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Abstract

Sufficient conditions are derived for the relative controllability of nonlinear neutral Volterra
integrodifferential systems with distributed delays in the control variables. The results
are a generalization of previous results and are obtained by using Schauder's fixed-point
theorem.

1. Introduction

The primary motivation for the study of neutral functional differential equations is the
application to transmission-line theory. It is known that the mixed initial-boundary
hyberbolic partial differential equation which arises in the study of lossless trans-
mission lines can be replaced by an associated neutral differential equation. This
equivalence has been the basis of a number of investigations of the stability properties
of distributed networks (see [15]). In particular, models for systems with delay in the
control occur in population studies and in some complex economic systems. More
specifically, models for systems with distributed delays in the control occur in the
study of agricultural economics and population dynamics [2, 3]. Volterra integrodif-
ferential equations occur often in applied mathematics [7]. In [12] a simplified model
for compartmental systems with pipes is represented by nonlinear neutral Volterra
integrodifferential equation.

The problem of controllability of linear neutral systems has been investigated by
several authors [6, 13, 5]. Angell [1] and Chukwu [8] discussed the functional
controllability of nonlinear neutral systems and Underwood and Chukwu [17] studied
the null controllability for such systems. Further Chukwu [9] considered the Euclidean
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controllability of a neutral system with nonlinear base. Onwuatu [16] discussed
the problem for nonlinear systems of neutral functional differential equations with
limited controls. Gahl [11] derived a set of sufficient conditions for the controllability
of nonlinear neutral systems through the fixed-point method. In [4] Balachandran
established sufficient conditions for the controllability of nonlinear neutral Volterra
integrodifferential systems. However for systems with delays in the control variables
the problem of relative controllability is still to be studied. A number of papers
have appeared on linear systems with different types of delays in control variables.
Klamka [14] and Balachandran and Dauer [5] investigated the relative controllability
of nonlinear systems with distributed delays in control. In this paper we shall study
the relative controllability of nonlinear neutral Volterra integrodifferential systems
with distributed delays in control. Our approach, similar to one used by Do [10] for
nonlinear neutral systems, is to define the appropriate control and its corresponding
solution by an integral equation. This equation is then solved by applying the Schauder
fixed-point theorem.

2. Preliminaries

Let Q denote the Banach space of continuous R" x Rm -valued functions defined
on [0, f,] with the norm ||(JC, u)|| = ||x|| + ||u||, where ||x|| = sup{ |x(OI, t € [0, /,] }

That is, Q = Cn [0, t\ ] x Cm [0, t{\, where Cn [0, f, ] is the Banach space of continuous
R"-valued functions defined on [0, tt] with the supremum norm. Put / = [0, t{].

Consider the linear neutral Volterra integrodifferential systems with distributed
delays of the form

~[x(t)- fc(t,s)x(s)ds-g{t)]
dt Jo

= A(t)x(t) + f G(t, s)x(s)ds + f dgB(t, 9)u(t + 6) (1)
J0 J-h

and the nonlinear system

7-[*(0- / C(t,s)x(s)ds-g(t)]
dt JQ

= A(t)x{t)+ fdt, s)x(s)ds+ [ deB{t, 9)u(t + 6) + f(t, x{t), «(r)). (2)
J0 J-h

Here x e R" and u is an m-dimensional vector function with u € Cm[—h, t}] and
B(t, 6) is an n x m matrix continuous in t and of bounded variation in 9 on [—h, 0]

https://doi.org/10.1017/S0334270000010717 Published online by Cambridge University Press

https://doi.org/10.1017/S0334270000010717


348 K. Balachandran and J. P. Dauer [3]

for each t e J. The n x n matrices A(t), C(t, s) and G(t, s) are continuous in their
arguments. The n -vector functions / and g are respectively continuous and absolutely
continuous. The integral is in the Lebesgue-Stieltjes sense which is denoted by the
symbol de.

Let h > 0 be given. For a function u : [—h, t\] -> Rm and t € [0, t{] we use
the symbol u, to denote the function on [—h, 0) defined by u,(s) = u(t + s) for
s e [—h,0). The following definitions of complete state and relative controllability
of system (1) or (2) are assumed [14].

DEFINITION 1. The set z{t) = [x(t), u,} is said to be the complete state of the system
(1) at timer.

DEFINITION 2. The system (1) or (2) is said to be relatively controllable on J if, for
every initial complete state z(0) and xx € R", there exists a control function u(t)
defined on [0, t{] such that the solution of the system (1) or (2) satisfies x(t\) = X\.

The solution of (1) can be written as in [18]:

x(t) = Z{t, 0)[x(0) - *(0)] + g(f) - f (d/dt)Z(t, s)g(s)ds
Jo

+ j Z(t, s) (I d$B(s, 9)u(s + 9)J ds, (3)

where Z(t, s) and (d/dt)Z(t, s) are continuous matrices satisfying

(d/dt)Z(t, s) - I (d/dt)Z(t, T)C(T, s)dx + C(t, s)
Jo

= -Z(t,s)A(s)- I Z(t,x)G{x,s)dx,
JO

and where Z{t,t) = I and the solution of the nonlinear system (2) is given by

*(0 = Z(r, 0)[*(0) - g(0)] + g(t) - I (d/dt)Z(t, s)g(s)ds
Jo

+ f Z{t, s)[ f deB{s, 0)u{s +9) + f(s, x(s), u(s)]ds. (4)
Jo J-h

Using the asymmetric Fubini theorem, as in [14], equation (3) can be written as

x{t) = Z(t, O)[JC(O) - g(0)] + g(t) - [ (d/dt)Z(t, s)g(s)ds
Jo

+ f dBe f Z{t,s-9)B(s-9,6)uo(s)ds
J-h Je

+ f [f Z{t, s - e)deB,(s - 9, 9)]u(s)ds, (5)
Jo J-h
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where dB$ denotes that the integration is in the Lebesgue-Stieltjes sense with respect
to the variable 9 in B and

