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Abstract For r € (0,1), let u (r) be the modulus of the plane Grotzsch ring B2 \ [0, r], where B? is the
unit disk. In this paper, we prove that

with 6, € (0,1). Employing this series expansion, we obtain several absolutely monotonic and (loga-
rithmically) completely monotonic functions involving u (), which yields some new results and extend
certain known ones. Moreover, we give an affirmative answer to the conjecture proposed by Alzer and
Richards in H. Alzer and K. Richards, On the modulus of the Grotzsch ring, J. Math. Anal. Appl.
432(1): (2015), 134-141, DOI 10.1016/j.jmaa.2015.06.057. As applications, several new sharp bounds
and functional inequalities for u (r) are established.
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1. Introduction

For r € (0,1), the complete elliptic integral of the first and second kinds are defined by

K=

71’/2 1
K (r) z/ —dt,
0 V1—r2sin?¢
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Series expansion, higher order monotonicity properties and inequalities 17

/2
E=E&(r) = / V1 — 72 sin® tdt.
0

They have the Gaussian hypergeometric series representations:

™ 11 T —
K =—F(= Z:1;72 :—E W2p2n
(T) 2 (272a 7T> 2n:0 nr )

where

_(1/2), T®m+1/2)
Wa = n! T(1/2)T(n+1) (1.1)

is the Wallis ratio. The complete elliptic integral of the first kind K (r) satisfies Landen
identities

K(fﬁ)z(l—i—r)lC(r) and K(ii):l‘g%(r'), (1.2)

and the asymptotic formula
4 _
K(r)wlnp asr— 17, (1.3)

where and in what follows 7’ = /1 — 72 (see [14]).

As usual, let C be the complex plane and B? (B2) be open (closed) the unit disk in
C, and let u(r) be the modulus of the Grétzsch (extremely) ring B2 \ [0, 7] for r € (0,1).
Then,

(1.4)

(see [6, 16]). Using the Mobius transformation, the Grétzsch ring can be mapped onto
C\ (@ Uls, —|—oo))7 with s = 1/r € (1, +00), which has the conformal capacity

27
v (s) = ——. (15)
p(1/s)
As is well known, the special function p(r) plays an important role in conformal
and quasiconformal mappings, and many conformal invariants and quasiconformal dis-
tortion functions can be expressed by it (see [3, 5, 6, 16]). For example, for K > 1,
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the Hersch—Pfluger distortion function ¢ (r), which occurs in the Schwarz Lemma for
K-quasiconformal mappings, is defined by

prc(r)=p~" (“;?) :

The function

etV )
AE) = <901/K(1/\/§)>

gives the maximal value of boundary linear distortion for a K-quasiconformal automor-
phism of the upper half plane with fixed co.

Now, let us return to equation (1.4). By equations (1.2) and (1.3), it is easy to check
that p (r) satisfies

p ) =T e (1) = 5w =2 (20)),

and the asymptotic formula
4 . _
u(r)wln; asr — 0" and p(17) =0, (1.6)

Moreover, p (r) has the derivative formula

’/T2
p(r) = ‘IW (1.7)

(see [4]). It was proved in [4, Theorem 4.3] that p () has the following properties:

P1 The function p (r) is strictly decreasing, has exactly one inflection point on (0, 1)
and satisfies ' (07) = —co = p/ (17).

P2 The function 1/u (r) is strictly increasing and has exactly one inflection point on
(0,1).

P3 The function g1 (r) = p(r) + Inr is strictly decreasing and concave on (0, 1) and
satisfies g1 (07) =0, g1 (17) =

P4 The function go(r) = p(r ) +1In (r/r ) is strictly increasing and convex on (0, 1)
and satisfies g5(07) =0, g5 (17) = occ.

P5 The function p (r) /In (1 /r) is strictly increasing but is neither convex nor concave

n (0,1).
P6 The function p (r) /In (4/r) is strictly decreasing and concave on (0, 1).

It was shown in [6, Theorem 5.13(4) and Theorem 5.17] that u (r) also satisfies the
following monotonicity and convexity/concavity properties:

P7 The function i (1/s) /Ins is decreasing and convex on (1, 00).
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P8 The function p (1/s) /1n(4s) is increasing and concave on (1, 00).
P9 The function g3(r) = p (r)+1n (r/ (1 4 ")) is strictly decreasing and concave from
(0,1) onto (0,1n2).

Alzer and Richards [1] proved that
P10 The function a — p (r*) /o is decreasing and log-convex on (0, o).

They further made the following
Conjecture 1.1. The function o — p(r®) /a is completely monotonic on (0,00).
It is worth mentioning that there are two famous infinite-product formulas

3/2n+1

exp(u(r) + In) :4\/77}0—:)[1 <cbl:> |

27

) b, 2~
exp(u(r) +Inr) = H <1 + )
n=1
for r € (0,1), where

n— b
ag = ]-7 bO = ,r,l, Up = %a bn =V anflbnfL

The first identity was due to Jacobi (see [13, Formula (2.5.15), p. 52]), and the second
one was given by Qiu and Vuorinen in [20]. For more other properties of p (r) and its
generalization, the readers can refer to the literature [2, 8, 19, 26-28, 30, 37, 38].

