 the basic constructions are given, which are used in Section 2 to
build a theory for --strictness. This results in a generalisation of Stewart’s work on
strict radicals [12], and in determining the smallest d-strict radical class containing a
given radical class (see Gardner [6]). The third section investigates the constructions
when the subrings considered are ideals, and arising from this some investigation is
done into the question of whether there exists a ring in which no ideal has a simple
homomorphic image. Finally, two detailed examples are given, showing some of the
uses of the constructions. For radical-theoretic terminology and notation, we refer the
reader to [14].

1. PRELIMINARIES

Let - denote a type of distinguished subring satisfying
() I<R=IHR,
(Ia) SH4R,SCTCR=SHT,
(II) SHR&S*HR/I where S*=S/I,I1CS,I<dR,
(1) S+I4RifSHAR IR and
(Illa) SHAR, T4R=>SnTHR.
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Some examples of subrings satisfying these are one-sided ideals, (m,n)-ideals [9],
accessible subrings, meta-ideals [8], and subrings.

For any radical R we define the following two related classes:
Ki(R,4)={A|S € R&S 41 A=5 C R(A)}
and K3(R,1) = {4 | S 4 A=R(S5) = SN R(4)}.

Immediately we see that if 4 € K3(R,4), S 414 and S € R then § = R(S) =
SNR(A),so § C R(A); that is;

K2(R,) C K1(R, ).

Before proceeding, we will prove

LEMMA 1.1. Forany radical classe R, and any ring A,if I 9 A and I C R(4),
then R(A)/I = R(A/I).

ProoF: R(A)/I € R and R(A)/I < A/I, so R(A)/I C R(A/I). Also,
(A/I)/(R(A)/I) = A/R(A), so R[(A/I)/(R(A)/I)] = 0, and thus R(A)/I 2
R(A/I). 0

We shall now characterise rings in the class Ky(R,) in terms of their semisimple
images.

PROPOSITION 1.2. The following are equivalent:

(i) A/I €Ky =Ki(R,H) for some I C R(A);
(i) A/R(A) € Ky;
(iil) Aeky;

PROOF: (i) = (iii): Suppose A/I € K,, where I C R(A), I 9 A and suppose

S € R and S 4 A. Then by properties (II) and (III),
R3S/(SNI)=(S+I)/I-AR(A/).

By Lemma 1.1, (S + I) 4 R(A)/I,s0 S+I 4 R(A), by property (II). Thus S C R(4);

that is A € Ky whenever A/ € K, .

(iii) = (ii): If A € Ky, S* 4 A/R(A), then, by property (II), S* = S/R(A)
for some S 4 A with R(4) C S. Thus, if S* € R, S/R(A) € R,s0 S € R; but
then § C R(A), as 4 € Ky, so S = R(A). Hence, S* = 0 = R(A/R(A)); that is,
A/R(A) € K, whenever A € X;.

(i1) = (i) is clear. 0

Thus K;(R,) is completely determined by its intersections with the semisimple
class S of R. We therefore define

Ki(R,4) =SNK(R,H)
={A|R(A)=0; Se€R, S-4A4A=S5=0}.
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It then follows that any ring in K1(R,) is an extension of an R-radical ring by a
ring of K;1(R,), and these are precisely the X;(R,) rings.

We now introduce two further properties that 4 may satisfy, one of which involves
the particular radical class R being considered.

(IV) S+ A=R(S)HA.
(V) SHI<QA=>SHA.

Note that if § 4 T, T 4 A=S - A, both of these properties are satisfied, and
that if § 1 A means S < A, property (IV) is simply the Anderson-Divinsky-Sulinski
property.

If R, - satisfy property (IV), then

Ki(R,1)={A|R(4)=0& S 1 A=R(S) = 0}
(x) ={A| S A=R(S) =0}.

This will be used later.
From property (V) we get the following:

PROPOSITION 1.3. If S 41 9 A=S -4 A, then K (R,) is a semisimple
class.

