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RAMANUJAN CONGRUENCES FOR p_;(n)
MODULO POWERS OF 17

KIM HUGHES

1. Introduction. For each integer r we define the sequence p,(n) by

(e8] o0
>opm)x = [ (1 —x™) for|x| < 1.
n=0 m=1

We note that p_j(n) = p(n), the ordinary partition function. On account of this some
authors set r = —k to make positive values of k correspond to positive powers of the
generating function for p(n):

P(x) = 3 p(n)x".
n=0

We follow this convention here. In [3], Atkin proved the following theorem.

THEOREM 1. Let k be a positive integer and q = 2,3,5,7 or 13. If 2dn = k
(mod q"), then p_y(n) = 0 (mod q"’/z"f), where ¢ = €(q,k) = O(logk) and ¢ =
a(q, k) depends on q and the residue of k (mod 24) according to Table 1. Where there
are blank entries, nothing is asserted.

1213|456 7| 8| 9]|10]11 |12
g= 2 3
g= 3 3 2 3 2
g= 5211|1221 {1y1(1{1]0
g= 71} 1|1}2}1})1]1]0]0]0]1|O0
q=13, 00,0, 00|00} 1]0]010|O0

13 |14 |15 {16 |17 |18 |19 {20 |21 |22 |23 |24
g= 2 3 0
q= 3 1 2 1 0
g=5/0(0]1}1/0j0]O0]1})1]0]0] O
gq= 701700, 0]1|0]0|1]0]0] O
g=13{0(0| 0] 0] O] O0Oj0OlO[O|O0]O]O

TABLE 1
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In [5], Gordon extended Theorem 1 to the case where £ < 0. In this case, the conclu-
sion of Theorem 1 holds with e = O(log |k]|), the last column of the above table changed
to 6,4, 2, 2, 0, and the rest of the table unchanged. He also obtained results analogous to
Theorem 1 for ¢ = 11 and k # 0. These results are given next.

THEOREM 2. Let k be a nonzero integer. If 24n = k (mod 117), then p_;(n) = 0
(mod 11%7/2*¢) where ¢ = e(k) = O(log |k|) and @ = a(k) depends on the residue of
k (mod 120). The dependence of a on k is given in Table 2 for k > 0. Here the entry in
the row labelled 24i and the column labelled j is a(24i + j). For k < 0, the dependence
of a on k is the same except that the last column of the table is changed to 2, 2, 2, 0, 2.

11234516 7|8 9(10]|11 |12
of21t1{2(1) 11221 |11]2]2
241|111 221121210
48| 1 (1|22 1|1}1]0]1]0]1|0O
72211121212 1]2]2
% (0|0 1]0)1]0j1]0]1{1]0|0O0
13 114 |15 |16 |17 |18 {19 (20 |21 |22 |23 |24
o(112|1{010]1(1]0]0j1}]1]O0
241010101} 100} 1L]1}1}10]O0
48|01 1]0(0]1]011]0]1]10]0O0
721112112121 (1]1]0
% 0| 10|10 1{0]1]1]0]0]0
TABLE 2

Here we apply the method used by Gordon in his proof of Theorem 2 to obtain an
analogous result for ¢ = 17. We prove the following result.

THEOREM 3. Let k be a nonzero integer. If 24n = k (mod 17"), then p_y(n) = 0
(mod 17%7/2+¢), where € = e(k) = O(log|k|) and @ = a (k) depends on the residue of
k (mod 96). The dependence of a on k is given in Table 3 for k > 0. Here the entry in
the row labelled 24i and the column labelled j is a(24i + j). For k < 0, the dependence
of a on k is the same except that the last column of the table is changed to 0, 2, 0, 0.

The general plan of this paper is as follows. In § 2 we set up the notation and phrase
the result of Theorem 3 in a manner more suitable for proof. In particular, we will see
that it largely amounts to the proof of a certain key lemma (Lemma 4); this lemma will
be the topic of § 3. Included in § 3 is an item of independent interest: a modular equation
between functions on I'y(289) and functions on I'y(17). In § 4 we prove Theorem 3. We
make some concluding remarks in § 5. Finally, there are two appendices concerned with
certain lengthy numerical calculations.
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1{2|3|4|5(6| 7| 8|9]10(11]|12
0{0y,0;170]0{0]0]J]0;0]O0|0]O0
2410100010 0]0]0]j]0jO0]O0}{0O
48| 1| 1|{1]1]1]2]1[{0[]0]0j0]O
72100/ 0]0]0[/0]0)JOjO0O]1|0]O
13 {14 |15 ({16 |17 |18 |19 |20 (21 |22 |23 |24
0[0({0[0}0]0]0O]0Of1]0]0]0]O0
2411710001 0[0]0]0{0]0|0]0O0
481 0{0(0]0|1[{0|]O0OJO]O0}JO}T1]O
721010000 0]0[0]0]0]0]O0
TABLE 3

2. Preliminary discussion and lemmas. Let £ be the complex vector space of
meromorphic Laurent series Y_,>, a,x" , convergent in some deleted neighborhood of 0.
Define the dissection operator U = U;7 on L by

(n UCY apd) = 3 aymx".

n>ng 17n>ny

One readily verifies that U is linear and has the following property:
) U(f(x'")g(x) = fx)U(g(x)) for f(x) and g(x) in L.