The first aim of this paper is to present the power series representation of In (4/r)—u (r)
and then show that the coefficients of the power series are all positive. More precisely,
we shall prove the following theorem.

Theorem 1.1. Let r € (0,1). Then,
4 by
p(r) == 37 S, (1.8)
with 8y = 1, and forn > 1,

en = Z (ak—l - ak) en—ka

1

£
Il

where an, =Y p_o (WEWZ2_,) and W, is defined by equation (1.1). Moreover, 6, € (0,1)
for every n € N.
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Remark 1.1. Since p(17) =0, it follows from equation (1.8) that

i% = In4.

n=1

Then, equation (1.8) can be written as

u(r):—lnr—kzz—;;(l—r%). (1.9)

Taking r = 1/+/2 in equation (1.8), we have

Z On =5In2 — .
n:1n><2”

A function f is called absolutely monotonic on an interval I if it has non-negative
derivatives of all orders on I, that is,

f (@) =0

for € I and every n > 0 (see [31]). Clearly, if f(z) is a power series converging on (0, )
(r > 0), then f(z) is absolutely monotonic on (0, ) if and only if all coefficients of f(z)
are non-negative.

A function f is said to be completely monotonic on an interval I if f has the derivative
of any order on I and satisfies

(=1)" f" (x) = 0

for z € T and every n > 0 (see [11, 31]). A positive function f is called logarithmically
completely monotonic on an interval I, if — (In f)' is completely monotonic on I, see
[7, 10, 18].

Recently, some monotonicity and convexity or concavity involving the complete elliptic
integrals have been extended to the high-order monotonicity, including absolute mono-
tonicity and completely monotonicity, see, for example, [9, 21, 24, 25, 29, 33, 34, 36].
These remind us to consider the higher-order monotonicity of the special combinations
of ;1 (r) (or v (s)) and the elementary functions.

The second aim of this paper is to establish absolutely monotonicity and completely
monotonicity results involving u (r) and « (s) using Theorem 1.1, which extend those
properties listed above and give an answer to Conjecture 1.1. To be more special,
Theorem 1.2 extends Properties P1-P4, Theorems 1.3 and 1.5 are the extensions of
Properties P7-P9 and Theorem 1.6 solves Conjecture 1.1.

Theorem 1.2. The function u(r) satisfies

(i) for every m € No, u®™*V (r) < 0 for r € (0,1);
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(ii) the function — [ (r) +1Inr]" is absolutely monotonic on (0,1);
(iii) the function [In(4/r) — u(r)] /r? is absolutely monotonic on (0,1);
(iv) the function w(r) 4+ 1n (r/r') is absolutely monotonic on (0,1).

Theorem 1.3. The function —[u(r) 4+ 1In(r/ (1 +7"))]" is absolutely monotonic on
(0,1).

Theorem 1.4. Let r € (0,1) and 0,, be defined in Theorem 1.1. Then,
1 (oo}
_ —_ 2n
exp (—2u (r)) 16 321 U™, (1.10)

where v1 = 1, vo = 1/2 and v3 = 21/64, and for n > 2,

n—1
1
vn = — ;akyn_k, (1.11)

which satisfies vy, € (0,1] for all n > 1. Consequently, the function r — exp (—2u (7)) is
absolutely monotonic on (0,1).

Remark 1.2. Taking » = 1/v/2 and » — 17 in equation (1.10), we obtain two

identities
(o) v o0
n -7 _
Zw—e and Zun—IG.
n=1 n=1

Theorem 1.5. The functions

dlp (1/s)] p(1/s) p(1/s) dlu(1/s)/In(4s)]
SHT, 5 s s—=1— In (45) and SHT

are completely monotonic on (1,00). Consequently, the functions

1 In (4s)

s+ ——— and s+
p(1/s) p(1/s)
are logarithmically completely monotonic on (1,00).
Combining Theorem 1.5 and equation (1.5), we obtain

Corollary 1.1. The functions s — v (s) and s — v (s)ln(4s) are logarithmically
completely monotonic on (1,00).

Theorem 1.6. For each r € (0,1), the function oo — p(r®)/a is completely
monotonic on (0,00).

https://doi.org/10.1017/50013091524000440 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000440

22 Z. Yang, M. Wang and J. Tian

The rest of this paper is organized as follows. In the next section, we present several
lemmas which are needed to prove Theorems 1.1 and 1.3. The proof of Theorem 1.1 is
given at the beginning of § 3 by use of Lemmas 2.1 and 2.2, and then the absolute mono-
tonicity and (logarithmically) complete monotonicity results including Theorems 1.2-1.6,
and the extensions of Properties P5 and P6, are also proved subsequently. As applications
of main results, several sharp bounds for u(r) are established in § 4.

2. Lemmas

To prove main results, we need the following important lemmas.