ProoF: Let IQ A; I, A/T€K, =K;(R,1); SHA4, S€R. Then
RoS/(SNI)=(S+I)/I4A/l

Thus §/(SNI)=0;thatis § C I, and so by property (Ia), S 4 I. But then § =0,
so A € X, and X, is closed under extensions.

Let A be a subdirect product of {4y | A € A}, Ax = 4/I, for all A, 4, € K, for
all A. If SH 4, SeR, then

R> S/(SnIA) = (S +IA)/IA

for all A, so S/(SNIy) = 0 for all A and thus S is contained in every I,. But
NIr»=0,s0 S =0 and A € K;; that is K, is closed under subdirect products.
A

Let I 9A€K;y,and SH4I, S € R. Then, by hypothesis, § 41 A, so § =0 and
K, is hereditary. That is, £1(R,) is a semisimple class. 0

We now turn our attention to Ky(R,); recall that
K =K3(R,4)={A| S 414=>R(S) = SNR(A)}.

ProposiTION 1.4.
(i) If AeK,, then A/R(A) € K,.
(ii) If R(A) € K, and A/R(A) € K2, then A€ K,.
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ProoF: (i) Suppose A € K3, and let §* 4 A/R(A). Then S* = S/R(A) for
some S 14, R(4) C S by (II), so R(S) = SNR(A) as A € K;. But then R(S) =
R(A), so S* = S/R(A) is R-semisimple, and R(S*) = 0 = S* N R(A4A/R(A)); that is,

(ii) Let A be a ring with A/R(A), R(A) € K;. Let S 4 A; then

R((S + R(4))/R(4)) = ((§ + R(4))/R(A)) N R(A/R(4)) =0

and R(S NR(4)) = S N R(4) NR(R(A)) = S NR(A) since SN R(4) 4 R(A) by (Ia)
and (IIIa). But (S + R(A4))/R(A) = S/(SNR(A4)), so R(S/(SNR(A))) = 0, and
R(S) = SNR(A); that is 4 € K. 1]

Now, analogously to our treatment of K;(R,-), we look at the class

K2(R,d) = SNK3(R,)
={4]| 8§ 1 4=>R(S) =0},

and note that if R, - satisfy property (IV), then this is equal to X;(R,).

We also have, as with K;(R,-),

ProposITION 1.5. If S 4 I d A=S 1 A, then K3(R,) is a semisimple
class.

PROOF: Let I < 4 and I, A/I € K2 =K3(R,-). Then R(4) = 0. Let § - 4;
then

S/(SnI)=(S+1I)/ITHA/,

so R(S/(SNI))=0as A/I € K2. Now SNI 41 (by (Ia) and (ITa)),so R(SNI) =0
(as I € X;). But then R(S) =0, so 4 € K;; that is, K, is closed under extensions.

Let A be a subdirect product of {4y | A € A}, 4y = A/, for all A, 4, € K,
for all A\. Then R(A) = 0. Let S 4 Aj; then for any A, (In+ S)/In 4 Ay so
R((In + S)/I,) = 0. Hence, for any A, R(S/(IxN S)) =0, s0 R(S) C IrNS C I and
thus R(S) C()Ix = 0. That is, A € K;, and K3 is closed under subdirect products.

A

Let I QA €K,, and let § - I. Then, by hypothesis, § 4 4, so R(S) = 0; that
is, K2 is hereditary (as clearly R(I) =0). Hence, K3(R,) is a semisimple class. 0

We define a class R to be --kereditary if S € R whenever § 41 A € R. Now, for
a radical class R, consider the rings A for which S € R whenever § 1 A. We have

{A|A€R&SH A5 € R} ={4]| Ac R&S 1 A>R(S) = SNR(4)}
=K3(R,4)NR.

