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SOME NEUTRAL EQUATIONS
WITH A CONTROL PARAMETER

VasiL G, ANGELOV

This paper presents sufficient conditions, involving accretive
operators, for the existence, uniqueness and continuous
dependence on a control parameter of the solutions of some
initial and boundary value problems for neutral functional

differential equations.

The main purpose of the present paper is to obtain conditions for the
existence, uniqueness and continuous dependence on a control parameter of
the solutions of some initial and boundary value problems for neutral

functional differential equations.

Let us consider the following initial value problem:

z'(t) = x(u, ¢, z(8,(2)), ..., =(a (£)),
(1) z' (v (&), ..., 2’ (1,(8)) , t>0,
a(t) = w(e, W), wi(e) = ERL -y <o

where the unknown function x(¢) takes values in some Banach space B
with a norm |*f| and its derivative is in the strong sense. The control

parameter | takes values in B . The deviations Ai(t)
(2 =1,2, ..., m and Tl(t) (z=1,2, ..., n) are of a mixed type and
in the general case - unbounded.

The author's recent paper [I] contains existence and uniqueness
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results for the strong absolutely continuous solution of the initial value

problem (1) with Lp—derivative (without parameter) where 1 <p < ® and
comparison with the previous related results. Here we are going to find a
strong absolutely continuous solution of the same initial value problem

with LaLderivative.

We shall consider also the following boundary value problem with

control parameter: find a solution of the problem
z'(t) = u+ x{u, ¢, x(Al(t)], x[Am(t)'),

x'(rl(t)), vy x'(Tn(t))] , t>0,

x(t)

3

w(t, u) , ='(¢) = Splt,p) (;t ) , t=0
and a value of the parameter p = ud € B such that x(T, uo) = Tn o, where
Zp € B is a value given in advance.

Analogous problems for some other classes of functional differential

equations have been considered in [Z]-[4].

The boundary value problem with control parameter allows the following
physical interpretation: 1let us subpose that the initial state and
velocity of some physical system depends on the control parameter up . We

look for a value U= My such that at instant ¢ = 7 the system attains
the given state Ty

The operator A : Dom A - B (B is a Banach space) is said to be
aceretive if

N (1+24)z-(I+M)yllp = Ha-ylig

for A >0 and x,y € DomA4 (I is identity map), and m-accretive if
Range(I+M) = B .

Let Bl and 32 be Banach spaces with norms ”'”l and ||'||2
correspondingly.

We shall first prove some auxiliary propositions, based on the results
of Webb (6] and Martin [5].

PROPOSITION 1. Let the following conditions hold:
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1. the nonlinear continuous operators Ni : Bi X B+ Bi satisfy
the inequalities

(3)  N[a+ay=ra)zem (z, w)]-[(1+Ay-2ady+Mi (g, W, = le-yll, (£ =1, 2)

for every :x:,yEBi and Y € B, where Yy >0, o >0 are
constants;
2. the linear map J : B1 - 32 satisfies the condition

j(Nl(x, u)) = Nz(jx, u) for every f € Bl and p € B .

Then for maps x(u) : B + B1

condition gJxlu) = Nz(y(u), u) + yy(u) , there exists a unique map

and y(u) : B > Bl , connected by the

z(w) : B> B forwhich N (2(n), u) + ya(w) = z(u) and jz(u) = y() .

Proof. The operator Ni(.’ ) + (y-a)I is continuous and inequality

(3) shows that it is accretive. Since it is defined on the whole space

Bi , the operator is m-accretive (Martin [5]). If we choose X = %

then the operator
I+ l[lv (¢, W+(y-0)I] = l[zv («, W+yI]
at-'z' a7t

maps Bi onto Bi (£ =1,2) for MW €B . If in (3) we set A = % ,

then we obtain
1 1 ,
”E[”i(x’ wya] - 2Ny, w+vy] |L z Je-yll, (2=1,2).

Therefore Ni(-, u) + YI maps Bi into Bi one~-to-one for every U € B

and its inverse operator satisfies the inequality

(4) ” LAEN u)+¥:c]'l-[lvi(y, u)+Yy]'1Ni < %Hx-ylli .