Lemma 2.1. Let

2 < 2n
K= T Zanr , (2.1)
n=0
2 o0
£ =" b, (2.2)
n=0
2 o0
K& = % Z enr?". (2.3)
n=0

Then, the coefficients ay,, b, and c, satisfy
(i) ap =1, a1 =1/2 and forn > 2,

1(2n—1) (202 —2n +1 n—1)>°
5 ( n?’ )(Zn_l — (/1173)(1,”_2; (24)

a, =
(ii) bo =1, by = —=1/2 and for n > 2,

 14n° =120 + 100 — 3 (n—1)(n—2)(n—3)

bn - 2 n3 bn—l - n3 bn—2; (25)
(i) co=1, ¢4 =0, ca =1/32 and forn >3,
1(n—1) (4n® — 12n% + 10n — 3 —1)*(n—2
o Lo D@ 12004100 —3) (1) (=) e
2 n3(n—2) n3
Proof. Differentiating and using the derivative formulas
2
€ &£—-r"K dé €&-K
. i d —=< = 2.7
dr rr'? an dr r (2.7)
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yield
/ E-—1r" K KE—r"K?
2
(’C) =2K r’r‘/2 =2 7"7"/2
2
(52)/7255 IC:2E ICE,
r r
2 _ 2 22
(ICS)ZE r2lC5+IC€ ICZE T‘QIC.
rr! r rr!

23

Substituting equations (2.1) (2.2) and (2.3) into the above three relations and arranging

lead to

i I 21 — 2220:0 Cpr?™ — (1 - TZ) Do ant?"
. —

) 9 0 [eS)
2 :ann,rjn—l _Z E bnTQn _ § CnT2n ,
r
n=1 n=0 n=0
0 ZOO b 2n 2 oo 2n
B o b — (1 =12) > Janr
§ 2710717"2” 1_ n=0 ( ) n=0

which can be simplified to

oo

[na, — (n—1)ap_1] 7" = co —ag + Z (Cn — Qn + ap_1) 72",

n=1
an r? Z(bn —cp) ",

n=0

[e’s) o0
Z 2ncy, —2(n— 1) cpq] r®" = by —GO+Z(bn — p + ap—1) "

Comparing coefficients of 72" gives ag = by = ¢y, and for n > 1,

na, — (n—1)apn_1 = cp — an + an_1,

nby, = b, — Cn, (28)
2nc, —2(n—1)cp—1 = by — ap + ap_1.
Solving the recurrence equations gives a1 = ag/2, by = —ap/2, c; = 0 and the desired

recurrence relations for n > 2. Finally, it is clear that ag = by = ¢y = 1, which yields that

a1 =1/2, by = —1/2, ¢; = 0. This completes the proof.

Lemma 2.2. Let a, be as in Lemma 2.1. The following statements are valid:
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(i) The sequence {an},~, is decreasing.
(i) The sequence {(n+1)an},s, is increasing or equivalently an/an—1 > n/(n+1)
forn > 1.
(iii) Let W, be defined by equation (1.1).The sequence {an/Why},~, is decreasing or
equivalently a,/an,—1 < (2n —1)/(2n) forn > 1.

Proof.
(i) We write equation (2.4) as

n—1)> 12n—1
ap — Ap—1 = %(an—l_an—Z)_ 5 n3

ap_1-
Since a, = > p_o WEW2_, > 0 for all n > 0, we have
1% (apn — an_1) < (n— 1) (an_1 — an_2)
for n > 2, which implies that
n3 (ap — Gp_1) <a1—a0:—§ <0

for n > 2, and then, the first statement follows.
(ii) We write equation (2.4) as

n (n—1)> n—1 1 n-1
an — tn-1 =g (A1 = ——lno2 | + S,

n+1 n? §n3(n—|—1)an

Since a,, > 0 for all n > 0, we have

—1

for n > 2, which yields

2 n 2 1
" — n ] P ,
n <a n a 1) > (al a()) 0

as well as (n+1)a, > na,—1 for n > 2. Due to 2a; = ag = 1, we find that
(n+1)a, > nay,—1 for all n > 1, which proves the second statement.
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(ili) We write equation (2.4) as

an Gn—-1 =

2n - nd 2n-3
1 (n—1)°
2n3 (2n —3) fn=1-

2n — 1 (n1)32n2<
- n—1

2n — 3 )
Ap—2

o —2

Since a, > 0 for all n > 0, we have «a,, < Bha,_1 for n > 2, where

Op = 0p — an—1 and /6n =

2n

n3

on — 1 (n—1)°2n—2

2n —3’

with g = a1 —ag/2 =0 and as = as — 3a;/4 = —1/32 < 0. Then,

oy < BpBn-1-- Paroq =0

25

forn > 2. In view of W,,/W,,_1 = (2n. — 1) / (2n), the inequality a,, < 0 implies that
/Wy < ap_1/Wp_1 for n > 2, that is, the sequence {a,/W,}, -, is decreasing.
Since a1 =0, so is {an/Wy}, >, This completes the proof. B

Lemma 2.3. Let W, be defined by equation (1.1). Then

—~ W
Sn:Zﬁan_k>O

forn > 1.