Let k be a fixed nonzero integer. In using the dissection operator to isolate the desired
subsequences of p_,(n), itis necessary to make a preliminary index shift half of the time.
For this reason we define the auxiliary sequence A, by

\ = {O if r is odd;
" k if riseven.
Using ), we define a recursive sequence of 17-dissections of P(x)* as follows:

{mm=mw

) D,(x) = U(x1D,_y(0) forr> 1.

It is readily verified as in [5] that for each r > 0 we have

“) Dy(x) = 3 p—«(17'm +n,)x",

m2p,
where n, = —k(172L*D/21 — 1)/ 24 and p, = [ —n,/177]; here | a| and [ a] respec-
tively denote the floor and ceiling of a. It is apparent from (3) that

. [12/\r—1 + fhr—1 }

(%) 7

If we set
1 ifk< Oandk =0 (mod 24);

0 otherwise,

w(k) = {
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we have additionally from the above
_ [ [17k/24] + w(k) if r > log,, |k| and r is odd;
i [k/24] +w(k)  if r > log; |k| and r is even.
Further, 24n, = k (mod 177). From this last observation, it is clear that the coefficients
of D,(x) are those p_i(n) with 24n = k (mod 17"). Therefore, to prove Theorem 3 it
suffices to show that

(6) D,(x) =0 (mod 17%7/%*)
where « and ¢ are as described there, and where
> ax" =3 b (mod M)

means that a, = b, (mod M) for all n.

To establish (6), it is convenient to introduce a certain sequence of modular functions
which are related to the D,(x). We first introduce some preliminary notation and results
concerning modular functions. We set x = ¢*" and recall the Dedekind eta function

nr)=x"*T[ =%, Imr > 0.

n=1

From Theorem 1 of [7], ¢ (1) = 37(72(8%7—) is a meromorphic function on I'y(289), holo-
morphic for Im7 > 0, and having orders 12 and —12 at 0 and ioo respectively. For any
positiveinteger N, let Xo(N) be the compactified Riemann surface of the group I'y(N) and
let Ko(N) be the field of meromorphic functions on Xo(¥). For any N, x = €*™ is alocal
uniformizing paramater at the cusp ioo of Xo(N). Thus ¢ (1) has a Fourier expansion at
ioo with lowest term x'? . For f(1) in Ko(17) we denote the order at a point p on Xo(17) by
ord, f, and for F(r) in Ko(289) we denote the order at a point P on Ry(289) by Ordp F.
All modular fuctions of interest here are holomorphic in the upper half plane, and so
have poles only at cusps. The cusps of Xy(17) are at ioo and 0. The cusp ioco of Xy(17)
has width 1, and lying above it on X((289) are the cusps iooand h/ 17,1 < h < 16, each
having width 1. The cusp 0 of X(17) has width 17, and the cusp 0 of X((289) lies above
it, the width being 289. We have, therefore, the following lemma.

LEMMA 1.  Supposef(T) € Ko(17). Regarding f(1) dually as an element of K((289),
we have
Ordy/17f = Ordioo f = Ordino f, 1< h <16

and

Ordyf = 17 ordy f.

If we let U act as in (1) on the Fourier expansions of elements of K((289), then U acts
as a Hecke operator, since for f(7) in Ko(289) with Fourier expansion f(7) = ¥ y>p, anx"
we have

1 J6
(7) Ufmy = 3> aimx” = — . f((r +h)/17).

17n>no 17 ;=
We have the following lemma, proved in Corollary 1.10 of [6].
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LEMMA 2. If f(t) € Ko(289), then Uf(t) € Ko(17). If f(1) is holomorphic for
Im7 > O, then so is Uf(1). Furthermore,

1
ord;e Uf > 7 Ordw f

and
> in Ord .
ordy Uf > ogmhlsnm tdy, 17 f

Now the D,(x) are not themselves modular functions. However, we do have
POt = xj(/24n(7_)~—k and P(2S) = x289k/24n(2897_)4k’

SO
Pf o m(2897)\k
PO " ( () )

and

o PO (n(2897)

k
_ k
P(x289)k - ) ) = ¢(1)" € Ko(289).

