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Abstract. We study the motive of the moduli spaces of rank two vector bundles on a curve. In the
smooth case we obtain the Hodge numbers, intermediate Jacobians and number of points over
a ¢nite ¢eld as corollaries. In the singular case our computations yield the Poincare¤ ^Hodge
polynomial of Seshadri’s smooth model.
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Introduction

The moduli space of stable vector bundles over an algebraic curve is an interesting
space related to the curve and has received great attention for the last 20 years.
In particular, when the rank and degree are coprime its cohomology has been shown
to be torsion free and its Betti numbers are known. However the methods used in
studying its cohomology are topological [23], number theoretical [11, 15] or in¢nite-
dimensional [1], and these, at least in principle, do not yield information on the
motivic structure of the cohomology of the moduli space.
In this paper we use a recent construction by M. Thaddeus [28] to give a descrip-

tion of the motivic Poincare¤ polynomial of the moduli space of rank two semistable
vector bundles of ¢xed determinant on an algebraic curve. It is an idea of
Grothendieck that one should work in the Grothendieck group K0 of the category
of motives; this is where the motivic Poincare¤ polynomial lives. We believe that
the theory of motives is an effective language to express clearly and precisely
how the algebro-geometric properties of the curve in£uence those of the moduli
space of stable vector bundles. As a manifestation of this belief we show how to
prove a semisimplicity statement for the action of the Galois group on the e¤ tale
cohomology of the moduli space.
This work is concerned with the moduli spaces with ¢xed determinant. The case

where only the degree is ¢xed and the rank is arbitrary is treated, over a ¢eld of
characteristic zero, in [7]. The connection between these two studies is related to
the action of the torsion of the Jacobian on the Chow motive of the moduli spaces.
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As far as we know the only known fact in this direction is the result of Harder and
Narasimhan [15], stating that this action is trivial on cohomology.
In Section 1 we introduce the moduli spaces and some basic facts of the theory of

motives.
The next section contains a study of the motive of the moduli space of rank two

stable and odd determinant vector bundles over a curve. This is a smooth projective
variety. We use results of Thaddeus for which we have given a short review. We
end this section with applications to Hodge theory and ‘-adic cohomology.
Section 3 is devoted to the study of the singular moduli space, that is the one in

which the determinant is even. We obtain an expression of its motivic Poincare¤
polynomial and that of the canonical smooth model found by Seshadri. As an
application we ¢nd the Hodge numbers of Seshadri’s smooth model. To conclude
we study the mixed Hodge structure of the singular moduli space and show that
only two weights occur.

1. Preliminaries

Throughout this work k will stand for a ¢eld.

1.1. MODULI SPACES

Let C be a smooth projective curve over k, n > 1 an integer and L 2 PicCðkÞ a line
bundle over C. We shall denote by NCðn;LÞ the moduli space of semistable vector
bundles of rank n and determinant isomorphic toL.NCðn;LÞ

s will denote the smooth
Zariski open subset of NCðn;LÞ whose points parametrize stable bundles. In the case
k is algebraically closed it is easy to see, using the divisibility of JacCðkÞ, that the
variety NCðn;LÞ only depends on the residue of degðLÞ modulo n. It is also the case
that NCðn;LÞ is a smooth variety if ðdegðLÞ; nÞ ¼ 1.
Therefore, in the case n ¼ 2, we essentially have two moduli spaces according to

whether degðLÞ is even or odd. Except in the case g ¼ 2 the even degree moduli space
is singular. Seshadri has found a smooth model for NCð2;OCÞ which we shall note
by M.

1.2. MOTIVES

1.2.1. De¢nitions

We shall denote by Vk the category of smooth projective varieties over k. Let M
þ
k be

the category of effective Chow motives over k [18, 25]. This consists of a
pseudoabelian tensor Q-linear category M

þ
k together with a functor h: Vk !

M
þ
k . By taking classes in K0 we obtain a map w: Ob Vk ! K0M

þ
k that generalises

the Poincare¤ polynomial, it will be called the motivic Poincare¤ polynomial. For
chark ¼ 0 the Poincare¤ ^Hodge polynomial extends to a ring morphism
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K0M
þ
k ! Z½x; y� which will be denoted by Pxy. For k ’ Fq a ¢nite ¢eld the trace of

Frobenius de¢nes a ring morphism nq: K0M
þ
q ! Q‘ such that nqðwðX ÞÞ ¼ #X ðkÞ.

The motive of SpecðkÞ is called the trivial motive and denoted by 1. If C is a
smooth projective curve we have a decomposition hðCÞ ¼ 1 � h1C � L (see [25]).
We call L the Lefschetz motive. It is customary to denote a tensor product like
M � L � � � �

n
� L by Mð�nÞ.

Given a ¢nite subset of Ob M
þ
k , we de¢ne the pseudo-Abelian tensor category

generated by these objects to be the full subcategory of M
þ
k whose objects are

subquotients of tensor products of the given objects.

1.2.2. Motives of Arbitrary Schemes

In the case k has resolution of singularities, e.g. if charðkÞ ¼ 0, F. Guille¤ n and
V. Navarro [13], have extended the functor h to the category of separated
schemes of ¢nite type over k, Schk. Taking the class in K0 we obtain a map
w: Ob Schk ! K0M

þ
k . They also obtain an extension corresponding to a theory with

compact supports, the corresponding map will be denoted by wc. The function wc is
characterized by the following property

(E) If X 2 Ob Schk and Y � X is a closed subscheme then wcðX � Y Þ ¼

wcðX Þ � wcðY Þ.

1.2.3. The Ring K

De¢ne K to be the completion of K0M
þ
k along the ideal generated by the Lefschetz

motive L. As PxyðLÞ ¼ xy we see that Pxy extends to a morphism Pxy: K !

Z½½x; y��. Over a ¢nite ¢eld, Fq, we de¢ne a ring morphism ntq: K ! Q‘½½t�� by

ntqðMÞ ¼
X
i

ð�1Þ
iTrðFrq: Hi

‘ðMÞ ! Hi
‘ðMÞÞti:

We recover the morphism nq by setting t ¼ 1.