Proof. Note that

r=v1-72=— W 2n
n:02n—1 ’

1 1 = on

r 1 TQ_Z:OWnr

Then,

2 o0 n 2 o0
2 T ﬂ on T 2n
r' ke = 1 (Z 2k—1a"_k>T =~ ;Sﬂr .

Differentiation yields

E—1"K r ., 2KE-2K?+r2K2

(r'K?) =r2kE——= — =K

2 /
rr! r
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which can be expanded in power series as

(oo} o0

1172\ 2n 2n
( K ) = ng, W,r nil (2¢p, — 2ap + ap_1) T
- Z n=1 \k=1 (QCk B 2ak ’ akil) ) n

On the other hand, we have

112\ 7 2n—1
(rlC ) = _ZZQnS”T .
n=1

2n—1

Comparing coefficients of r gives

n

2ns, = — Z (2¢k — 2ag + ag—1) Wh—k
k=1

for n > 1.

If we prove that (2cy — 2ar + ar—1) < 0 for k > 1, then s, > 0 for n > 1, and the
proof is done. The first relation of (2.19) implies that ¢, = (n + 1) a,, — na,—1. It follows
from Lemma 2.2 (iii) that

2¢c — 2ap + ap_1 = 2kay — (Qk — 1) ap_1 <0

for k£ > 1. This completes the proof. d

Remark 2.1. The above lemma implies that — (7“’ ICQ)/ is absolutely monotonic on
(0,1), which extends the result in [4, Theorem 2.2(3)].

To observe the complete monotonicity involving u () in § 3, we need the following
lemma.

Lemma 2.4. ([17, Theorem 2]) Let f(z) be completely monotonic, and let h(z) be
non-negative with a completely monotonic derivative. Then, f (h(x)) is also completely
monotonic.

Remark 2.2. By Lemma 2.4, we immediately find that, if A (z) > 0 and A/(z) is
completely monotonic, then 1/h (x) is also completely monotonic. Since

[Inh(z)] = x h' (x),

h(z)

nh(x)], as well as 1/h(x), is logarithmically completely monotonic (see also
[15, Theorem 3]).
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3. Proofs of main results

We are now in a position to prove main results.

Proof of Theorem 1.1.

(i) We first prove that

r’2/C2 ) 20 (3.1)

where
n
Hozland n Z 1—ak n kaI‘nZl. (32)
k=1

In fact, since (4/72) K2 (r) = 30", a 7", we have

4 oo o0
/2’(:2 § an _ § an71r2n — E — 1 QTL'
7T
n=1 n=1

By the Cauchy product formula,

= i <Zn: a,’é@nk> 7“2n7
k=0

where aj = 1 and af = a, — ag—; for k > 1. Comparing coefficients of 7*" yields
that ajfp = 1 and

Za}i@n,k =0forn>1,
k=0

which gives §p = 1 and

Za;ﬂn k= Z (ak—1 — ak) Op—k.

k=1
By means of this recurrence relation, it is easy to verify that

13,2 2701
32a 3 — 4

O = 64" 47T 8102

1
Z 0, =
27 2

(ii) We next prove 6,, € (0,1) for n > 1. From the above recurrence formula, it is

immediate to get that 91 (ao — a1) 8y = 1/2. Suppose that 0, > 0 for 0 < k < n.
By Lemma 2.2, we see that ay_1 — ax > 0 for all £ > 1. Then,
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n+1

Ony1 = Z (ak—1 — ax) Opt1-1 > 0.
k=1

By induction, we conclude that 6,, > 0 for all n > 0. On the other hand, we have
shown that 6y = 1, 6; = 1/2. Suppose that 0, <1 for 0 < k < n — 1. Then,
Z Qf— 1—ak Or— k<z Qf— 1—ak)—ao—an—l—an<1
k=1 k=1
(iii) Finally, by the formula in equations (1.7) and (3.1), we have
2

’ _ T __l_oo 2n—1
Wor)=— 4W2K Ze = ;am’

which implies that

[ (r) — ln4/7° = Z@nr

Since lim, _,y+ [p () —In (4/7)] = 0, an integration yields

/OT[ (t) — In (4/1)] /Za 2 Ldt,

which implies the power series representation equation (1.8). This completes the
proof. d

From the above proof, we make the following conjecture.
Conjecture 3.1. The sequence {0, }n>0 is strictly decreasing.

Proof of Theorem 1.2.