From (2) we have
U(xIZkP(x)k
U(¢(T)k) T T PG )
_ Di(x) |
- P(x”)k’

and more generally for s > 0 we have from (2) and (3):

U Da) — v(p2) e
PE | T TBPGE T PGR°

®)

U(x'%* Dyy(x)
Dys(x) 2 Dsy,
U(¢ (T)k P?X;tk ) (P(X”)I‘ ) - P?Xll7(;\;()'

We now define a new sequence of functions L,(x) by

Los(x) = Dy (x)

©) {L S iy fors>0.
2s5+1 P(x1T)k
Therefore
10 Lo(x) = 1,

(10) L) = U(¢ @y L), forr> 1.
By Lemma 2, the L,(x) are in Ko(17) and are holomorphic for Im7 > 0. From (4) we
have
(11) ordioo Ly > piy.
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In order to prove (6), it suffices to show that
(12) L.(x) =0 (mod 17%7%*)

where o and ¢ are as before. This is the object of the rest of this paper.

Let ‘V be the algebra of functions in Ko(17) which are holomorphic for Im7 > 0. By
Lemma 2, V is invariant under the linear operators T defined by Ty g = U(p> g). We
have L,,; = T),L,,soeach L, € 7. In the next lemma we give a basis for v, so as to
obtain matrices C*) = (c()) for the Ty. We will show that divisibility by powers of 17
of the entries cf;\,l implies divisibility by powers of 17 of the Fourier coefficients of the
L,; included in this lemma are facts which we will use to show this implication. We note
that Atkin [2] has obtained some similar results for Ko(g), with 17 < g < 37, ¢ prime.

LEMMA 3. There is a basis B = {J, | —co < v < oo} for V with the following
properties:
(i) Jyra = L Js;
(ii) ordjoo J, = vy
—v —1 ifv=10r2 (mod4),
(iii) ordpJ, = Y (v) = {——1/ —2 ifr =3 (mod 4),
—v ifv =0 (mod 4),
(iv) the Fourier series for J,(T) has 17-integral coefficients and leading coefficient
1;
(v) the J, satisfy the multiplication table below, which determines the structure con-
stants of ‘B.

J1 Jo J3

J Jz+(17/4).]4 J3 Js+8Js +(17/4)J6

Jr Js +8Js Js + 8.]6 +2-17Jg

J3 Jo+8J7+(17/4)-Jg +2-17Jg

[y

TABLE4

PROOF OF LEMMA 3. To define J;, J,, J3 and J4, we use some results of Newman
[7,8]. We begin by setting J4(7) = [n(177')/17(7-)]6, which by Theorem 1 of [7] is in
Ko(17). One can readily verify that J; € V/, that ord,eo J4 = 4 = — ordy Js, and that J4
has integral Fourier coefficients and leading coefficient 1. From Table (2.8) of [8], we
have (using Newman’s notation) a function Ss in ‘/ with a triple pole at 0 and with a
Fourier series of the form 17‘2(1 — 10x2A(x)), where A(x) has 17-integral coefficients
and leading coefficient 1. We set J, = (1 — 172S5)/ 10. Clearly J, € V, ordio J> = 2,
ordy J» = —3, and J; has 17-integral Fourier coefficients and leading coefficient 1. Our
next goal is to obtain J_3. The function f(7) = Jo(— 1/ 177)isin V. It has a triple pole at
ioo and a double pole at 0, and by equation (2.7) of [8] it has a Fourier series of the form
(1 — 17‘2B(x)) / 10, where B(x) has integral coefficients and leading coefficient —20. We
setJ_3 = (17°/ 2)f,s0J_3 € V,0rdino J_3 = —3, ordgJ_3 = 2, and J_; has 17-integral
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v=0lvr=1lr=2[r=3

p=0| —1 1 13 20

uw=1 0 7 10 11

pw=2 1 4 11 12

p=3 -2 5 12 15
TABLES

Fourier coefficients and leading coefficient 1. Setting J; = J_3J4 and J3 = J,J,, we see
thatJ; and J3 are in ¥ with ordieo J1 = 1, 0rdieo J3 = 3, 0rdgJ; = —2 and ordy J3 = —5.
Moreover, J; and J3 have 17-integral Fourier coefficients and leading coefficients 1.

We now define J, for any integerv.Forv = 4v,+v,,0 <v, <3, wesetJ, = J;'J,,.
Clearly properties (i) through (iv) hold for all J,. That { J, | —oo < v < oo} is a basis
for V follows from an elementary argument using Liouville’s theorem. The entries in
Table 4 can be computed using the first few terms of the Fourier series of the J,, and their
orders given in (ii) and (iii). The structure constants are determined by this table and (i).
This completes the proof of Lemma 3.

As discussed above, we let C*) = (CL’\,,Z) denote the matrix of T, relative to ‘B, where,
following [3,5], we let matrices act from the right, expressing elements of ¥ as row
vectors. Since ord;, L, > i, , We can write
(13) L= 2 a!,;l‘ll/

V2,

(where the sum is finite). Application of the C*” gives the recurrence
(14) Aryly = z arpu Cﬁ::’)

H>pr
with initial conditions apy = 1 and ay,, = 0 for v > 0. Denoting the 17-adic order of a
rational number a by 7(a), we will prove (12) by showing that all the a,, are 17-integers
with
(15) m(a,,) > ar+e.