This leads to the following:
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THEOREM 1.6. If S 4 A=>R(S) - A, then the following are equivalent:
(i) R is d-hereditary;
(u) R c KZ(R7 _’)J.
(iii) Ki(R,d) = Ky(R,A);
ProoF: (i) < (ii):
{A|A€eR&SH1A>S € R} =K2(R,J)NR

(i) means that the left side of this equation is equal to R; (ii) means that the right side
is.

(1ii) = (ii):

R C Ky(R,H).

(ii) = (iii): From the comments preceding Proposition 1.5, 4/R(A) € K; for a
ring A if and only if A/R(A) € K,.

By (ii), R(4) € K for any ring A, so Proposition 1.4 becomes 4 € K if and only
if A/R(4). Thus we have (by Proposition 1.2)

that is, K;(R,H) = K3(R, ). 1]

Note also that under these conditions, K3(R,) is exactly the class of R-rings
extended by K3(R,)-rings.

COROLLARY 1.7. A radical class R is strongly hereditary and strict if and only
if SNR(A) = R(S) for every subring S of A.

PROOF: Let § 1 A mean “S is a subring of A”. Clearly § 4 A implies that
R(S) 4 A, and K,(R,) is the class of all rings if and only if R is strict.

Thus if R is strongly hereditary and stict, K;(R,) = K2(R,) is the class of all
rings (since strongly hereditary means --hereditary). That is, R(S) = § N R(A) for
all 4, S A.

Conversely, if R(S) = SNR(A) forall A, § 4 A4, then K3(R,) is the class of all
rings. But K2(R,d) C K1(R,), so Ki(R,) = K2(R, ) is the class of all rings, and
R is strongly hereditary and strict.

2. --STRICT CLOSURE

We now use the results of the previous section to generalise Section 2 of Stewart’s
paper on strict radical classes [12]. This section will be largely patterned on Stewart’s
work.

Define a radical class R to be H-atrictif KX1(R,) is the class of all rings (so that
if - denotes “is a subring of”, being -I-strict is the same as being strict).
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THEOREM 2.1. If R, 1 satisfy property (IV), then R is --strict if and only if
its semisimple class § is --hereditary.

PROOF: Let R be a --strict radical class, and let § 4 A € S. Then, by (IV),
R(S) 1 A, so by d-strictness R(S) C R(4) = 0. Hence, § € S, and S is +-hereditary.

Conversely, let S be a --hereditary semisimple class, and let § 1A with $ € R.
Then

R 3 S/(SNR(A)) = (S +R(A))/R(A) 1 A/R(A) €8,

so § = SN R(A); that is S C R(A) and thus R is a d-strict radical class. ad

If R, - satisfy properties (IV) and (V), which we assume from now on, then by

Proposition 1.5 and the remarks before it, X; = K; is a semisimple class; we now
proceed to characterise the radical class corresponding to this semisimple class.

Let C be a class of rings, and denote by C4 the class of all rings R such that for
every non-zero homomorphic image A of R there exists 0 # S - A such that S is
isomorphic to a ring in C. It follows from [4, Theorem 1] that C. is a radical class.

THEOREM 2.2. A radical class R is --strict if and only if R = C4 for some
class C of rings.

PROOF: If R is a —-strict radical class, then R = R.

For the converse, let C be any class of rings, A be a ring, § | A. Then § =
S+ AS + SA + ASA is the ideal of A generated by S. We need only to prove that if
S € C4, then S € C4, for it then follows that § C C4(A).

Let S/K be an arbitrary non-zero homomorphic image of §. The result follows if
we can find a non-zero homomorphism f: § — §/K such that f(S)45/K.

If SZK, then the function defined by z —» z + K for =z € S is as required, since
S+K/K-AS/K.

If § C K, then by Andrunakievic’s lemma [1, Lemma 4] we have 5’ C K. Choose
n > 2 to be minimal with respect to 5" C K. Then 5" 'ZK, so (S + AS)S" *¢K
(for the case n = 2, take 5" to be the ring A* obtained by adjoining an identity
to A). Now choose m € Z, a € A, b€ 5" such that (m+a)SVZK, and let
f: S — S/K be defined by

f(z) =(m+ a)zb + K.