(i) Using the series representation equation (1.8) and differentiating give

m 2m)! > [ n—2m—
D) () = _£2m21 — Z (H (2n — k)) 0, r2"~2m=1l <

n=1 k=1

for r € (0,1).
(ii) By equation (1.9) we see that

—[p(r) +Inr) Z 0,21,
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which is obviously absolutely monotonic on (0, 1).
(ili) We write (1.8) in the form of

1] 4 o On on_o
ﬂ[lnr—u(r)]zz%r ,

which is obviously absolutely monotonic on (0, 1).
(iv) Expanding in power series for y (r) + In (r/r') gives

oo

oo
0 1 1
p(r)+In(r/r')=1n4 — Z %TQ” + 3 Z Er%

n=1

1n4—|—2 —On ren,

n=1

which is absolutely monotonic on (0,1) due to 8,, € (0,1) for n > 1. This completes
the proof. 0

Proof of Theorem 1.3. Since

d
Eln(lJrr’):

S

(1) = -

n=1

we have

—p) + /(4] = = [u(r) + nr) + [l (140

o0 o0
— § 9717“2”_1 _ § WnTQn_l —_
n=1 n=1

(0, — W,,) r*n=t,

NE

n=1

If we prove that 6,, > W, for n > 1, the required result follows. Clearly, 6; = 1/2 = W7,
0y = 13/32 > Wy = 3/8. Suppose that 8, > W for 1 < k < n — 1. We prove that
0, > W,. In fact, we have

n
-W, = Zak 1—ak On_r — W, >Z ak 1—ak)W ans;‘;.
k=1 k=1

We next check that s = s, which is defined in equation (2.9). Since ag = 1, s, can be
changed to
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»
3

I
[

n
akflwnfk - E akankr - Wn
k=1

n—=k
<n_k_1/2‘1) Wn-kar —a

Wn—k - Wn—k
z(nf/.c)71“’“_6‘"_;:()2(717@71“’“

T
|
—_

|
(]

T
= O

=
Il

0

which, by a shift of indexes, equals to s,, and by Lemma 2.3, s} > 0. This completes the
proof. O

Remark 3.1. From the above proof, we see that W, < 6,, <1 for all n > 0 and

o0
u(r)—i—ln(llr,) ZIHQ_Z%T%' (3.3)

n=2

Proof of Theorem 1.4. Using the series representation equation (1.8) we have

4 0
_9 - —2ln-= 22 Lp2n )
exp (—2u (1)) exp( nrJr n:12nr )
Then,

Differentiation yields

o0 o0
Z 20,,7°" " exp (Z n 2”) Z 2nvy 112"
n=1 n=1

Substituting equation (3.4) into the above equality and dividing by 2r give

<Z 9n+1r2”> <Z Vn+1r2”> = Z (n 4 1) vppor®™
n=0 n=0

n=0

Using Cauchy product formula and comparing coefficients of 72" lead to

(n+1)vp4e = Zek+1l/n+1 ks
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which implies equation (1.11). Taking =0 in equation (3.4) yields v1 = 1. The values
of vy and v3 are obtained by equation (3.4).

Since 0,, € (0,1) for n > 1 and 11 = 1, 15 = 1/2, it follows from equation (3.4) and by
induction that v, € (0,1] for all n > 1. Consequently, the function r — exp (—2u (7)) is
absolutely monotonic on (0,1). This completes the proof. O

Theorem 3.1. The functions

t— [u (eft)]/ , t— 'u(eit)

ple™) pe Y
_ B ) ngt
: t+ma " H[t—&—lnél

are completely monotonic on (0,00). Consequently, the functions

t+In4
and t+—> +n

1 P
p(et) p(e™t)

are logarithmically completely monotonic on (0, 00).

t—

Proof. By equation (1.9), we see that
(e = Y G ()
2n ’
_ A—2nt
=1+ Z i "

(i) Differentiation yields

[,LL =14 Z 9n672nt Z 0 ef2nt

which is clearly positive and completely monotonic on (0, c0).

(ii) Since
— 1
1—e? :/ e—2nwtdx
2nt 0

is completely monotonic in ¢ on (0,00), so is u (e™?) /t.
(iii) By equation (1.8), we see that

0
p(e™) =t+Ind— Z ﬁe_%t,

n=1

which implies that

& N —2nt
t+ln4 ;7 (t—|—ln4)
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Since e~2" and 1/(t+1n4) are both completely monotonic on (0,00), so is
1—p(e7?) /(t+1n4) and [ (e™?) / (t +1n4)].

(iv) Finally, the logarithmically complete monotonicity of the latter two functions
follows from Remark 2.2. This completes the proof.

O

Proof of Theorem 1.5. Let t =t(s) =1Ins, s >1. Then, ¢(s) > 0 and ' (s) = 1/s is
completely monotonic on (1,00). Using Theorem 3.1 and Lemma 2.4, the desired results
follow. O

Remark 3.2. Recall that an infinitely differentiable function f : I — [0, 00) is called a
Bernstein function on an interval I if f* is completely monotonic on I (see |22, Definition
3.1]). Theorem 3.1 shows that (e *) > 0 and [u(e™*)] is completely monotonic on
(0,00), so that the function ¢t + pu(e™!) is a Bernstein function on (0,00). Similarly,
t— (e )/ (t+1n4) is so. Also, Theorem 1.5 leads to the conclusion that the functions
s+ u(l/s) and s — pu(1/s) /In (4s) are both Bernstein functions on (1, 00).