1.2.4. Symmetric Powers

For a motiveM and a nonnegative integer n de¢ne lnðMÞ to be the image inM�n of
the projector ð1=n!Þ

P
s2Gn

s�. Let C be a smooth projective curve, let CðnÞ be the
nth symmetric power of C, it is a smooth projective variety. The results of [7] show
that the motive of CðnÞ is given by hCðnÞ ¼

L
aþbþc¼n 1

�a
� lbh1ðCÞ � L�c where

a, b and c run through nonnegative integers. If nX 2g � 1 and CðkÞ 6¼ ; one can
view CðnÞ as a projective bundle over JacC of rank n � g so that by the results
of [18, ‰7] hCðnÞ ’ hJacC � ð1 � L � � � � � Ln�g

Þ. In fact, this is the case even if
CðkÞ 6¼ ;, as one can easily check from the above description of hCðnÞ.
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Expressions like
L2gC

i¼0 l
ih1Cð�niÞ, where gC is the genus of C, will arise in our

calculations. We will denote this motive, or its class in K0M
þ
k , by ð1 þ Ln

Þ
h1C . Note

that ð1 þ 1Þ
h1C is just the motive of the Jacobian JacC.

2. The Smooth Case

Here we study the moduli space of stable rank two vector bundles with ¢xed odd
determinant NCð2;LÞ. We will use a construction due to M. Thaddeus which we
now recall.

2.1. THADDEUS’ CONSTRUCTION

Given a line bundle L of degree d Thaddeus considers the problem of classifying the
isomorphism classes of vector bundles plus a nonzero section. As in the case of ordi-
nary vector bundles, in order to construct a separated moduli space one has to de¢ne
a concept of stability and restrict to stable objects. However, in contrast with that
case, there is not a canonical de¢nition of stability but various. In this way one
obtains a list of moduli spaces depending on a real parameter s 2 ½0; d=2�. For s
not in a ¢nite set S � ½0; d=2� of critical values the moduli space is a smooth
projective ¢ne moduli space (¢ne on the algebraic closure k) which only depends
on the connected component of ½0; d=2� � S in which s lies. Let us write
M0;M1; . . . ;Mo for this ordered list of moduli spaces of pairs, then o ¼

½ðd � 1Þ=2�, hence we assume dX 3.
These different moduli spaces are related by a special kind of birational

transformation called £ips. Let us recall this concept.

DEFINITION 2.1. A birational map Xþ � � ! X� is called a smooth £ip with
centre Z and type ðdþ, d�Þ if it ¢ts in a diagram of the following type:

in which the two upper diagrams are blow up diagrams, the lower square is a
cartesian diagram and Pþ (resp. P�) is a projective bundle over Z associated to
a vector bundle of rank d� (resp. dþ).
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In particular note that the codimension of Pþ (resp. P�) in Xþ (resp. X�) is d�

(resp. dþ).
The following summarizes the results of [28] we shall use.

THEOREM 2.2. (M. Thaddeus).

(1) There is a £ip Mi�1 � � ! Mi with centre the ith symmetric power of C, CðiÞ, and
type ði; d þ g � 2i � 1Þ.

(2) The ¢rst moduli space of pairs M0 is isomorphic to the ðd þ g � 2Þ-dimensional
projective space PH1ðC;L

�1
Þ [28, 3.1].

(3) There is a natural morphism p: Mo ! NCð2;LÞ. If d is odd and greater than 2g � 2
it makes Mo into a projective ¢bration over NCð2;LÞ [28, 3.20].

We can picture this chain of £ips:

Note that ~MM1 ! M1 is the blow up of M1 along a smooth divisor therefore an
isomorphism.

2.2. THE MOTIVE OF NCð2;LÞ

In this section we use the construction described in the previous section to ¢nd the
motivic Poincare¤ polynomial of NCð2;LÞ.
We start with a lemma which explains how a £ip operates on the motive of a

variety.

LEMMA 2.3. Let Xþ, X� and Z be smooth projective varieties. If Xþ and X� are
related by a £ip with centre Z and type ðdþ; d�Þ, then

hðXþÞ � ððL � � � � � Ld��1
Þ � ð1 � � � � � Ldþ�1

Þ � hðZÞÞ

’ hðX�Þ � ððL � � � � � Ldþ�1
Þ � ð1 � � � � � Ld��1

Þ � hðZÞÞ ð1Þ

and

wðXþÞ � wðX�Þ ¼ wðZÞ �
Ldþ � Ld�

1 � L
: ð2Þ

Proof. This is consequence of De¢nition 2.1, and of the results of Manin on the
structure of the motive of a blow up and a projective bundle ([18, ‰7 and ‰9]).&
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COROLLARY 2.4. Let X�, Xþ and Z be smooth projective varieties. If
Xþ � � ! X� is a £ip with centre Z then hðX�Þ lies in the pseudo-Abelian subcategory
of M

þ
k generated by hðXþÞ, hðZÞ and L.

Proof. This follows from (1) which exhibits an isomorphism between hðX�Þ and a
subobject of

hðXþÞ � ððL � � � � � Ld��1
Þ � ð1 � � � � � Ldþ�1

Þ � hðZÞÞ: &

THEOREM 2.5. The Chow motive of NCð2;LÞ lies in the pseudo-Abelian tensor
category of M

þ
g generated by h1ðCÞ and L.

Proof. First we prove by induction on i that this is the case for the moduli spaces
of pairs Mi. As M0 is a projective space the statement is certainly true for i ¼ 0.
Assume hðMi�1Þ lies in the stipulated category. The motive of hðCðiÞÞ also lies in this
category by Subsection 1.2.4; the previous corollary and 2.2.1 show the same holds
for hðMiÞ.
By tensoring our vector bundles by the canonical line bundle, KC , we obtain

an isomorphism NCð2;LÞ ! Nð2;K�2
C � LÞ, hence we may assume that

deg L > 2g � 2. By 2.2.3 there is a natural map p: Mo ! NCð2;LÞ which is a
projective bundle. But via p�, hðNCð2;LÞÞ is identi¢ed with a subobject of hðMoÞ

thus proving the assertion. &

In [23], P. E. Newstead shows that the Poincare¤ polynomial of the varietyNCð2;LÞ

is ðð1þ t3Þ2g � ð1þ tÞ2gÞ=ðð1� t2Þð1� t4ÞÞ. The following is our motivic version of
this result.