Equation (15) follows from the facts that the LL*,Z are 17-integers with a certain lower
bound on w(cf}‘,i ), and that iteration of the T\ causes an accretion in the values 7 (a,, )
as r increases. An explicit description of o and € will emerge in the course of the proof.

We now give the lower bound for m(c!;})).

LEMMA 4. All the ¢'}) are 17-integers and
17y —p — 12X +6(p,1/)}
24 ’
where 6 (1, V) depends only on the residues of p and v (mod 4) according to Table 5.

(16) m(e) > [

The proof of Lemma 4 is fairly lengthy, involving a certain amount of numerical cal-
culation. It is also the key to proving (15), and hence Theorem 3. The proof of Lemma 4
is the topic of the next section.
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3. Proof of Lemma4. We obtain two recurrences for the T J, together with initial
conditions. This completely determines all T J,,, and hence all CL'\,Z . Lemma 4 will follow

by inductionon A and p after writing the corresponding recurrences and initial conditions
A
for the ().

For the first (and simpler) recurrence, we observe, reasoning as in [5], that
Tody = U@M,) = T aU@ ), 4) = J 4Taiely s

Thus, we have
S = Sy = T
Equating coefficients yields the corresponding recurrence for the c(\):
(17) )= s
To obtain the second recurrence, we observe that

1 16
Tady = UG ) = = 2 ¢ ((r +h)/ 170, (¢ + )/ 17).
h=0

Each ¢ ((T +h) / 17) = 13,0 < h < 16, is a root of the modular equation with coefficients
Ok in (V,

17
(18) 17+ 3 (=o' * = 0,
k=1
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where the oy are given below:

oy =T- 170y +(115/2) - 172, + 84 - 1735 + 849 - 1734 + 640 - 17%Js
+158 - 17°J6 +20- 17807 +55 - 1785 + 13- 177Jo +(1/2) - 178010 + 178,
0y = 176 - 17J, — 142 - 17°J; — 4888 - 17%J, — 4371 - 17°J5 — (2851/2) - 17%Js
—224-17%J7 — 595 - 17°Js — 171 - 17%05 — (15/ 2) - 17" J10 — 17815,
03 = —14- 17203 +900 - 172, + 987 - 173J5 +(847/2) - 17*J¢
+80- 17707 +215- 1730 + 71 - 1780 +(7/2) - 177 J10+ 9 - 177J 12,
04 = —10-17J3 — 2858 - 17J4 — 3287 - 1725 — (3107/2) - 17°Js
—312-17%7 — 939 - 1740 — 323 - 17°Jg — (35/2) - 17819 — 3 - 17713,
o5 = 163 17J4 + 311 - 1725 +(435/2) - 17°Js
+46 - 1747 + 188 - 1745 +63 - 17°Jg +(7/2) - 17810 + 11 - 17%3,
06 = —247-17J5s — (659/2) - 17%J¢
—54-17°J; — 590 - 17°J — 167 - 17* )y — (15/2) - 17°J10 — 17%J 12,
17J5 +(33/2) - 17%Js
— 217307 +120 - 17205 +29 - 17%5 + (1/2) - 17010 = 5 - 17°J12,
oy = 6-17Js+ 12+ 17207 — 401 - 1723 — 104 - 17°J5 + 3 - 17°J5,
09 = 63-17°J3 +20 - 17°J5 — 15 - 17%)13,
o0 =—103-17Jg — 44 - 1725 +3 - 174,
on=5-11Jg+4-17%0s — 5-17°J1,
o= —4-17Js — 1%y,
o3 = 11172,
o =—3-17%p,

07

g15 = 9 . 17.]12,
o6 = —17J2,
o7 = Jpn.

The o4 can be obtained from the U(¢*), since we have 17U(¢*) = £}8 1k = m, a
power sum; the Newton identities relate the oy and the m;, and with the m; known we can
obtain the o4. The U(¢*) arise also in computing initial conditions, so we discuss their
computation there. Since each #;, satisfies (18), we deduce that for any integer A

17
(19) f= 2D o
k=1
Multiplication of (19) by J,, ((T +h) / 17) and summation on h gives

17
T, = S (=D oy Ty iJ,.
k=1
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We get the corresponding recurrence for the c » by equating coefficients of the J,, ob-
taining equations

(20) S BOW) ).
p.o

The result depends on the residue class of ¥ (fnod 4) and it is very long, so we do not
reproduce all of it here. We give details only for the case v = 0 (mod 4) as an example:

chy =T-17c01 +(115/2) - 1720 1) +(5719/ 4) - 17251}
4849 1730~ )+ 11352 - 173¢0 1) 42656 - 174¢ “ ”