Clearly f is a well-defined, non-zero additive homomorphism. Also, for z,y € S,

we have

(m + a)zyb € 4*S*5" > CcSCK
and (m + a)zb(m + a)yb € A*S§" “A4*S5" ' C T CK.
That is, f(=zy) = f(z)f(y) =0.
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Thus f is a non-zero homomorphism. Finally, §/K is nilpotent, so by [3, Proposition
8] every subring of S/K is accessible. Thus f(S) is an accessible subring of S/K , and
by repeated application of (V), f(S) 4 S/K as required. 1]
COROLLARY 2.3. Let C be a class of rings, and let A be any ring.
(i) I C is homomorphically closed, then A is C4-semisimple if and only if
S ¢ C for all non-zero S - A.
(ii) If C is a radical class, then A is C4-semisimple if and only if C(S) = 0
forall SHA.
PROOF: (i) is true by property (V), and (ii) follows by property (IV). 1
COROLLARY 2.4. A radical classis 1-strict if and only if it is the upper radical
class determined by a --hereditary class of rings.

PRrROOF: If L is a 1-hereditary (and hence hereditary) class of rings, then the upper
radical class determined by L is the class of all rings which have no homomorphic image
in L. If C is the class of all rings not in £, then C is the class of all rings A such that
for every non-zero homomorphic image A* of A, there exists 0 # § 4 A* with S not
in £. That is, C4 is the upper radical class determined by [, since £ is —-hereditary.
The converse is immediate from Theorem 2.1 0

We are now in a position to prove the main result in this Section.

THEOREM 2.5. Let R be a radical class, 1 a subring property satisfying (IV)
and (V). Then R is the smallest --strict radical class containing R, and K1(R,) =
K2(R,-) is the corresponding semisimple class.

ProoF: Clearly R C R4, and R+ is a 1-strict radical class. By (%) and Corollary
2.3(ii), K1(R, ) is the corresponding semisimple class.

Let S be the semisimple class corresponding to R, and let M be any -hereditary
semisimple class containedin S. If $ 4 A € M, then S € M,s0 S €S and R(S) =0.
Thus 4 € K1(R,); that is, M is contained in X£;(R,). This means that K;(R,) is
the largest 1-hereditary semisimple class contained in S, and it follows by Theorem 2.1
and (14, Theorem 7.2] that R is the smallest -strict radical class containing R. [

We now investigate the nature of R4(A) for a given ring A. We define the following
distinguished subring of A:

Ki(A)=(S1A|SeR)
where ({S:}) denotes the subring generated by the S;. Then K{(4) = 0 if and only
if A € K1(R,H), and from property (IV), Ki(4) = (R(S) | § 4 A). Nowif § 4 4,
SeR,
R 3 5/(S§ NRA4(A)) = (S + R4(A4))/R+(4) € K1(R,),
so §=S5NR4(A) and § C R4(A). Thus Kf(A4) C R4(4).
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QUESTION. Is R4(A) the ideal of A generated by K7(A4)?

3. HEREDITARINESS AND K,(R,J)

In this section, we will look at the case where A 1 B means A is an ideal of B. In
this case, the class K;(R, <) is simply the class of all rings, but X3(R, <) is the class of
all rings only if R is hereditary. The extent of K3(R,<) can be thought of as, in some
sense, a measure of the “hereditariness” of R. We therefore look at the possibilities for
K2(R,<) when R is not hereditary.

Let R be any radical class, and S its semisimple class. Then S is contained in
K2(R,Q), for if A is any ring in S, I anideal of A, then R(I) = 0 = I N R(4), so
A€ K(R,Q).

The following example demonstrates that S can be equal to K3(R,d).