Remark 3.3. Teichumiiller extremely ring C\ [—1,0] U [¢, +00)(t > 0) has conformal
capacity 7(t) = 7/u(1/v/1+1t) (see [6]). Since s (t) = v/t + 1 satisfies that s (t) > 0 and
s’ (t) is completely monotonic on (0, c0), using Lemma 2.4 and Theorem 1.5, we conclude
that the functions ¢ — 7(t) and ¢ — 7 (t)In (4y/t + 1) are logarithmically completely
monotonic on (0,00), which extends the properties of 7 (t) given in [6, Exercises 5.19

(8), (9)]-

Proof of Theorem 1.6. Using equation (1.9), we have

2an

p (r®) > 1—7r ]
D oy R
ot —2anlnr

(07

> 17,,020477,
= flnr+;0nW =(—Inr)

Since

1— T.20m 1 1
_ / ,),,2an:rdx _ / 672ana: ln(l/r)dl,
—2anlnr 0 0

is completely monotonic in « on (0,00), so is o — 1 (r®) /a. This completes the proof.
O

The following two theorems extend Properties P5 and P6 listed in the first section in
this paper.

Theorem 3.2. Letr € (0,1). Then

(m)
[lnu(é(&l)} <0 form=1,2,3,

[hf(i\//?;)} " <0 form=1,2.
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Proof.

(1) Using series representation equation (1.8), we have

r =0, r>m
nir) :1—Z%m. (3.5)

n=1

Differentiation yields

] - % s (o i) <o

p(r "__‘; O T2 () An—] 2
[111(4/71)} e (2 (2 ”*1n<4/r>+1n2<4/r>><0'

Since r?"~2 for n > 1 and 1/1In (4/r) is positive and increasing, the function

2n—2

dn —1 2
" W@ (2" @ =D+ g T <4/r>>

is also positive and increasing, which means that [u (1) /In (4/r)]" is decreasing on
(0,1).
(ii) By equation (3.5), we have

A IR o
1n(4/\/F)71 ann(lG/r)'

n=1
Differentiation yields
1 (V) / — O ! 1
= — _— < O.
[111(4/\/;)] ; w16/ \" i (16/m)
Since r"~! for n > 1 and 1/1n(16/r) is positive and increasing, the function

n—1

" e/ (“ i (116/r)>

is also positive and increasing, which means that [ (v/7) /In (4//7)] is decreasing
on (0,1). This completes the proof.
O
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Theorem 3.3. Let r € (0,1). Then,

LHM(S)T)} (m) >0 and [%} (m) iy

forr e (0,1) and m =1,3.

Proof. Using equation (1.9), we have

p(r) > 0,1—r
7:1727 ,
In (1/r) Z=2n Inr
1u(\/F) zl_iﬂllfr".
DO T2 T
Let ny (r) = (1 — Tk) /Inr, k € IN. Differentiation yields
) Fh—1 .
r)=— Elnr —14r77%),
B = )
In*r " 5 Lk ,
——— (1) =2’ r +3Inr+3)r * +k(k—1)(k—2)In’r
r

— (3k* =6k +2)In®r +6(k—1)Inr —6:=£(r).

From the known inequality  — 1 —Inz > 0 for z > 1, it follows that 7, (r) < 0 for
r € (0,1). To prove that n}’(r) < 0 for r € (0,1), it suffices to prove that £ (e™*) > 0 for

t > 0. Expanding in power series yields

) =2(*—3t+3)e" —k(k—1)(k—2)¢
— (3k* —6k+2)t*—6(k—1)t—6

—1)—3jk+3k% ._, .

:22.7(9 ) 3Gk 43K o 0.

; 4!

j=4

where the inequality holds due to
. 2 1

for k € N and j > 4. It is deduced that

(m) 0o
p(r) R D!
FRiTo1 B SR

In(1/r)
n (V) 1"y
oz B YL SR

n=1
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for r € (0,1) and m = 1,3. This completes the proof. O

4. Inequalities for the modulus of the Grétzsch ring

Using those higher-order monotonicity given in the above sections, we can deduce some
functional inequalities and bounds for p (). By Theorem 1.3 (iii), we see that the function

1] 4 4
- = _ Yk 2k
re— ¢ (r) = o In - w(r) ,;,1 ri
is increasing on (0,1) with ¢ (07) =6,/ (2n) and ¢; (17) =Ind — 22;11 01/ (2k). Then,

we have the following

Corollary 4.1. Let 0,, be given in Theorem 1.1. The double inequality

1S O ok 2n S Ok ok 2n
ln;_;ﬁr —ayr" < p(r) <ln;—kzﬂﬁr — pir
holds for r € (0,1) with the optimal constants
=l 0,
alzln4—;ﬁ and 61:%.

In particular, for n= 2, we have

4 1 1 4 1 13
111;-&7’2— (1114—4) T4<H(T) <1n;—17"2—m7'4

forr e (0,1).