THEOREM 2.6. Let C be a smooth projective curve over a ¢eld k and L 2 Pic1CðkÞ a
line bundle of degree 1. Then

wðNCð2;LÞÞ ¼
ð1 þ LÞ

h1ðCÞ
� ð1 þ 1Þ

h1ðCÞ
ð�gÞ

ð1 � LÞð1 � L2
Þ

:

Proof. We may substitute L by a line bundle of degree 4g � 3 for there is an
isomorphism

NCð2;LÞ �!
�KC

Nð2;K�2
C � LÞ and degK�2

C � L ¼ 4g � 3:

For this degree the sequence of moduli spaces of pairs has o ¼ 2g � 2. Also
M0 ’ P5g�5, Mo is a projective bundle over NCð2;LÞ of relative dimension
2g � 2 and Mi�1 � � ! Mi is a £ip of type ði; 5g � 4� 2iÞ and centre CðiÞ.
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By inductively applying Lemma 2.3 we obtain

wðMoÞ ¼ wðM0Þ þ
Xo
i¼1

wðCðiÞÞ
Li

� L5g�4�2i

1 � L

¼
Xo
i¼1

wðCðiÞÞ
Li

� L5g�4�2i

1 � L
:

In order to avoid negative powers of L, we shall work in the ring K½½T ��, compute

1
1� T

Xo
i¼0

wðCðiÞÞTi �
Xo
i¼0

wðCðiÞÞT5g�4�2i

 !
ð3Þ

in this ring and then apply the natural ring morphism R: K½½T �� ! K that takes T to
L. We write � for congruence modulo ker R in K½½T ��.
We ¢rst calculate the ¢rst summand in (3)

X2g�2

i¼0

wCðiÞTi ¼
X1
i¼0

wCðiÞTi �
X1

i¼2g�1

wCðiÞTi ð4Þ

Note that wCðiÞ ¼
P

aþbþc¼i l
bh1C � Lc so the ¢rst summand in the right-hand side of

(4) equals

X1
a¼0

Ta
X1
b¼0

lbh1CTb
X1
c¼0

LcTc ¼
ð1þ T Þ

h1C

ð1� T Þð1� LT Þ

For the second summand in (4) note that for iX 2g � 1 by Subsection 1.2.4

wCðiÞ ¼ ð1þ 1Þ
h1C

�
1� Li�gþ1

1� L
;

therefore (4) equals

ð1þ T Þ
h1C

ð1� T Þð1� LT Þ
�

ð1þ 1Þ
h1C

1� L

X1
i¼2g�1

ð1� Li�gþ1
Þ

¼
ð1þ T Þ

h1C

ð1� T Þð1� LT Þ
�

ð1þ 1Þ
h1C

1� L

T2g�1

1� T
�
LgT 2g�1

1� LT

� �
:

For the second sum in (3), T 5g�4Po
i¼0 wC

ðiÞT�2i, we work in K½½T�1��, by arguments
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similar to the previous

Xo
i¼0

wCðiÞT�2i ¼
Xo
i¼0

wCðiÞT�2i �
Xo

i¼2g�1

wCðiÞT�2i

¼
ð1þ T�2Þ

h1C

ð1� T�2Þð1� LT�2Þ
�

ð1þ 1Þ
h1C

1� L

Xo
i¼2g�1

ð1� Li�gþ1
ÞT�2i

¼
ð1þ T�2Þ

h1C

ð1� T�2Þð1� LT�2Þ
�

ð1þ 1Þ
h1C

1� L

T�4gþ2

1� T�2 �
LgT�4gþ2

1� LT�2

� �

now

T 5g�4
Xo
i¼0

wCðiÞT�2i ¼
T 5g�4ð1� T�2Þ

h1C

ð1� T�2Þð1� LT�2Þ
�

ð1þ 1Þ
h1C

1� L

Tg�2

1� T�2 �
LgTg�2

1� LT�2

� �

¼
T 5gð1� T�2Þ

h1C

ðT�2 � 1ÞðT�2 � LÞ
�

ð1þ 1Þ
h1C

1� L

�Tg

1� T 2 �
LgTg

T2 � L

� �
;

this lives in K½½T ��, and modulo kerR it is congruent to

T5g�1ð1þ T�2Þ
h1C

ð1� T�2Þð1� T Þ
�

ð1þ 1Þ
h1C

1� L

T2g�1

1� T
�

Tg

1� T 2

� �
:

By Ku« nnemann’s motivic version of hard Lefschetz we have lih1Cði � gÞ ’ l2g�ih1C.
This implies that

T5g�1ð1� T�2Þ
h1C

¼
X2g
i¼0

T5g�1�2ilih1C

¼
X2g
i¼0

T4g�1�iLg�ilih1C ¼ T2g�1
X2g
i¼0

T2g�il2g�ih1C

¼ T2g�1ð1þ T Þ
h1C :

Therefore wNCð2;LÞ is the result of applying R to

1
1� T2g�1

Xo
i¼0

wCðiÞTi � T 5g�4
Xo
i¼0

wCðiÞT�2i

 !

�
1

1� T2g�1

ð1� T 2g�1Þð1þ T Þ
h1C

ð1� T Þð1� T2Þ
�

ð1þ 1Þ
h1C

1� L

"
�

�
T2g�1 � T 2g�1

1� T
�
T 3g�1 � Tg

1� T 2

� �	

¼
ð1þ T Þ

h1C
� ð1þ 1Þ

h1CTg

ð1� T Þð1� T 2Þ
:

This proves the theorem. &
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In the case when we use a semisimple category of motives we obtain an explicit
description of hNCð2;LÞ. In such categories there is a cancellation property stating
that A � C ’ B � C ) A ’ B. This shows that two objects have the same class
in the Grothendieck ring if and only if they are isomorphic. Examples of such semi-
simple categories of motives are the category of motives with respect to numerical
equivalence [17] and the category of absolute Hodge motives [9].