MV Hv—

+500 - 17501 +55 - 176071, + 622175 ”

/.tl/ -7 uu 8
+97/2)-17°¢ L*V Do +(13/4)-17% ﬁjy Do+ 178 j}y ,
+17° jjy D, —176- 17c(A ) 4142172 L*V 2

+4888 - 172¢, %) +(149117/ 2) - 1720, 2} + 49035/ 2) - 1770, 2%
+(19703/4)-174 O +595- 175, 2;+6710 175¢0,2)
+(1151/2) - 1763 2>0+(171/4)-177 A2 1780 =

ul/ 1 ut/ 1 pr—12
+15 - 17802, = 141725, %) +900 - 17260, 2)
+(1967/2)-17° “‘3§+(14343/2). 173¢2 ) 4 6427/ 4) - 1740

v— BV ;“/7

+215 - 175¢5, % +2394 - 1750, 3;+(439/2) 175¢23)

;.“/ 10

+(71/4)- 177 O +9-17 “,, L+ 7175,
+10-17¢5,4 +2858 - 17¢), 4 +(6579/ 2) - 1720, %)

+(52859/2)- 172¢0, %) +(24503/ 4)- 17, ) +939 174604

pl/ -7
+4433 - 17804 +(1843/2) - 175¢0, 4 +(323/ 4) - 17%&;‘},
+3- 1770, 4, +35 1770, 0, +163 174,

+311- 1725 5)+(435/2) 173¢0,70 +(3439/ 4) - 1730 )

uu—7
+188 - 174 <*y5§+2332 174 5’+303 175¢05)

+(63/4)-17° ‘*V5{1+11 176 (*V +7-17 L*V RA

+247 - 17¢,0) +(659/ 2) - 1720, %) + (3919 4) - 1720, )
+590 - 173¢2 ") 4+.2308 - 1730 6;+(471/2) 1740 0

[TR% %% ;u/ 10

+(167/4)-17° jfy 0 +175¢ i}v O+ 1517506,

+17¢0 70 +(33/2) - 1730, T — (135/ 4) - 17260, )

A=17 A7
+120 - 173¢0, 73 +(1029/2) - 173¢0, 7 +(9/ 2) - 173, T
+(29/4)-175c§}‘;_7}1 51750, 7, #1750, 7
—6- 17, % — 121720, %) +401 - 173¢, 5
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+1765 - 172¢, %) — 2417360, %0 +26 - 1740, %)

pr—11

=3 17508, +63 - 1720, % +20 - 17302
+5- 17802 — 1517402, + 103 - 1701
+44 17201 + 11171 — 31740 1)
+5-17¢019 + 4172010 + 1730 1)
=5 17301 441701 #1720
7P 111720 ) #3172 )

(A—15) (A—16) A=17)
+9 - 17C;w—12 + 17cW_12 +Chy12-

We do not actually need the full details of the second recurrence for the cL’\,Z Rather,
we use only the following consequences, which can be verified from the above forv =0
(mod 4).

(a) For each residue class of v (mod 4), the recurrence gives cf;\,} as a linear combi-

nation of the cf}; f;, 1 <p <17and1 <o < 13, with 17-integral coefficients.
For each residue class of v (mod 4), we can also write cﬁf,{ as a linear combina-
tion of the cff,,ff;, 1 <p <17and —1 < ¢ < 12, with 17-integral coefficients.
(b) For any A, u and v we have

\) : (A—p) (p)
1) m(cy) = min (m(c 2 +ePw))
1<0<13
and
(A : (A—p) (17—p)
(22) (i) > min (w(c 7)) + €y )

1<0<12

where the e)(v) depend on the residue class of v (mod 4) and are given in
Tables 6-9 of Appendix 1. In particular, we note that in all cases

(23) ) =1 (mod 17).

If the cf;\,f are 17-integers for a fixed u and any 17 consecutive integers A, then they
are 17-integers for this fixed p and all A. This follows from a two-way induction on A
using (a). We conclude from this that all the cL’\,Z are 17-integers if there are 4 consecutive
integers p for each of which there are 17 consecutive integers A so that the cﬁf,ﬁ are 17-
integers for these p and A. This follows from a two-way induction on y using (17). We
assert that p = —3, —2, —1 and 0 have this property with —13 < A <3, —-14 < )\ <2,
—17 < A < —land —16 < XA < 0, respectively. The corresponding initial values
cﬁ},} are quite unwieldy to state and derive. We do not reproduce all of them here; a brief
account of their derivation is given in Appendix 2. For example,

24) Tado = U(@™) = Y cid,,
v
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where the c(()’},,) are as follows:

U(l) = 14y,
U™ = —1Jp,
U™ = — 1, .
U(¢ ) = 174,

U~ = —174,
U %) = —20J_3 + 172y,
U(¢ %) = —30J_4 — 17%Jp,
U(p™7) = —126J_4 — 56 - 17J_3 + 17%J;,
U~ = 17,
U(p %) = 54J_¢ + 108 - 17J_s5 + 144 - 17J_4 + 108 - 17%J_5 — 17%J,,
Up~ "% = —10J_7 — 145 - 17J_¢
—100-17%J_5 —250 - 1727 _4 — 130 - 173 — 5 - 17%)_, — 17%J,
U™y = 121077 — 11 - 17J_¢ + 88 - 17%]_s
+88- 172 4 +154 - 17°J 3 + 11 - 17°)_, + 17°Jq,
U(¢ ') = 594J_g — 17°Js,
U(¢ "% = —130J_9 + 18759J_g + 9594 - 17J_7 + 1053 - 17%]_¢
— 7817305 — 247 - 173 _4 — 234 - 170 3 — 13- 17°J_, — 17%J,,
Ug ™' = —17%,
U(¢ ") = —3990J_19 — 4690 - 17J_9 + 49605 - 17J_g
+2050 - 173J_7 + 7185 - 17°J_6 + 90 - 17%J_5
+945-17%7_4 — 33017703 — 15 - 177, — 177 ),
U(¢ ~16) = 12487_,, + 18096 - 17J_10 + 12480 - 17%J_g
+31200- 17%J g+ 16224 - 17°J 7 + 624 - 17*J_¢ — 17" ).
Equations (24) not only illustrate that the initial values () are 17-integers (in fact, ordi-
nary integers for u = 0), but they also provide the necessary data for computing the oy
in (18). In proving Lemma 4, we do not actually need the full details of the initial values
for the cf},ﬁ Rather, we only use the following consequences which can be verified from
24) forp = 0.
(c) For p = —3,—2,—1 and 0 and X in the ranges given above, each T)J, is a
17-integral linear combination of the J,, .
(d) For 4 = —3,—2,—1 and 0 and X in the ranges given above, m(ci)) has the
values given in Tables 10-13 in Appendix 1.
From (c), we conclude now that all ¢{},) are 17-integers.

It remains to discuss the proof of (16). One easily verifies from Tables 10-13 in Ap-
pendix 1 that (16) holds for the A and p shown there. A lengthy but straightforward
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two-way induction on A using (b) shows that if (16) holds for a fixed y and a range of
17 consecutive A, then it holds for that fixed 1 and all A. That (16) holds for all u and
all A follows from a two-way induction on p using (17) and the fact that the right side
of (16) is invariant under the index shift (A, p,v) — (A + 6, u +4,v +4). Including the
derivation of the initial conditions, this completes the proof of Lemma 4.

4. Proof of Theorem 3. We introduce some notation in terms of which we give a
bound on the growth of 7 (a,, ) for increasing r and thus prove Theorem 3. From (14) we

have

: (Ar-1)
25) m(ay,) > #rgi’t}l (w(a,_l,#) + (e )).
Set

00\, ) = { 1 ifm(cly;,) > 0for0<i<3andallv;
0 otherwise.

Using (17) and (23), we see that 0 (A +6, 4 —4) = (A, p)and (N + 17, 1) = (A, p).

Thus 6 is completely determined by its values for 0 < A < 16 and 0 < p < 3,

and these can be determined from the initial conditions in Appendix 1. In this range

0(M\,p) = 1lifand onlyif (A, ) = (3,0),(3,1),(3,2),(3,3) or (14, 3). Put Ay = 0 and

A, = A1 +0 (N1, 1) for r > 0. We will prove by induction that

17(v — p,) — 6,
24
where 6, = 29,23,17 or 16 according as v = 0,1,2, or 3 (mod 4). A closer examina-
tion of the A, will then yield Theorem 3.
To prove (26), it suffices by (11) to assume v > p,. Clearly (26) holds for r = 0. Let
r > 0 and suppose (26) holds for r — 1. We see from (25) that to complete the induction,
it suffices to prove that

(26) T(ayy) > A, + max (0, [ J) for r >0,

17(v — p,) — b, J)
24

for p > p,—y and v > p,. In proving (27), we will first suppose v = p, or u, + 1, and

thenv > pu, +2.

@7) 7 (@r1,) + (1) > A, + max (0, [

CASE1l. v = p,or p,+1.Proving (27) here reduces to showing that its left side is at
least A,. This holds for y,_; < p < p,_1 +3, since for these y, ﬂ(c‘iﬁ,’;' N> 01, fhr—1)
by the definition of # and 7(a,_1,) > A, by the induction hypothesis. It also holds for
B > pry—1 + 4, since by induction

17(p = pr—1) — by
24

m(@r1) 2 At + | | >4 +124,

Thus (27) holds for v = p, or p, + 1.
CASE2. v > u,+2.By (16) and induction, the left side of (27) is at least

28) A +max(0,tl7(u —“r—')*%J) ' [171/ —p =122 +6(u,v)J.