Let R denote the class of torsion divisible rings, and S its semisimple class. If
A ¢ S,let A, ={z € R(A) | pz = 0}; then A, # 0 for some prime p, and 4, is a
subring of A. For z € A, and a € A we have

p(za) = (pz)a = 0 and p(az) = a(pz) =0

and, since za and az are in R(A), they are in A, also. That is, A, is an ideal of A.
But A, is not p-divisible, so A, ¢ R. Thus A, 9 4, and R(4,) # 4, NR(4) = 4,.
That is, ¢ K2(R,<) and hence K2(R,d)=S.

Another measure of the “hereditariness” of a radical class is the size of its largest
hereditary radical subclass; relating to this we have

PROPOSITION 3.1. Let R be an hereditary radical class containing no simple
rings. Then R = {0}.

PRrOOF: Let A? = 0. Then if R(A4) # 0, R(A) has an ideal isomorphic to the
zero-ring on a prime field (Zg) or on the integers (Z°). But if Z° & I C R(A), then
Z° € R and so Zg € R for any prime p. Either way, R contains a simple zero-
ring—a contradiction, so R(A) = 0 for any zero-ring A. This means every ring in
R is idempotent, and so hereditarily idempotent, since R is hereditary. Thus every
homomorphic image of an R-ring is semiprime.

Suppose that there exists a non-zero R-ring, R. Then R has an homomorphic
image R which is subdirectly irreducible. Also, R is semiprime, so the heart H of R
is simple. But R € R, so H € R as R is hereditary—a contradiction as R contains
no simple rings. Thus there exists no such R, and R = {0}. 0

The author is indebted to Dr. B.J. Gardner for this proof.
THEOREM 3.2. The following are equivalent for a radical class R.
(i) Every R-ring has no maximal ideals.
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(ii) R contains no simple rings.
(iii) {0} is the largest hereditary radical subclass of R.

PRroOF: (i) & (ii) if every R-ring has no maximal ideals, then R contains no
simple rings, as 0 is always maximal in a simple ring.

Conversely, if R contains no simple rings, then no R-ring can contain a maximal
ideal, since this would entail having a simple homomorphic image.

(ii) < (iii) If R contains no simple rings, then nor does any hereditary radical
class contained in R. It follows by Proposition 3.1 that any such class must be {0}.

Conversely, if R is a radical class containing no non-zero hereditary radical classes,

then R contains no simple rings, as the lower radical class determined by a simple ring
is hereditary. d

Relating this back to KX3(R,<d), we have

PROPOSITION 3.3. Each of the following conditions on a radical class R and
its semisimple class S implies its successor:
(l) Kz(R,S) = S,'
(il) K2(R,9)NR ={0};
(iii) {0} # R' C R=>R'€K2(R,) where R' is a radical class;
(iv) {0} is the largest hereditary radical subclass of R.

PROOF: (i) implies (ii) and (ii) implies (iii) are clear. Suppose that (iii) holds,
and let R’ be an hereditary radical subclass of R. Then R'ZK2(R, <) or R' = {0}.
Suppose R'ZK2(R, d), and choose A € R' with A ¢ K2(R,<). Then there is an ideal
I of A with R(I) #INR(A). But A€ R CR,s0 R(I) # I;thatis, I ¢ R, and
thus I ¢ R'—a contradiction, as R’ is hereditary. Hence R’ = {0}, and (iv) holds. [I

PROPOSITION 3.4. The equivalence of (iv) and (ii) is equivalent to the exis-
tence in every ring of an ideal with a simple homomorphic image.

PROOF: Suppose that (iv) is equivalent to (ii). By [11], RN K;(R, <) is a radical
class (R in the notation of [11]). Let R be the upper radical determined by the class
of all simple rings. Then R contains no simple rings, so RN K3(R, <) = {0}. But

RNK2A(R, Q) ={A € R|IQA=>R(I) = INR(A4)}
={AeR|IQA=>T € R}
= {A| 0 # I has no simple image}.

Thus every non-zero ring has an ideal with a simple image.