Theorem 1.3 and equation (3.3) imply that the function

rl—>¢2(r)zri4 [u(r)ﬂn(llr,) —ln2}

is decreasing on (0, 1), with

é2 (%) =2 — 41 (V2+1) — 42 = —fa, (4.2)

0y — W- 1
6 0) =272 =1 (5 3) — e (43)

Then, we have
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Corollary 4.2. The double inequalities

r 4 r 4
_1n<1+r/>+1n2—ﬂ227" <,u(r)<—ln<1+r/>+1n2—0427"
forr€(0,1) and
—1In r +1In2 — Bor* < p(r) < —In r +1In2 — agr?
T+ S 1+ ’

for r € (O,l/ﬁ) hold, where the constants ag, B2; and [Bge given in equa-
tions (4.1)-(4.3) are the best possible.

The following lemma was proved in [24, Lemma 4].

Lemma 4.1. Let the function h be defined on R which has the derivative of all orders.
If hP*+D () > (<) 0 for € R and k € N, then the function

h(2¢c—x)—h(zx)

o) = R iyt e and () = W (o)

satisfies that ¢2*=2) (z) is strictly convex (concave) on R and is decreasing (increasing)
on (—o0,¢) and increasing (decreasing) on (c,00). Furthermore, if h' (x) is absolutely
monotonic on R, then ¢ (x) is completely monotonic on (—oo, c) and absolutely monotonic
on (¢, 0).

Applying Lemma 4.1 and our main theorems, we can obtain some higher-order mono-
tonicity results involving u (r) and establish several inequalities for u (). For example,
by Theorem 1.3 and Lemma 4.1, we see that the function

p(Vz) —p(V1-—x)
20 — 1

1

93 (¢) = if  # % and ¢ (2> = [ (VD) 12

satisfies that ¢§2k72) (x) is strictly concave on (0,1) and is increasing on (0,1/2) and
decreasing on (1/2,1). Since

P e a— (L) = ALY

va) =
1 2 3
—==-rt(=).
»(3) == (1)
Setting = = r2. Then, the inequality

plr) —pl) - 2p (3) =—a3

2r2 —1 T 4

we have
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holds for r € (0,1). This, by p (r) u (') = 72 /4, gives the following corollary.

Corollary 4.3. The function

plr) = p(r’)

H
: 272 — 1

18 increasing on (0, 1/\/5) and decreasing on (1/\/57 1). Therefore, the inequality

1\°> =2 1
2 (g2 _ = _ 2_ -
w(r) > \/a3 (r 2) + 7 <r 2)

holds for r € (0, 1/\/5) It is reversed for r € (1/\/2 1),

We have shown in Theorem 3.2 that ¢4 () = p(y/x) /1In(4/+/x) is concave on (0,1).
Then,

¢5 () = da (z) + s (1 — )

is also concave on (0,1), with ¢f (1/2) = 0, which means that ¢5 () is increasing on
(0,1/2) and decreasing on (1/2,1). Consequently,

1=¢5(0") < ¢5(2) < ¢5 <;> - 5?22

for x € (0,1). Substituting x = 2 gives the following corollary.

Corollary 4.4. The double inequality

p(r) p(r') 2

Y@ T m@i) < sme

holds for r € (0,1), where both bounds are sharp.
We establish functional inequalities by Theorem 3.1.

Corollary 4.5. The double inequality

4InryInry oM (r1) p (ra2) < In(4/r1)1In(4/r2)
(Inry +1nr)® — p2 (/i) In® (4/\/r172)

holds for r1,7m9 € (0,1) with r1 # ro.

Proof. Note that a completely monotonic function is log-convex. By Theorem 3.1,
the functions u (e7*) /t and p(e™*) / (t + In4) are log-convex and log-concave on (0, 00),
respectively. Then, for t1, t2 € (0,00) with ¢; # ¢, the inequalities
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)

p (e D) et plet2)
(t1 +1t2) /2 21 to

ple™ )] [ple2)] _ | ple-+2)
<
tl +h’14 t2+h’l4 (t1+t2)/2+11’14
hold. Making a change of variables t;, = —Inr;, i = 1,2, and arranging give the required
double inequality. This completes the proof. O

Remark 4.1. Taking (r1,72) = (r,7’) in the above corollary, we derive that

o In (4/\/7"7’)
2 /In (4/r)In (4/7)

— o In (rr')
<#( rr)< 4 /Inrlnr

for 7 € (0,1), with r # 1/v/2.

Finally, as another application of Lemmas 2.1 and 2.2, we prove that the ratio
o6 (1) /pu (1) is decreasing on (0, 1), where

<256(T):1ni

=p(r)=—In(1-1?).
T p=p0)=-ln(1-77)

To this end, we also need other two tools. The first tool is the monotonicity rule of a
ratio of two power series ([12, 32]), which states that

Lemma 4.2. Let A(t) = ," jant" and B (t) = >~ bat™ be two real power series
converging on (—r,r) (r>0) with b, > 0 for all n. If the sequence {an/bn}n>0 is
increasing (decreasing), then so is the ratio A (t) /B (t) on (0,r).

The second tool is an auxiliary function Hy , presented first in [35], which was called
Yang’s H-function in [23] by Tian et al. For —oo < a < b < 0o, let f and g be differentiable
on (a,b) and ¢’ # 0 on (a, b). Then, the function Hy 4 is defined by

/!