COROLLARY 2.7. In any semisimple category of motives hðNCð2;LÞÞ is isomorphic
to

Mg
k¼0

lkh1C � ð1 � L � � � � � Lg�k�1
Þ � ð1 � L2

� � � � � L2g�2k�2
Þ � Lk: ð5Þ

Proof. By the previous theorem

wNCð2;LÞ ¼
ð1 þ LÞ

h1C
� ð1 þ 1Þ

h1C
ð�gÞ

ð1 � LÞð1 � L2
Þ

this is equal to

M2g
k¼0

lkh1C
Lk

� Lg

ð1 � LÞð1 � L2
Þ
;

use the duality isomorphism l2g�ih1C ’ lih1C � Lg�i of Ku« nnemann to get

Mg
k¼0

lkh1C
Lk

� Lg

ð1 � LÞð1 � L2
Þ

�
Mg
k¼0

lkh1Cð�g þ kÞ
L2g�k

� Lg

ð1 � LÞð1 � L2
Þ

adding this we obtain the following expression for wNCð2;LÞ

Mg
k¼0

lkh1C
1 � Lg�k

1 � L
�
1 � L2k�2g

1 � L2 ð�kÞ:

Note that this is the class in K0 of an actual motive so by the aforementioned
cancellation property we have hNCð2;LÞ. &

Remark 2.8. The previous corollary allows one to guess what the Chow groups of
NCð2;LÞ should look like. Indeed, if the expression (5) were equal to hðNCð2;LÞÞ

in the category of Chow motives we would have

CHj
Q

ðNCð2;LÞÞ ¼
M
a;b

CHa
Qðlbh1ðCÞÞ

da;bðjÞ

for certain computable integers da;bð jÞ. Of course, the category of Chow motives is
not semisimple so the above is only a guess.
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2.3. REALIZATIONS

Next we show how the theorems in the previous section give results for concrete
cohomology theories.
The algebraic cohomology of the moduli space has been studied in [3]. In [6] (see

also [7]) we show how this is connected with the motivic Poincare¤ polynomial.

2.3.1. Poincare¤ ^Hodge Polynomials

COROLLARY 2.9. The Poincare¤ ^Hodge polynomial of NCð2;LÞ is

ð1þ xy2Þgð1þ x2yÞ
g

� xgygð1þ xÞ
g
ð1þ yÞ

g

ð1� xyÞð1� x2y2Þ
:

Proof. We will apply the morphism Pxy: K ! Z½½x; y�� to the expression in
Theorem 2.6. Taking into account that Pxy is a ring morphism we just need to
evaluate it on

L; ð1 þ 1Þ
h1C; and ð1 þ LÞ

h1ðCÞ:

It is clear that PxyðLÞ ¼ PxyðH2ðP1
kÞÞ ¼ xy, also, as ð1 þ 1Þ

h1ðCÞ
¼ hðJacCÞ, we have

Pxyðð1 þ 1Þ
h1ðCÞ

Þ ¼ PxyðJacCÞ ¼ ð1þ xÞ
g
ð1þ yÞ

g:

It remains to show that

Pxyð1 þ LÞ
h1ðCÞ

¼ ð1þ xy2Þgð1þ x2yÞ
g:

We shall give a general expression for Pxyð1 þ Ln
Þ
h1ðCÞ. From the de¢nition, as Pxy is

a ring morphism, we have

Pxyð1 þ Ln
Þ
h1C

¼
X
i

Pxyðl
ih1CÞ � ðxnynÞi:

If we replace the xnyn coming from Ln by an indeterminate T we getX
i

Pxyðl
ih1CÞ � Ti ¼

X
i

X
pþq¼i

dimHp;qðJacC;CÞxpyq � Ti

¼ PTx;TyðJacCÞ ¼ ð1þ TxÞ
g
ð1þ TyÞ

g:

Therefore we have shown that

Pxyð1 � Ln
Þ
h1C

¼ ð1þ xnþ1ynÞgð1þ xnynþ1Þ
g:

This proves the corollary. &

Recall that by [24] the varietiesNCð2;LÞ are rational. As a consequence the Hodge
numbers h0;pNCð2;LÞ are zero for all p > 0. That is, the border of the Hodge diamond
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contains zeroes. In fact the Hodge diamond is quite thin, for this recall the de¢nition
of the level of a Hodge structure: Maxhp;q 6¼0jp � qj. Then one can prove that the level
of the Hodge structure HiðNCð2;LÞ;QÞ is less than or equal to ½i=3�. This can be
proven by working out the Poincare¤ ^Hodge polynomial in the following way:
Put A ¼ ð1þ xy2Þð1þ x2yÞ and B ¼ xyð1þ xÞð1þ yÞ then

PxyNCð2;LÞ ¼
Ag � Bg

A � B
¼ Ag�1 þ Ag�2B þ � � � þ Bg�1;

and as the only monomials in A and B are xiyj with i ¼ j, i ¼ 2j or 2i ¼ j one can now
see that the level of Hi is less than or equal to ½i=3�. Pictorially, the nonzero Hodge
numbers of NCð2;LÞ lie in the shadowed rhombus in Figure 1.

2.3.2. Intermediate Jacobians

Let X be a smooth complex projective variety. Hodge theory shows that the natural
map H1ðX ;ZÞ ! H1ðX ;CÞ ! H1;0ðX ;CÞ is an injection of H1ðX ;ZÞ as a lattice
in H1;0ðX ;CÞ. The quotient, JðX Þ, is thus a complex torus called the Albanese
or Jacobian variety. By using Hodge theory one can show that this complex torus
is actually an Abelian variety.
The higher intermediate Jacobians, JiðX Þ, are analogues of this using higher

cohomology groups H2i�1.
Weil de¢nes JiðX Þ to be the quotient

H2i�1ðX ;CÞ

H0;2i�1 � H2;2i�3 � � � � � H2i�2;1 þ H2i�1ðX ;ZÞ

and shows this to be an Abelian variety. However, asX varies in moduli JiðX Þ do not.

Figure 1. The Hodge diamond of NCð2;LÞ:
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Grif¢ths de¢nes JiðX Þ to be the quotient

H2i�1ðX ;CÞ

FiH2i�1ðX ;CÞ þ H2i�1ðX ;ZÞ
;

where F is the Hodge ¢ltration. This is not in general an Abelian variety but it varies
in moduli with X .
An ‘-adic analogue of Grif¢ths de¢nition is inspired by the following result of

Carlson [5]: Let MHSZ be the category of integral mixed Hodge structures, then
there is a natural isomorphism of Abelian groups

JiðX Þ ’ Ext1MHSZ
ðZð�iÞ;H2i�1ðX ;ZÞÞ:

This motivates the following de¢nition of intermediate Jacobian of a variety X
de¢ned over a ¢eld k,

JiðX Þ ¼ Ext1RepZ‘
Galð �kkjkÞ

ðZ‘ð�iÞ;H2i�1ðX � �kk;Z‘ÞÞ;

where Gk ¼ Galðkj �kkÞ is the Galois group of k. De¢ne the ‘-adic intermediate
Jacobians up to isogeny to be the same groups replacing Z‘ by Q‘.
In the following corollary, we assume either (i) k is ¢nitely generated overQ and a

prime number ‘ has been chosen, or (ii) an embedding of k in C has been chosen
together with a choice between Grif¢ths’s and Weil’s de¢nition.