Conversely, supposing such an ideal to exist in every ring, let R be any radical
class containing no simple rings. For any non-zero ring A in K2(R,9)N R, I <A
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implies that I € R. But then if Iy is an ideal which maps onto a simple ring S, we
have S € R—a contradiction. Thus no such ring exists, and K3(R,<)NR = {0}. 1[I

We will thus investigate the properties of rings in K2(R,<) N R where R is the
upper radical of the class of simple rings, and write K2(R,9)NR = R,.

Let A € Ry. Then A/A? € R, and thus A/A? = 0 as otherwise A/A? has an
ideal isomorphic to Z° (which maps onto Z3) or Z3. Thus R, consists of idempotent
rings. If R is a subdirectly irreducible Ry-ring with heart H, then H? = 0, since H
cannot be idempotent, and H is divisible, as H cannot map onto Zg for any p. If
p is a prime and pA # A € Ry, then A/pA has subdirectly irreducible factors with
characteristic p, a contradiction, as any subdirectly irreducible Ry-ring has divisible
heart. Thus every Ry-ring is divisible.

Now, suppose that there is a subdirectly irreducible Ry-ring R with torsion heart
H, so for some prime p, H has a subring isomorphic to Z3. Let a € H, n € 7t
with na = 0, and let 4 € R. Then, since R is divisible, there exists ¢ € R with
nc = b, so ab = nac = 0 = nca = ba, and H is contained in the annihilator of R.
But then every subring of H is an ideal of R, so R has an ideal isomorphic to Z;’, —a
contradiction. Thus all subdirectly irreducible Ry-rings have torsion-free hearts, and
consequently are torsion-free, since the heart must be contained in the largest torsion
ideal if the latter is non-zero. Since every Ry-ring is a subdirect product of subdirectly
irreducible R¢-rings, every Ro-ring is torsion-free.

We can also see that if b is a non-zero element which annihilates an Ry-ring A4,
then the ideal of A generated by b is isomorphic to Z° or Zg, either of which maps
onto a simple ring, and so no such b can exist and Rq-rings can have no annihilator.

Finally, every R,-ring has accessible subrings which are not ideals, since the heart
of every subdirectly irreducible R,-ring has ideals which are not ideals of R.

To sum up, the equivalence of (ii) and (iv) in Proposition 3.3 depends on the non-
existence of a torsion-free, idempotent, divisible ring with zero annihilator in which not
every accessible subring is an ideal.

4. EXAMPLES

Our first example is of a radical class usually regarded as being far from hereditary.
The class of all rings with divisible additive groups is a radical class, which we will denote
by D. For any ring A, D(A) is the maximal divisible subgroup, which is always an
ideal, by [5, p.278].

It is clear that D contains simple rings (the field Q of rational numbers, for exam-
ple), so D does not satisfy any of the conditions of Proposition 3.3. Now a ring A is
contained in K3(D, <) if and only if I ND(A) is divisible for every ideal I of A. Thus
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we have

Ky(D,<) = {A | (VI Q A)(I NnD(A) is divisible)}
={A|IQA&ICD(A)=I€ D}
={A|ICD(A)&I A A=I" is a sum of full rational and quasicyclic groups}

where It is the additive group of I.

Now, suppose the torsion part of D(A) is non-zero. Then the p-component of
D(A) is non-zero for some prime p; call this component K. It follows that K+ isa
sum of quasicyclic groups, and hence K has trivial multiplication by [13, Theorem 2].
Let K[p) ={x € K | pz =0}, and let a € A, s € K[p]. Then sa and as are zero or
have order p, so they are contained in K[p] and thus K[p] 9 A. But K[p] ¢ D, so
D(K|[p]) # D(A)N K[p] and A ¢ K3(D, Q). Thus we have

Ka(D,Q)={A|ICDA)&IQ A=
I'* is a sum of full rational groups}
= {A|D(A)is a Q-algebra; I CD(A) &I < A=
I is an algebra ideal of i)(A)}