If x(up) : B » Bl and y(u) : B+ 32 are such that

Jx{u) = Nz[y(u), u) + vy(u) , then there exists a unique map z(u) : B + Bl

for which Nl(z(p), u] + vz(y) = x(u) . In addition, we have
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Holy(u), w) + vy(u) = gxu) = G, (2(w), W)+vz(u)]

= N,y (dz(u), ) + v(Fa()) ,

that is, gaz{u) = y(u) .
PROPOSITION 2. Let the conditions of Proposition 1 hold, let the
maps x(u) : B + Bl > ylw) : B~ 32 be continuous and let
- - [ = € 3
”Ni(x’ u) Ni(y, U)”i = Mz y”i (i =1, 2), where =x, y Bi , M>0 1is
a constant, Y > M.

Then the map z(u) : B~ Bl » satisfying the equation
Nl(z(u), W + vz(y) = x(u) , is continuous.

Proof. Let =z(u) and z(uo) be solutions of the following operator
equations:

Mo, w) +ve) =zw), F (), v) + valuy) ==(u)

Then we have
llz(w)-2 (u) Il

=

W, (z(w), W, (2 (uo), udll, + alx(u)—r(uo)lll

<

<= <

W) (z(u), w0, (20w), updlly + gHZ(u)-z(uo) I+ %ﬂx(u)-r(uo)lll
This last inequality implies
e -2 (), = 727 Wy (), W0 (2w, wdly + 2 == (ug)l,

Bearing in mind the continuity of operator N. and of the map x(u) ,

1

we conclude that z(u) : B » Bl is continuous.

PROPOSITION 3. Let the conditions of Proposition 1 hold and let
z,(u), 2,(u) satisfy the equalities

By (2, (), W) + vz, (0) = z,(0) 5 dz,00) =y (0)

Nyly, (W) u) + vy (0) = jz (u) (£=1,2) .

The the following estimate holds:
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1
iz, (W)-2, Gl = Sy ()=, (I,
The proof is a consequence from inequality (4).

DEFINITION 1. fThe function T(%) : Ri >’ possesses the property

(s) if the inverse image of every set with null measure is measurable
(B! = (=, @), Ri=[0, =), R = (=, 0]).

DEFINITION 2. The function

’

+1
X(u, t, u, ..., Uy Vps wees vn) : B x Ri x " 4 B

satisfies the Caratheodory condition, if it is measurable in % and

v,

continuous in W, ul, veey U vl’ es Uy e

m’

DEFINITION 3. The function X(u, v) : B X B> B is uniformly
continuous in u with respect to v if for every € > 0 there exist
6§ >0 such that [lu-ul < 8§ implies [|X(u; v)-X(u, v)|| < € and the number

§ does not depend on the variable v .

If we set ¢(t) = z'(t) for t >0 and 6(t, p) = gm%éfgl for

t £ 0 then we obtain the equivalent initial value problem

Al(t) Am(t)
¢(t) = X[u, t, (0, u) + I o(s)ds, ..., W0, u) + J ¢(s)ds,
0 0
o(t (8), ., 0(r(®))| ., t>0,
(1)
e(t) =8(t, u) , t=<0.

In analogous way from (2) we obtain

4, (¢)

o(t) = u + X[u, t, ¥(0, u) + ¢(s)ds,

0
8,(%)

cees WO, W) + I o(e)ds, o(t (), ..., 0(r(£))| , t>0,
0

(27)
o(t) = 6(t, ), t=0.

DEFINITION 4. af(u, ¢, Tys eees Ty Yoo eees yn) ,
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+
S(u, t, Lys cees Tps Yps voes yn) : B x RT+n 1, Ri are comparison

functions if they satisfy the Caratheodory condition, are nondecreasing in

x,, Y, and alu, t, x

essentially bounded for any fixed y € Ri (=1, ..., m;,

1=1,

., n) .