COROLLARY 2.10. Let L be a line bundle of degree 1. The ith intermediate Jacobian
of NCð2;LÞ is isogenous to

Ygþ1
2½ �

k¼1

ðJkJacCÞ
ci;k;g ; ð6Þ

where

ci;k;g ¼ coeff ti�3kþ1 ð1þ t þ t2 þ � � � þ tg�2kÞð1þ t2 þ t4 þ � � � þ t2g�4kÞ:

Proof. Taking the piece of weight 2i � 1 in (5), we see that for k ¼ C the rational
pure Hodge structure H2i�1ðX ;QÞ is isomorphic to

Mg
j¼1

^jH1ðC;QÞð�jÞ �
weight 2i�1�3j part of

ðQ�Qð�1Þ�����Qð�gþjþ1ÞÞ�ðQ�Qð�2Þ�����Qð�2gþ2jþ2ÞÞ

� �
:

Given that the Lefschetz^Hodge structure,Qð�1Þ, has weight 2, in the sum above the
only nonzero summands arise when 2i � 1� 3j is even, so we can assume that j is
odd. Put j ¼ 2k � 1, then k runs from 1 to ½ðg þ 1Þ=2�. As 2i � 1� 3j ¼
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2i � 6k þ 2, the Hodge structure H2i�1ðNCð2;LÞ;QÞ is isomorphic to

Mgþ1
2½ �

k¼1

^2k�1H1ðC;QÞð�2k þ 1Þ � Qð�i þ 3k � 1Þ
ci;k;g :

Given Hodge structureM and N and integers k, i we have natural isomorphisms
JiðM � NÞ ’ JiðMÞ � JiðNÞ and JiðNðkÞÞ ’ JiþkðMÞ. By using these properties
we see that the ith intermediate Jacobian of NCð2;LÞ is isomorphic to

Ygþ1
2½ �

k¼1

Jið^2k�1H1ðC;QÞðk � iÞci;k;gÞ

’
Ygþ1
2½ �

k¼1

Jkð^2k�1H1ðC;QÞÞ
ci;k;g ’

Ygþ1
2½ �

k¼1

JkðJacðCÞÞ
ci;k;g

as claimed.
The analogous expression for ‘-adic cohomology is obtained in the same way.

The result follows. &

2.3.3. The Siegel Formula

In the case k is the ¢nite ¢eld with q elements, Fq, Theorem 2.6 allows us to recover
the following formula due to G. Harder which is essentially equivalent to the fact
that the Tamagawa number of SL2 over the function ¢eld of C is one, tSL2 ¼ 1.

COROLLARY 2.11 ([14, ‰2]). The number of Fq-rational points of NCð2;LÞ is

#NCð2;LÞðFqÞ ¼ q3g�3zCð2Þ �
qg

ð1� qÞð1� q2Þ
#JacCðFqÞ:

Proof. Let ‘ be a prime number not dividing q. Call o1; . . . ;o2g the eigenvalues of
the geometric Frobenius morphism acting on H1ðC �Fq Fq;Q‘Þ and set P1ðtÞ ¼Q2g

t¼1ð1� oitÞ.
By Subsection 1.2.1 #NCð2;LÞðFqÞ ¼ nqwNCð2;LÞ. However, our expression for

wNCð2;LÞ lies in K and the morphism nq: K0M
þ
k ! Q‘ does not extend to this ring.

We shall use the ring morphism ntq: K ! Q‘½½t�� de¢ned in Subsection 1.2.3. Then
ntqwNCð2;LÞ is a polynomial in t and its value at t ¼ 1 gives #NCð2;LÞðFqÞ ¼

nqwNCð2;LÞ.
Thus we need to evaluate

ntq
ð1 þ LÞ

h1C
� ð1 þ 1Þ

h1C
ð�gÞ

ð1 � LÞð1 � L2
Þ

 !
:
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Given that ntq is a ring morphism it suf¢ces to evaluate

ntqL; ntqð1 þ LÞ
h1C and ntqð1 þ 1Þ

h1C :

Let n be a nonnegative integer, then

ntqðLÞ ¼ Tr

�
Frq


Q‘ð�1Þ

�
t2 ¼ qt2;

ntqð1 þ Ln
Þ
h1C

¼
X
i

Tr

�
Frq


^iH1ðC;Q‘Þð�niÞ

�
tiþ2ni

¼
X
i

X
j1<���<ji

oj1 . . .oji q
nitð2nþ1Þi ¼ P1ðqnt2nþ1Þ:

Therefore,

ntqwNCð2;LÞ ¼
P1ðqt3Þ � P1ðtÞqgt2g

ð1� qt2Þð1� q2t4Þ
:

The substitution t ¼ 1 gives

#NCð2;LÞ ¼
P1ðqÞ � P1ð1Þqg

ð1� qÞð1� q2Þ
:

Note that by the trace formula P1ð1Þ ¼ #JacCðFqÞ. The functional equation for the
zeta function zCðsÞ gives

q3g�3zCð2Þ ¼ zCð�1Þ and zCð�1Þ ¼
P1ðqÞ

ð1� qÞð1� q2Þ
:

The result follows. &

Another consequence of the previous is the following conjectural statement in [14].

PROPOSITION 2.12. Let k be a number ¢eld or a ¢nite ¢eld and �kk an algebraic
closure of k. The action of Galð �kkjkÞ on H�

‘ ðNCð2;LÞÞ is semisimple.
Proof. Theorem 2.5 shows that hðNCð2;LÞÞ lies in the tensor category generated by

h1ðCÞ and L. This implies that the Galð �kkjkÞ-module H�
‘ ðNCð2;LÞÞ is a subobject of a

sum of Galð �kkjkÞ-module of the type H1
‘ ðCÞ

�nQ‘ð�1Þ
�m with n, m 2 N.