/
Hﬁg:?g_f-

If f and g are twice differentiable on (a, b), then

f ! ’ f/ /
(5) =5 (Fo-1) = s

Y
H;ﬂg = (g' 9
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Theorem 4.1. The function r — ¢g (r) /() is decreasing on (0,1). Therefore, the
double inequality

B4ln 4 < p(r) <agln \; (4.4)

VP
holds for r € (O7 1/\/5) with the best constants

T
B4 and oy 12— In(n2) 0007935

While r € (1/\/5, 1), the double inequality

ay2[3In2 —In(—1Inr)] g B423In2 —1In(—1Inr)]

holds.
Proof. First, we show that ¢f () /p’ (r) is increasing on (0,1). Since

2

, 0 1 , r 1

w(r)= T R 6 and ¢ (r) = _ﬁ;’
we have

g (r)  (4/7*) K(r)? Yo an?"

w (r) pIrt (1) e

As shown in Lemma 2.2 (ii), the sequence {(n + 1) a,}, - is increasing. It follows from
Lemma 4.2 that the function ¢f (r) /i’ (r) is increasing on (0,1).
Second, we show that

Hogn (1) = 2600 0) = 00 (1) > 0

for r € (0,1). Since Hébg,u = (¢4 /1) 1, we see that H;)&H > 0 for all » € (0,1), that is,
Hgyg s increasing on (0, 1). If we prove Hy, . (07) = 0, then Hy,,, (1) > Hyg 0 (07) = 0.
Due to

P (1)
w' (r)

—land pu(r)~In(4/r), asr — 0%,

it is obtained that

4 1, —In(1-r?)
Hyg (r) ~1In(4/r) _IH% = §lnr72

—0, asr — 0",
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Third, since p/ (r) < 0, it follows that

[T&TZZ@

Hyg (r) <0

for r € (0,1).

Finally, the first double inequality follows from the decreasing property of the ratio
¢ (r) /u(r) on (0,1/v/2); the second one follows from the first double inequality and
() 1 (') = 72/,

This completes the proof. O

Remark 4.2.

(1) Tt was proved in [6, Theorem 5.54] that the function r — p (1) — ¢ (r) is increasing
from (0, 1) onto (In 4, c0). Now, we can give a new proof of this by using Theorem 4.1.
In fact, the increasing property of r — ¢g (1) /i’ (r) on (0, 1) yields that

() L 9 0)

lim

W) e ()

for r € (0,1). This together with p/ (r) < 0 implies that

4% (1)
wwﬂ>°

mm—%vW=wmb—

for r € (0,1).
(2) Rewrite equation (4.4) as

p(r)—In(4//p) -1 4In2 — In (In 2)

= 0.000792913 - - -
p(r) m

0<

for 7 € (0,1/v/2). This shows that In (4/,/p) is a very accurate estimation of 1 (r)
on (0,1/v2).

5. Conclusions

In this paper, we proved that p (r) =In (4/r) — > 0, [0n/ (2n)] r?", with 6,, € (0,1) for
every n € N by the recursion method. Thereout, we further showed some elegant results,

for example,

(i) the functions 7 +— — [ (r) + In7]’, 7 — w(r)+In (r/r), r = —[p(r)+In(r/(1+7)]
and r — exp (—2u (1)) are absolutely monotonic on (0,1);

(ii) the functionst — u(e™*) /tand t — 1—pu (e~ *) / (¢t + In4) are completely monotonic
on (0,1);

(iii) the functions ¢ — 1/p (e™%) and ¢t — (t+1n4)/p(e™?) are logarithmically completely
monotonic on (0, co0);
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(iv) the functions s +— ~(s) and s — 7 (s)ln(4s) are logarithmically completely
monotonic on (1, co);
(v) the function a — p (r®) /a is completely monotonic on (0, 00).

As applications, several sharp bounds and functional inequalities for y () were derived,
and they are new. In particular, we proved that the double inequality

4 2n 4O 2n
ln;—;%r —ayr < p(r) <1n;—;ﬁr — pir
holds for all € (0,1) with the best possible constants
1y 0,
o :1n4—k§_:1ﬁ and [, = o

Here, 0, = > 1 _; (ak—1 — ak) On—k, an = > p_p (W,?Wﬁ_k) and W,, is the Wallis ratio
defined by equation (1.1). Using the above formula of 6, we can calculate the value of
., for any fixed n € N. For example,

g1 o, 13 23 2701 5057 76715
YTy 2T oy P T g TP T81027 T 163847 0T 262144
5 _ 146749 1446447449 279805685 4346533901
T 52422887 T 5368709120 0 10737418247 T 17179869184
Besides, we also showed that the double inequality
B ln# <p(r) <oagln ——m——e-—
! —In(1 —r2) : ! —In(1 —r2)
holds for r € (07 1/\/5) with the best constants
s
By=land ay=———— =1.00079354 - -.

4In2 —1n(In2)
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