Define

- I (
Jo

p(t) = ZO, 0)[*(0) - g(0)] + g(f) - I (d/dt)ZO, s)g(s)ds,

qO) = dBe ZO, s - 6)B(s - 9, 9)uo(s)ds,
J-h Je

, o
SO, s) = / ZO, s - 9)dBB,(s - 9, 9)

J-h

and the controllability matrix

W(0,0= / S0,s)S*0,s)ds,
Jo

where the star (*) denotes the matrix transpose.
Then equations (5) and (4) become

x(t) = p(t) + q(t) + [ S(t, s)u(s)ds (6)
Jo

and

xO) = P0) + lO) + f SO, s)u(s)ds + / Z(r, s)f{s, x(s), u(s))ds. (7)
Jo Jo

It is easy to prove that, as in [4], the system (1) is relatively controllable on / if
and only if W is nonsingular.

It is clear that xx can be obtained if there exist continuous x and u such that

«(0 = S*0i, t)W-\0, *,)[*, - P0i) - qOi) ~ [ ' Z0i,s)f(s, x(s), u(s))ds] (8)
Jo

and

xO) = pO) + qO) + I SO, s)u(s)ds + f Z(t, s)f(s, x{s), u(s))ds. (9)
Jo Jo
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Now we must find the conditions for the existence of such x and u. If a, e L1 ( /) ,
/ = 1,2, ...q, the ||a,|| is the V norm of a,(j). That is, ||a,|| = /„' |a,|d.y. Let us
introduce the notation

K =max{\\Z(t,s)\\:0<s <t <* ,} .

k = max {S{tx,s)tu\},
0<s<l\

ai = 31c max {||S*fo,0ll H^ 'CO, r, || | |Z(r,, Oil ll«*ll},
0<< * M " '

d = max {a,, 6,},

4 = 3* max ||S*(f

= max {dud2}.

3. Main result

Now we shall prove the main theorem which is a generalization of Theorem 2 in
[4].

THEOREM. Let measurable functions fa : Rn+m -> R+ and L1 functions a, : J ^- R+,
i = 1,2,.. .q be such that

i+mui(t)Mx,u) for every (t, x, u) € / x Rn+m.

Then the relative controllability of (I) implies the relative controllability of (2) if

i
lim sup(r - Y]c , sup{</>,(.*, u) : \\(x, u)\\ < r}) = oo. (10)

f = l

PROOF.

Define r : C ->• C by

T(x,u) = (y,v),

where

[ r ] (11)
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and

y(O = p(t) + q(t)+ I S(t,s)v(s)ds+ Z(t,s)f(s,x(s),u(s))ds. (12)
Jo Jo

By our assumptions, the operator T is continuous. Clearly the solution u and x to (8)
and (9) are fixed points of T. We shall prove the existence of such fixed points by
using the Schauder fixed-point theorem.

Let *,(r) = sup {</>,(*, u) : ||(JC, w)|| < /•}. Since (10) holds, there exists ro > 0
such that

Now let
Qr = [(x, u) e Q : \\(x, u)\\ < ro].

If (x, u) G Qra then from (11) and (12) we have

Nl < \\S\h,t)\\ HW-'CO,/,)! [|JC,| + \p{fx)\ + \q{tx)\

(1/3*) £ a,-*,

< (ro/3*) < (ro/3)

and

f \\S(t,s)\\\\v\\ds+ [ \\Z(t,s)\\Tai(Pi(x(s),u(s))ds
Jo Jo 717

(d/3)+*||w|| + l/3^c,*,(ro)
1 = 1

< (ro/3) + (ro/3) = 2(ro/3).
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Hence T maps Qro into itself. Further it is easy to see that T{Qr) is equicontinuous
for all r > 0 [10]. By the Ascoli-Arzela theorem, T(QrJ is compact in Q. Since
Qro is closed, bounded and convex, the Schauder fixed-point theorem guarantees that
T has a fixed point (x, u) e Qr, such that T(x, u) = (x, u). It follows that, for
(x, u) = (v, v), we have

x(t) = pit) + q(t) + [ S(t, s)u(s)ds + [ Z(t, s)f(s, x(s), u(s))ds. (13)
Jo Jo

Thus the solutions of (8) and (9) exist. Hence the system is relatively controllable
on / .

REMARK. TO apply the above theorem we must construct a,s and 0,s such that (10)
is satisfied. These constructions are different for different situations. However an
obvious construction of a,s and </>,s is easily achieved by taking q = l,at = a = I
and

) = 4>{x,u) = sup{|/(/,x,M)| :t e J}.

In this case (10) holds if

liminf(l//-)sup{0(jc,«) : \\(x,u)\\ < r} < \/cx.
r-+oo

Now we state a corollary which is a particular case of the above theorem.

COROLLARY. If the continuous function f satisfies the condition

lim

uniformly int £ J and if the system (I) is relatively controllable on J, then the system
(2) is relatively controllable on J.
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