A well known result due to Faltings [12] for number ¢elds and to Tate for ¢nite
¢elds states that H1

‘ ðCÞ is a semisimple Galð �kkjkÞ-module. The result follows. &

3. The Singular Case

In this section we study the motive of the moduli space NCð2;OCÞ and that of its
canonical smooth model, M.
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We require two restrictions for this to work. The ¢rst is that our curve has a
k-rational point; this is needed to construct the Hecke correspondence and to
guarantee the existence of a universal bundle. The second is that the characteristic
of the ¢eld is zero. The reason for this is that the calculations involve motivic
Poincare¤ polynomials of some varieties which are not smooth and projective (see
Subsection 1.2.2); this is only currently available if the characteristic is zero. In
the case of a ¢nite ¢eld we can replace the motivic Poincare¤ polynomial by the pure
Poincare¤ polynomials de¢ned in [22].
Therefore in this section we ¢x a point x 2 CðkÞ and assume that k is either a ¢eld

of characteristic zero or a ¢nite ¢eld.
If the genus of the curve C is 2 then NCð2;OCÞ ’ P3 [20, ‰6] and the motive of

projective space is well known [18, ‰6]. Therefore, we take g to be greater than 2.

3.1. PRELIMINARIES: THE HECKE CORRESPONDENCE

We shall now describe a construction due to Narasimhan and Ramanan [21], that
relates the moduli spaces NCð2;OCðxÞÞ and NCð2;OCÞ. We describe it by using
the notion of parabolic bundle over a curve ([19], see also Part 3 in [27]).

3.1.1. Rank Two Parabolic Bundles

DEFINITION 3.1 ([27]). A rank two parabolic bundle with nontrivial parabolic
structure concentrated on x consists on a pair ðE; ‘Þ where E is a rank two vector
bundle over C and ‘ � Ex is a subspace of dimension one.

DEFINITION 3.2. Fix parabolic weights 1 > a2 > a1X 0. Then a parabolic bundle
ðE; ‘Þ is called stable if for every line bundle L � E

deg L < mE þ
a1 � a2
2

; if Lx ¼ ‘;

deg L < mE þ
a2 � a1
2

; if Lx 6¼ ‘:

Parabolic semistability is de¢ned as above but using W instead of <.

Remark 3.3. It is not hard to see that if the parabolic weights are small enough,
then:

(1) Parabolic stability is independent of the ða1; a2Þ.
(2) ðE; ‘Þ is parabolic stable , ðE; ‘Þ is parabolic semistable.
(3) ðE; ‘Þ is parabolic stable ) E is a semistable vector bundle.
(4) E is a stable vector bundle ) ðE; ‘Þ is parabolic semistable for any ‘.
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DEFINITION 3.4. A family of rank two parabolic bundles with parabolic structure
concentrated on x parametrized by a scheme S is a vector bundle E over S � C of
rank 2 together with a section, s, of the projective bundle PE

_
x ! S. Two families

ðE; sÞ, ðE
0; s0Þ parametrized by S are said to be isomorphic if there is an isomorphism

f : E ! E
0 such that fx ! s ¼ s0.

Remark 3.5. Note that for each point s 2 S we get a vector bundle Es over C, the
section ofPE

_
s;x gives a line ‘s � Es;x, that is a parabolic bundle. A family of parabolic

vector bundles is called stable if for each s 2 S the parabolic bundle ðEs; ‘sÞ is
parabolic stable.

DEFINITION 3.6. Let a1, a2 be small enough weights. De¢ne N xð2;LÞ to be the
functor Schk ! Sets that takes S to

Isomorphism classes of families of rank 2 parabolic

stable vector bundles with det ¼ L parametrized by S

� �
PicS

:

The following theorem seems to be well known. Lacking a precise reference we
give a proof that ¢ts nicely in our discussion of the Hecke correspondence.

THEOREM 3.7 (cf. [27] Part 3, The¤ ore' me 32). (1) The functor N xð2;LÞ is represent-
able by a smooth projective variety Nxð2;LÞ.
(2) There is a canonical isomorphism of functors N xð2;LÞ ! N xð2;Lð�xÞÞ.
Proof. (1) In view of 3.7.2 it is enough to prove it in the case deg L is odd. Let U be

a universal bundle over NCð2;LÞ � C and i: fxg,!C the natural inclusion. Put
Ux ¼ ð1N � iÞ�

U and let Nxð2;LÞ be the projective bundle over NCð2;LÞ associated
to U_

x (which does not depend on the particular choice of universal bundle U),
we claim this represents the functor N xð2;LÞ:

Let S 2 ObðSchkÞ and ðE; sÞ 2 N xð2;LÞðSÞ. As deg L is odd, E is a family of stable
vector bundles and we obtain f : S ! NCð2;LÞ such that ð f � 1CÞ

�
U ’ E � p�

SMS

where MS 2 PicS. The section of PE
_
x ! S gives a section of Pf �U_

x ! S, i.e. a
lift of f to PU_

x ¼ Nxð2;LÞ. Thus we have a map

N xð2;LÞðSÞ �!
FðSÞ

Nxð2;LÞðSÞ

which is functorial in S, that is we have a morphism of functors

N xð2;LÞ �!
F

Nxð2;LÞ

(here we identify the variety Nxð2;LÞ with the functor it represents).
FðSÞ is injective for we can clearly recover ðE; sÞ modulo PicS from S ! Nxð2;LÞ.
FðSÞ is also surjective for by Remark 3.3.(4) any family of parabolic bundles with

underlying stable vector bundle is parabolic stable.
This proves (1).
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(2) Let S 2 ObðSchkÞ and let ðE; sÞ 2 N xð2;LÞðSÞ. The section s is equivalent to
giving a surjection of E

_
x to a line bundle on S, M

_
x ([16, II.7.12]). By taking duals

we get an exact sequence of vector bundles over S

0 ! Mx ! Ex ! T x ! 0:

De¢ne E
0
¼ kerðE ! Ex ! T xÞ then we have an exact sequence

0 ! E
0
! E ! T x ! 0;

in which E
0 is locally free for T x has a projective resolution of length 2. Tensoring the

previous exact sequence of Ox, we get

0 ! M
0
x ! E

0
x ! Ex ! T x ! 0

where M
0
x ¼ Tor1ðOx; T xÞ.

The surjection E
0_
x ! M

0_
x de¢nes a section of PE

0_
x giving a family of parabolic

bundles ðE
0; s0Þ of rank two and determinant Lð�xÞ.