24 24
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Now (28) cannot decrease if p is increased by 4, so its minimum occurs for some y =
tr—1+i,0 < i < 3; and since from (5) we have p, > (u,— + 12/\,_1)/ 17, the expression
in (28) is at least

17(v — ) + 6 (g +i,v) — 27J
24 ’

From Lemma 4 we have 6 (u,—; +i,v) — 27 > —b,, where §, is as in (26). Hence

A,_l+l+[

A 41+ [17(1/ — i) +6 (-1 +i,z/)—27J S A+ {17(1/ —u,)—é,,J’
24 24
s0 (27) holds for v > pu, +2.
Having established (26), we know that 7(a,,) > A, for all r > 0. We now identify
«a and € so that A, has the form ar + ¢ with o and ¢ as described in Theorem 3. For

r> 1+log,, |k| we have

r—1
Ar =30\ i)
i=1

= 3 0Quu)+NO(0,[17k/24] + w(k)) + No6 (k. [ k/ 24] + w(k)),

0<i<log,; ||

where N and N, are respectively the numbers of odd and even integers i in the interval
log,, |k| < i < r. Further, for such r we always have

(29) [Ny — (1/2)(r— 1 —logy; |k])| + |N2 — (1/2)(r— 1 —log; |kD)| < 1,

and also
(30)
Ar= 5 00um)
0<i<log,y ||
+(1/2)(r— 1 — log,; |k [0(0, [ 17k/ 24] + w(k)) + 0 (k, [ k/ 24] + w(k))]
+ [N —(1/2)(r— 1 —log;; |k ]6 (0, 17k/ 24 + w(k))
+[N2 = (1/2)(r = 1 = log,; [k])]6 (k. [ k/ 24] + w(k))
We now set
(31) a = ak)=0(0,[17k/24] + w(k)) + 6 (k, [ k/ 24] + w(k)),
and (for all r)
(32) e =¢k,r)=A —ar/2,

sothat A, = ar/2+ e. By (29)~(32) and the definition of A, , we have |e|] < 3+
2log,, ||, so e = O(log |k|). A straightforward argument using the definition of « in
(31) and the properties of § shows that a (k+96) = o (k) fork > 0 and a(k—96) = a (k)
for k < 0. The values of o can be computed from (31) and are as given in Table 3. This
completes the proof of Theorem 3.
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5. Conclusion. The author has checked by machine computation that the congru-
ences asserted in Theorem 3 actually hold for k| < 96 and n < 12,000. These com-
putations show also that Theorem 3 can at least be sharpened for some k and small r.
Atkin and Gordon have shown that Theorems 1 and 2 are best possible in the sense that
every residue class (mod 24¢), where t+ = 1 and 5 in Theorems 1 and 2 respectively,
contains both positive and negative values of k for which the constants a (k, g) cannot be
increased without rendering the congruences false. Theorem 3 may not be best possible
in this sense, although we assert nothing at present.

It would be desirable to determine the extent to which the congruences in Theorems 1,
2 and 3 can be generalized. In addition to the question of finding further values of g for
which we have results of the form

(33) Pk (q'm +n(q,r, k)) =0 (mod ¢g*™*)

where o and £ behave as in these theorems, there are questions concerning the existence
of more general congruences such as those discussed by Atkin and O’Brien in [4]. The
results presented here provide first steps in establishing congruences of the form

G4 p(17m+n(r +2,k)) = K(r, k)p—x(17'm + n(r,k)) (mod 177*®0+®),

(In the present paper K(r, k) = 0.) As described in [1] and [2], working modulo various
primes up to 67, Atkin has obtained results and developed conjectures involving the
coefficients of Klein’s function j(7), some of these results and conjectures having a yet
more general nature than (34). Analogous congruences may hold for the p_;(n).

APPENDIX 1

Here we give tables of () and initial conditions for 7 (c() ). Blank entries are to
be taken as co.

a\p |0{1]2{3]|4|5|6|7]|8]|9|10]|11|12|13]|14{15]|16(17
0 0

1 1

2 211

3 2121211

4 31212111

5 3(21312]211]|1

6 413131213[2]2]1

7 5141413]3]|2(2]2

8 6(5]|5141413|3]3[2]1]1

9 615151414(3(3]213]12(2]|1

10 71616]|5[5]|4(4]|3

11 817]716]6|5({5]|4(4]13 3|2

12 818|717|6]|6{5|5|4]4|3|3[2]2|1]|1]0
13 918|8]|7]|7|6|6

TABLE 6: ¢(0)
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0

1

1

1
1

1

1

2121211

3121211

41313]122)1|1

4131312|2]1|1]1

514141313{2]2]1

615]514(4|313]2|2]1

71616|5]5(4(4]|3|3]2]2

716]16]1515]414]3]3]12 |2

817]71616{5]5

8[8]|7|716|6]|5(|5|4]4|3|3]|2]2

1

a\p |0[1[2]3]4]5]6]7]8]|9[10|11{12]13]14[15]16{17

3
4
5
6
7
8
9

10

11

12
13

TABLE 7: ef,”)(l)