THEOREM 1. Let the following conditions hold:

1.

x(u, ¢,

Nx(u, ¢,

the functions Ai(t) : Ri Ny 1,2, ..., m) and

Tz(t) : Ri >R (1= 1, 2, ..., n) are measurable and

Tz(t) has property (S);
the function

1 n
x(u, t, u vty Vs ey 0 ) T BXE xH " > B

l,

satisfies the Caratheodory condition and the conditions

., xm) = a(u, T, T, oon,y oo Yo ooves y] is

Ups wens Uy Vps eees vn)H
s ol theglls oo Tl oglls ooey ll)
Ups woes Ups D)y ones vn]-g[u, t, ﬁl, ey ﬂm, 51, cees En]H
= D80 &y Byl ey ol BogBills oo 0,500

where Y > M > 0 are constants, o and B are comparison

functions and

8(u, t, |Al(t)|y, . IAm(t)|y, Ys ves y) =y .

In addition X(u, t, u , U, U

10 et ' oot

continuous in u with respect to the other variables;

the initial function ©O(+, u) € Lw[Ri

uniformly continuous in u with respect to t .

. vn) is wuniformly

5 B) , M €B and is

Then there exists a unique solution ¢(+, u) € Lw(Rl; B) of the

initial value problem (1'), which depends continuously on the parameter

[
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-] Rl R
Proof. Let Bl be the Banach space L ( 3 B) with a norm
(-]
”f"l = ess sup{llf(e)ll : ¢t € Rl} , and 82 the Banach space [ (Ri; B)
with norm Hg“2 = ess sup{lig(e)ll : ¢t € R{} .

We define the operator Nl(f, u) Bl X B + Bl by the formula

' A ()
-YX|u, ¢, ¥(0, u) + J fls)ds, ..., w(o, W)
0
Nl(f’ H)(t) = J Am(t)
+ J f(s)ds, f(rl(t)), cees f(rn(t)) , t>0,
0

0, t=0,

wvhere [ € Bl , M € B, and the operator Nz(g, u) 32 x B - 82 by the

formula N2(g, w(¢y =0, t=0, g€ 52 , uU€B.
The map J : Bl - 32 is defined as a restriction of the function
f € Bl on the semiaxis R{ . It is easily seen that

j(Nl(f, u)) = N2(jf, u) for every f € Bl and | € B .

We shall first show that if the function f € Bl then the function

Nl(f, u) € Bl .

Indeed, the function Nl(f, u)(t) 1is strongly measurable and
satisfies the inequality
I, (£, WO = alu, ¢, w0, wi+]a, ) [IA;,
L w0, Wil (7l I8y, - 171)

= ess sup{a(u, £, 19C0, Wi+l (DI, WAl -, Ifl,) -
t €RY, ue B} .

Therefore Nl(f, wi(t) € Bl .

In what follows, we shall prove the Lipschitz continuity of the
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operator N Let f, g € Bl . Then we have

-
I, (F, wiE)-0 (g, Wl
= M8(u, ¢, 18, (O)If-glly, ..y 18 (O ]If=gll), NFf-gllys --.s llf—glll)

= Mif-gl, »
thet is, [N (f, w)-¥ (g, Wi = Mlf-gll, .

If we set a =Yy - M , then
I [(1eay=2a) fa0, (F, w]-[(1+xy-2a)g+An (g, W]
> (1enlif-gl, - Mellf=gll; = If-gll, (i =1, 2) .

Define the function o(#, u) : R x B » B, by the formula

0o, t>0,

olt, u) =
Nz(e, uw) +yo(t, w) , t=<0.

Since o(t, u) is uniformly continuous in u with respect to ¢ ,
it defines a continuous map o(u) : B > Bl . Then Proposition 1 implies an

existence of a unique map ¢(u) : B » Bl for which

(o), u) + yolu) = alu) , Jelu) = 8(n) ,

that is, the function o(+, u) € Lw(Rl; B) is a solution of the problem
(1.

Moreover the operator Nl(f, ) is continuous in u and so
Proposition 2 implies that the map ¢(u) : B »+ Bl is continuous. This
completes the proof of Theorem 1.