We shall see that ðE0; s0Þ is a family of parabolic stable bundles. It is clearly enough
to check this for S the spectrum of a ¢eld. Then we have a parabolic stable bundle
ðE; ‘Þ and if t ¼ Ex=‘ the above construction de¢nes a parabolic vector bundle
ðE 0; ‘0Þ by the exact sequences

0 ! E 0 ! E ! t ! 0;

0 ! ‘0 ! E 0
x ! Ex ! t ! 0:

We want to see that ðE 0; ‘0Þ is parabolic stable. For this let L � E 0 be a line subbundle
of E 0.
If Lx ¼ ‘0 then in the inclusion L � E Lx ! Ex is zero, therefore L � Eð�xÞ and

as E is a semistable vector bundle

mLW mEð�xÞ ¼ mE � 1 ¼ mE 0 � 1
2 ;

hence mLW mE 0 þ ða1 � a2Þ=2.
If Lx 6¼ ‘0 then the map Lx ! E 0

x=‘
0 ¼ ‘ is nonzero, therefore in L � E we have

Lx ¼ ‘. As ðE; ‘Þ is parabolic stable

mL < mE þ
a1 � a2
2

¼ mE 0 þ
1þ a1 � a2

2
;

hence mL < mE 0 þ ða2 � a1Þ=2.
This way we get a morphism of functors

E: N xð2;LÞ ! N xð2;Lð�xÞÞ:

We claim that

N xð2;Lð�xÞÞ �!
E

N xð2;Lð�2xÞÞ �����!
�OC ðxÞ

N xð2;LÞ

is its inverse.
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To prove this let S 2 ObðSchkÞ and ðE; sÞ 2 N xð2;LÞðSÞ. Let ðE
0; s0Þ ¼ EðE; sÞ and

ðE
00; s00Þ ¼ EðE

0; s0Þ, we want to show that ðE
00; s00Þ is naturally isomorphic to

ðE; sÞ � OCð�xÞ.
The isomorphism E

00
’ Eð�xÞ follows by applying the snake lemma to the

morphism of exact sequences

0 �! E
0

�! E �! T x �! 0???y
???y

����
0 �! Mx ¼ T

0
x �! Ex �! T x �! 0

Next recall that M
00
x ¼ Tor1ðOx; T

0
xÞ ¼ Tor1ðOx;MxÞ ’ Mxð�xÞ.

This concludes the proof. &

3.1.2. The Hecke Correspondence

Note that as Nxð2;LÞ represents a functor, it parametrizes a universal family of
parabolic vector bundles over C. By the universal property of Nð2;LÞ and
Remark 3.3.3 we get a morphism Nxð2;LÞ ! Nð2;LÞ. By the isomorphism in 3.7.2
there is a diagram.

This is the Hecke correspondence.
In the proof of Theorem 3.7 we have seen that p1 is the projective bundle associated

to a vector bundle of rank two. Our next task is to analyze the morphism p0. Recall
thatNCð2;OCÞ is a singular variety so it is natural to consider the strati¢cation given
by the singular loci. The singular locus of NCð2;OCÞ is isomorphic to the Kummer
variety KC. The Kummer variety is singular, its singular locus, K0C, is isomorphic
to the 2-torsion of the Jacobian, Jac2C, via the quotient map JacC ! KC. In next
proposition will describe the structure of the morphism p0 over each of these strata.
First we set some notations. Fix x 2 CðkÞ. As CðkÞ 6¼ ; there is a Poincare¤ bundle,

P, over JacC � C. If we normalize it so that PJacC�fxg is trivial, P is then uniquely
de¢ned. The quotient map JacC ! KC restricts to a double cover JacC�

Jac2C ! KC � KsC. The action of Z=2Z on ðJacC � Jac2CÞ � C lifts to the vector
bundle P � P�1 and by descent we get a vector bundle on ðKC � K0CÞ � C which
we still denote by P � P�1 (note however that P is not de¢ned over
ðKC � K0CÞ � C). The projections of a product, X � Y , on its factors will be written
pX and pY .

PROPOSITION 3.8. (1) The morphism p0 restricted to NCð2;OCÞ
s is a conic bundle

(cf. [2] Proposition 7).

.
&

Nxð2;OÞCðxÞÞ ’ Nxð2;OCÞ

p1 p0

NCð2;OCðxÞÞ NCð2;OCÞ:

ð7Þ
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(2) There is a section of p0 over KC � K0C, s, a locally trivial Pg�2-bundle
p: R ! JacC � Jac2C and a locally trivial P1-bundle over R, Q ! R, with a section
s0 such that there exists an isomorphism, j, making the following diagram commute

(3) The reduced scheme associated to p�1
0 K0C is isomorphic to the projective

bundle over K0C, PR1pK0C�OC�K0C.
Proof. (1) Recall that NCð2;OCÞ

s is the GIT quotient of a subscheme Rs of a
Quot-scheme by a GLNk action (for certain positive integer N). Over Rs � C there
is a universal bundle, U, however the stabilizers of points of Rs in GLNk, namely
k�, do not act trivially on the ¢bres of this vector bundle, therefore the universal
bundle does not descend to C � NCð2;OCÞ

s.
However the stabilizers do act trivially on the projective bundle PU, therefore it

descends to C � NCð2;OCÞ
s to a projective bundle. Similarly the projective bundle

PU_
x over Rs descends to a projective bundle over NCð2;OCÞ

s which we denote
by Px.
Let p denote the projection PU_

x ! Rs. If we pull back the universal family by
p � IdC we get a family of vector bundles over C parametrized by PU_

x . There
is an natural epimorphism p�U_

x ! Oð1Þ on PU_
x , this data de¢nes a morphism from

PU_
x to Nxð2;OCÞ which can be seen to be GLNk-equivariant thus yielding a

morphism

Px ! p�1
0 NCð2;OCÞ

s
ð8Þ

that makes the following diagram commute

Put Nxð2;OCÞ
s

¼ p�1
0 NCð2;OCÞ

s, to see that (8) is an isomorphism we shall
construct its inverse. To this effect cover Nxð2;OCÞ

s by af¢ne open sets fUigi. By
the universal property of Nxð2;OCÞ

s we have bundles Ei over Ui � C together with
sections of PE

_
i;x over Ui. The ¢rst data de¢nes (assume, as usual, that the degree

is big enough) morphisms Ui ! Rs, the second a lift of this morphism to PU_
x .