0

1

1

1

1

1

2111211

31212]1]1

41313]12(2}1{1

514141313(2]2]1

514141313(2]2]1

61515141413|3]2|2] 1

716]615|5(414]13(3]2}2

817171616|5(5

817[7]16]16|5[5]4]4]3]13]2

818]7]71616{5]|5141413|3]2}2

2

a\p |0]|1[2]3|4]|5|6|7|8[9]10]|11]|12]|13|14]|15]|16|17

3
4
5
6

7
8
9

10
11
12
13

TABLE 8: ¢?(2)
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7

—

)
=)
p—
N
w
A
(9]
)]

8

9

10

11

W[ N[ =—

oYl AW N—Olq
o Q||| B|w|w| | —
Q||| AW —

S| wn] slw| oo

AN | BB W N —

I ESEN I

N[ S]] M| =

) I Y OV VY NS

TABLE9: e,?(3)

A\v [—11]—10]—9[—8

(=)

EN

w

[V QNN NN BR| W RN —=—=OIC OO

TABLE 10: 7(c{))
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Mv [-9]-8]|-7]|-6|—-5|—-4]-3|-2[—1]0]1]2

3 0

2 0

1 0]1

0 0 1

—1 of1|2

-2 2

-3 O] 11(1]2]3

—4 0|1 112(2]3]|3

-5 0]1 2] 14

—6 0 4

=7 01011121313 5

-8 5

-9 Oj1]|1}12|3]|4]1]4] |6

—10 oO(112]12]|3]|4 6

—11 O11(3(2]13[4]|5]5 7

—12 0 7

—13 Ojo1|2(3]|3|4}|5]617] |8

TABLE 11 w(c(:\;'y)

Mv |—10]-9]|-8|—-7|—-6|—-5|—4|-3|—-2|-1]|0{1]2[3

2 01
1 0
0 0]0
-1 1
-2 1
-3 0111]1]2
—4 2
-5 011 213
—6 0 3
=7 0]J]0]1}2})313|4
—8 4
-9 0O]11212(3]4]14]5
—10 0O|l]112]|2]3]4 5
—11 O|l]1]12]12|3]4]5]|5]6
—12 0 6
—13 0101121313 |4]5]616]7
—14 0 11123414 |5|6]|7]7|7

TABLE 12: w(c(_Az)‘V)
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My [—12|-11|—-10{-9|—-8|-7| —6[—5|—4]|—3]|—2]—1|0] 1|2]| 3|4
-1 0f112]3]3
-2 0

-3 011

—4 1

-5 1111212

—6 0 2

-7 0J]0f1]2 3

-8 3133

-9 Oj1]11]2 4

—10 oO(11]2 31414

—11 Ol1]12]2]|3]14]5]|5

—12 0 5

—13 O[O 1]|2|3|3]5|5]61]7

—14 6

~15 Ofj1|11|12([3]4]4|5]|]6]7

—16 0 1 |2]12]13]|4 7

—17 01]0 1 1212131455 7]8]8]|{8

TABLE 13: w(c

\)
l‘u)

APPENDIX 2

Here we briefly discuss derivation of the initial conditions for the recurrences (17)
and (20). Consider the functions J,, on the Riemann surface X((17). By Lemmas 1, 2 and
3 we have T\J, € Ko(17) with ordy TJ, > min(—12X + 179 (), p), ordioo T J, >
[ (12X +p)/ 17], and ord, T»J, > O for other p on Xo(17). Hence T)J, € Y/, and using
the orders at 0 and ioo we can determine for given A and p a maximal range of values v
for which cf;\,ﬁ can be nonzero. We can minimize the computation by selecting A and p for
which these ranges are as small as possible, and this can be accomplished by taking the
valence of T)J, small. Also, the case p = 0 is of special importance since certain T Jy
are necessary for computation of the modular equation. Therefore we include p = 0,
first considering T Jy and then Ty J,, for other values of y.

For . = 0, the A for which the T Jy have the smallest valences turn out to be in the
range —16 < A < 0. For these A we find cf)’,\,,) by equating the first 1 — [ 12X / 17] coeffi-
cients in the Fourier series of T7T,Jy and the Fourier series of
cf):\()’lo +-- -+cg}) 122/ 17]1 [12x/17]- We get triangular systems of equations whose solutions
yield (24). For 4 = —3,—2 and —1 the ranges for \ indicated in § 3 turn out to produce
small valences for T, J,,. We again are led to triangular systems of equations.
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