Finally, we see that all noetherian rings are contained in Ky(D, ). For if we
suppose A to be a ring not in K3(D, <), there must be an ideal I of A such that
ICD(A) and I ¢ D. Choose i € I, p prime such that pz # ¢ for all z € I; then
pI # 1, and (A/I)[p] # 0 (where (A/I)[p] is defined in the same way as K[p] above)
since there must be an element d of D(A) wiht pd = i. As (A/I)[p] Q A/I, there s
an ideal J of A with J/I = (A/I)[p] and satisfying pJ C I & J (as d € J\I). Now
(A/Dp)ND(A)/I = {c+I|ce€ D(A)&pc € I} # 0 since d ¢ I, d € D(4) and
pd=i€I,s0 IS JND(A). Also JND(A) & D(A), as otherwise D(4) C J, so
pD(A) C I—a contradiction, as pD(A) = D(A) and I & D(A4).

But now p(J ND(A)) # J N D(A) (since if p(J N D(A)) = J N D(A) we would
have J ND(A) C pJ C I), s0o J ND(A) #D(J ND(4)).

In a similar way, we can find K 9 4 with JND(A) & K N D(A), K N D(A) #
D(K N D(A)) and so on, giving an infinite ascending chain of ideals of A. Hence A is
not noetherian.

From these last two facts we get the following:

PROPOSITION 4.1. Let A be a noetherian ring. Then D(A) is a Q-algebra,
and for any ideal I of A, IN'D(A) is an algebra ideal of D(A).

COROLLARY 4.2. If A is a divisible noetherian ring, then A is a Q-algebra,
and every ring ideal of A is an algebra ideal.
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For our second example, ‘we look at the Jacobson radical, and introduce another
class of interest,

Ko(J) = {4 | a € J(A) whenever a is quasiregular},

where a is quasiregularin A if acb=a+ b — ab for some b€ A. If we let S be the
semisimple class of the Jacobson radical, then § N Ko(J) is the class of rings without
non-zero quasiregular elements, and we have

ProOPOSITION 4.3.
SN Ko(J) is a semisimple class.

PROOF: Let A be a ring, I an ideal of A with I and A/T € SNKy(J), and let
a,b € A with aob=10. Then (a+I)e(b+1I)=0,s0 a,be I, as A/T € SNKy(T).
But then a =b =0, since I € SNKo(J). That is, A € SNKo(T), so SNKo(T) is
closed under extensions.

Let {Ax | A € A} be a family of rings in S N Ky(J), and let [[ Ay denote their
direct product. Let (ax),, (bx), be elements of [] Ax with (ax), o (ba), = 0. Then
a) oby = 0 for every A, so a) = by = 0 for every A since each Ay isin § N Ko (J),
and so § N Ky(J) is closed under direct products. Since § N Ky(J) is clearly closed
under subrings, and hence under subdirect products and ideals, the result follows. 1]

We will denote the radical class corresponding to Ko(J)NS by Q.

PROPOSITION 4.4. Let R be aring. Then R € Ko(J) if and only if R is an
extension of a Jacobson radical ring by a ring of Ko(J)N S.

PROOF: Suppose J(R) is not the set of quasiregular elements of R, and let a €
R\J(R), aob=0. Then b € R\J(R), and (a + J(R))o(b + J(R)) = acb+J(R) =0,
so 0 # a + J(R) is a quasiregular element of R/J(R), and R/J(R) ¢ SNKo(J).

Conversely, let (a + J(R))o (b+ J(R)) =0 inR/J(R), a ¢ J(R). Then aobe
J(R), so there is an element ¢ of J(R) with (aob)oc=0. But then ao(boc) =0,
s0 a is quasiregular in R. Hence J(R) is not the set of quasiregular elements of R. 1]

Now, let § 1 R mean that § is a subring of R, and let § < R mean that S is a
left ideal of R. We look at the relationship between Ko(J), K1(J,), K2(TJ,) and
K2(J,<) (noting that K;(J, <) is the class of all rings. By [10, Theorem 2] a ring R