As an immediate consequence of Proposition 3, we obtain

THEOREM 2. Let the conditions of Theorem 1 hold and let w(el, u)(t)
and ¢(62, u)(t) be solutions of the problem (1') with initial functions

el(t, u) and ez(t, u) . Then

lo (6, 1) (£)-0(6,, W) () = T ess sup{nelw, u-0,(t, Wil : t € R}} :
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THEOREM 3. Let the following conditions hold:
. [ I
1. the functions Ai(t) : R, >R (1 =1,2, ..., m) and

Tz(t) : Ri + R’ - i, ..., n) are measurable and Tz(t)
possess the property (S) (i =1, ..., m ;

2. the function

1 +7
x(u, ¢, Ups eees Uy Voo .,vn) :BXR+><B'" + B

satisfies condition 2 of Theorem 1 and the condition

”X(Ua t, ul’ ceay U 5 U

o V1 e vn)—X(ﬁ, By Ups wes Uy Vs e vn)ll

m
< 5 g

where the function E(t) : Ri -+ R}_ 18 measurable and

w1
g(¢) €L (R) ;

3. the initial function Y(t, u) : RJ+“ x B » B 1is Lipschitz
continuous in W , that is, |P(0, w)-y(0, W] = «|u-n| ,

1

kK =const. >0, 8(t, w) : R_xB+B is uniformly

continuous in W with respect to t , ©6(+, u) € Lw(Ri; B)
and

T
YK+I E(¢)dt <Yy, T = const. > 0.
0

Then there exists a unique value W = u_, such that -(p(t, uo) i8 a

0
solution of the boundary value problem with control parameter (2'), and
:c(T, uo) = &g

Proof. Let Bl be the Banach space Lm(ﬁl; B) and 32 the Banach
space Lw(H:_L.; B) .

Let us define the operators IVl : 81 X B+ Bl > N, 32 X B » 32 .

N : B x Bl + B by the formulae
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( A, (¢)
-YU - Yx[u: t’ ‘P(O, IJ) + f f(s)ds’ AL ] w(o, lJ)
0
Nl(f’ u)(t) = 4 Am(t)
+ f fls)ds, fz (), ..., f(rn(t))] . t>0,
0
o, t=<o,

feBl, u €B; Ne(g,u)(t)=0, geBz, T
T 8, (¢)
M= - Loy + Lo, w) + L Jo Xu, £, (0, W) + JO fls)ds,
B(t)
., ¥(o, u) + J fls)ds, f(Tl(t)), cees f'('tn(t)]]dt .
0

The linear map J : Bl > 32 is defined as in the proof of Theorem 1.

The estimate
w, (F, W = vl + au, t, llwo, wi+la (o) [l
cos loto, Wl 8, (e (Al s Al - s 1AL

shows that Nl(f, w () € Bl .

The Lipschitz continuity of the operator Nl follows from
inequalities
W, (F, w(E)-N, (g, (L)
< #8(u, ¢, (8, ()]IF-glys -y 18, () [IF-gl 5 Nf-gll s -\ IF-gll))
= Hlf=qll, .
Then Proposition 1 implies an existence of uniqueness function

¢(t, u) such that

A (¢)
o(t, u) =p+ X[u, t, ¥(0, u) + o(s, ulds,
0
8, ()
Lowo e [ e, wds, ety (81, ), s eley8), W)| L 50,
)
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o(t, ) =6(¢t, u) , t=<o0.

For the operator N we obtain
1 T -
Ivu-ni) = L il + 3 | ee)ael-gl .
T T 0
If we set

= XX
My =t

=] Lo

T
Io E(t)dt , a =Yy - my

then we can easily verify that the operator N + (y-a)I 1is accretive.

Therefore there exists a unique uo € B such that Nuo + Yuo =0 .

We shall show that (T, uo) =z, .

Indeed, bearing in mind the definition of the operator N we have

T
(7, uy) = (o, uy) + IO o (s, uy)ds

T
- 1l Y X
=v(0, u)) - F [FTrepr T vlo, ) + 77 fo Xlugs &, (0, 1y)

A, (¢) A (¢)
+ Jo ofs, uylds, ..., ¥(0, uy) + Io o(s, uylds, oft, (£), u),

8,(#)

T
s o(n,(8), u)|de] + f Xlug, t, ¥(0, uy) + . o(s, uy)ds,

0
8,(%)

e ¥(0, ) + J o(s, uplds, o(t,(£), uy),
0

ces w(rn(t), uo) at = x, .
Theorem 3 is thus proved.

REMARK. We note that the condition for the measurability of the
functions Ai(t) is necessary. Zverkin [7] has proved that if the neutral

equation possesses an absolutely continuous solution, the deviation is a
measurable function.
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