A Y
of the form [X I‘] , where A and T are division rings, Y is a AI'-bimodule, X is

a 'A-bimodule and

a yllec z]_ ac z+ yd
z bl |w d|  |zc+bw bd

https://doi.org/10.1017/50004972700018086 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700018086

[13] Hereditary domains for radical classes 267

(and addition is componentwise), has the property that its Jacobson radical is the set
a a

of non-regular elements. The regular elements are of the form [ y] s [ y] or
z

b z 0
.

b] where a € A, b € T are non-zero, z € X, y € Y and elements of the form
z

z 0
it suffices to show that every non-nilpotent element of L is regular, since the nilpotent

elements of L clearly form an ideal and a non-zero regular element cannot be contained

in the Jacobson radical. If [a y] € L, then

0 .
[ y] are nilpotent. To demonstrate that this property is passed on to a left ideal L,

z b
a2 —a"yb 1 —ayp" %] [a vy
—b"2za"! —blza? b2 z b
a—l _a—lyb—l
= L
[—b—lza—l b1 ] €
and a y a! —a yp"1] [a y _ [a vy
z b||-b"tza? b1 z b |z b

50 [a y] is regular in L, and if [a y] € L, then
z b z 0

a2 0)[a y [a™! a2y
- L
[ 0 0] [z 0] 0 o ]e

a y][a? a?y][a y a y
and =
z 0 0 0 lz 0 z 0
a yl. . - 0 y]. . .
s0 ol regular in L. Similarly, . bl regular in L, so the Jacobson radical
z

of any such left ideal L is the set of non-regular elements, as every element is regular
or quasiregular. This means that J(L) is the set of nilpotent elements of L, and thus
J(L)=LNJ(R). That is, R € K3(J, <) for any such R.

a
We also see that an element [0 of such a ring R is quasiregular whenever

0
b
a and b are quasiregular. Thus any subring S of diagonal matrices not containing

10 00 1 0], . .
[0 0], [0 1] or [0 1] is quasiregular, so that J(S) # SN J(R) and in fact,

SZJ(R); that is, R ¢ K,(J,) (or K2(T,)).

The prime fields 7Z,, since they have no non-trivial subrings are in K3(R,) for
any R, but every element besides 1 is quasiregular in Z,, so that Z, ¢ Ko(J) for
p>2.
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Let A={m/n|m,ne€Z, n ¢ 21};then J(4)={m/n|me€2Z, n ¢ 2Z}.
Thus if a is quasiregularin A, a+J(A) is quasiregularin A/J(A) = Z,,50 a+J(A) =
0. Thus a € J(A4), and so 4 € Ko(J). However, Z 4 A, and Z N J(A) = 2Z while
J(Z)=0,s0 A ¢ K2(T,H).

To sum up the relationships among these classes, we have Ko(J) & K2(J,<);
KT, & Ka(T,<); Ko(T,H) & Ki(T,H); Ke(T) & Ki(T,H)s Ka(T, <) &
K1(T,); and Ko(J) # K2(T, ), where neither class is contained in the other. The
only question remaining is whether or not X,(J,-) is contained in K»(J, <).

By Proposition 1.5 and the remarks before it, K5(J, ) = K1(J, ) is a semisim-
ple class properly contained in S, and from the previous discussion Ko(J) NS is a
semisimple class properly contained in X;(J,). Thus

J&IJ4& Q.

It is interesting to note that not every J,-semisimple ring is a subdirect product
of primitive J,-semisimple rings, a counter-example being provided in [2].

It might be worthwhile to work with a similar class to Ko(J) for other radical
classes which can be defined in terms of elements.

NOTE ADDED IN PROOF.

In a recent paper (“General Heredity and Strength for Radical Classes”, Can. J.
Math.), 40(6) (1988), 1410-1421) A.D. Sands and P.N. Stewart have given a character-
isation like Theorem 2.5 for a more general type of subring than those considered here.
Their approach involves a transfinite process to construct the appropriate semisimple
class.
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