This way we get for each i a morphism Ui ! PU_
x . However, these are not

#

Q�s0R���!
j

’
p�1
0 ðKC � K0CÞ � sðKC � K0CÞ???y

R p0

p

???y
JacC�Jac2C �������������!KC � K0C

& .

Px ����������������������! p�1
0 NCð2;OCÞ

s

NCð2;OCÞ
s:
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uniquely de¢ned because they depend on a trivialization of the trivial bundle
pUi�Ei ’ O

N
Ui
, unique up to an element of GLNk; in particular they may not patch

to give a morphism Nxð2;OÞ
s

! PU_
x . However, if we compose with the quotient

map PU_
x ! Px we get uniquely de¢ned Ui ! Px which patch together to give

the inverse of (8).
(2) We ¢rst de¢ne the section s: KC � K0C ! p�1

0 ðKC � K0CÞ � Nxð2;OCÞ. By
the universal property of Nxð2;OCÞ this is equivalent to constructing a family of
stable parabolic bundles parametrized by KC � K0C. The family of underlying
vector bundles will be P � P�1 ¼ F de¢ned in the notations. Let Ix be the Poincare¤
isomorphism Ix: OJacC ! Px. Then we can construct a section of Px � P�1

x over
JacC which is invariant under the involution described at the beginning of
Subsection 3.1.2, namely Ix � I�1

x . This yields a section of PF _
x ¼ PðPx � P�1

x Þ over
KC � K0C different from the ones corresponding to the lines Px � F x and
P�1

x � F x. By Lemma 3.9, this gives a family of stable parabolic bundles indepen-
dent of the section, i.e. a section s: KC � K0C ! Nxð2;OCÞ.
Next we want to analyze p�1

0 ðKC � K0CÞ � sðKC � K0CÞ, the points of this
variety correspond to parabolic vector bundles in which the underlying vector bundle
is a nontrivial extension of L by L

�1 where L is a line bundle of degree zero with
L 6¼ L

�1. These extensions are parametrized by the projective bundle over
JacC � Jac2C associated to the rank g � 1 vector bundle ðR1pJacC�Jac2C�P2Þ

_. Call
R this projective bundle and p the natural projection R ! JacC � Jac2C.
Over R � C we have a universal extension

0 ! ðp � 1CÞ
�
P�1 ! E ! ðp � 1CÞ

�
P � p�

RORð�1Þ ! 0:

If we pull back by ix we get an exact sequence of vector bundles over R.

0 ! OR ! Ex ! ORð�1Þ ! 0: ð9Þ

Let Q be the projective bundle over R associated to E
_
x . Then Q parametrizes a

family of parabolic bundles over C. Lemma 3.10 shows that the stable locus,
Qs, is the complementary of the section of Q ! R de¢ned by the surjection
E

_
x ! OR obtained by dualizing (9).
The universal property of Nxð2;OCÞ yields a morphism

Qs ! p�1
0 ðKC � K0CÞ � sðKC � K0CÞ

which is an isomorphism again by Lemma 3.10. This concludes the proof of (2).
(3) See Lemma 7.4.(ii) in [21]. &

LEMMA 3.9 (cf. [2] proof of Proposition 7, case 2). Let L be a line bundle over C of
degree zero with L 6¼ L

�1. Then

(1) A parabolic bundle ðL � L
�1; ‘Þ is parabolic stable if and only if ‘ 6¼ Lx, L

�1
x .

(2) Any two stable parabolic bundles with L � L
�1 as underlying vector bundle are

isomorphic.
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Proof. (1) If ‘ ¼ Lx then the subbundle L � L � L
�1 proves that ðL � L

�1; ‘Þ is
not stable for

mL ¼ 0 and mðL � L
�1

Þ þ
a1 � a2
2

< 0:

The case ‘ ¼ L
�1
x is treated in the same way.

Conversely, assume ‘ 6¼ Lx, L
�1
x , take a subbundle M � L � L

�1. If M ! L�

L
�1

! L is not zero then either mM < 0 in which case we are done or M ’ L

and M ! L � L
�1

! L
�1 will be zero, then M ¼ L so ‘ 6¼ Mx and the stability

condition is trivially veri¢ed.
(2) This is a consequence of the fact that the action of AutðL � L

�1
Þ ¼ k� � k� on

PðLx � L
�1
x Þ is transitive. &

LEMMA 3.10 (cf. [2] proof of Proposition 7, case 1). Let ðE; ‘Þ be a parabolic bundle
in which E is a nontrivial extension of L by L

�1 where L is a line bundle of degree zero
with L 6¼ L

�1. Then ðE; ‘Þ is parabolic stable if and only if ‘ 6¼ L
�1
x .

Proof. If ‘ ¼ L
�1
x then the subbundle L

�1
� E shows that ðE; ‘Þ is not stable for

mL
�1

¼ 0 and mE þ ðða1 � a2Þ=2Þ < 0.
Conversely, assume ‘ 6¼ L

�1
x . Let M � E be a line subbundle, if M ! E ! L is

not zero then mM < 0 in which case we are done or M ’ L and we have a section
of the extension which cannot be the case. If M ! E ! L is zero then
M � L

�1 and mMW mL
�1

¼ 0 which is enough to conclude stability thanks to
the condition ‘ 6¼ L

�1
x . &

3.2. THE MOTIVE OF NCð2;OCÞ

We now use the description of the Hecke correspondence in the previous section to
compute the motivic Poincare¤ polynomial of the singular moduli space
NCð2;OCÞ in terms of the motive of NCð2;OCðxÞÞ (see Theorem 2.6), the motive
of the Jacobian variety, JacC and the motive of the Kummer variety, KC.
We need to understand the motivic Poincare¤ polynomial of a conic bundle. It

happens that it behaves as in the locally trivial case.

PROPOSITION 3.11. Let C ! X be a conic bundle. Then wcðCÞ ¼ wcðX Þ. ð1 þ LÞ.
Proof. For a proof of this see [6]. Here we shall content ourselves with proving this

fact for any realization of the motive, that is for the image of the motivic Poincare¤
polynomial via K0M

þ
k ! K0PHSQ or K0M

þ
k ! K0Gr-RepQ‘

Galð �kkjkÞ.
This is then a consequence of the Hirsch theorem that, in our case, yields an

isomorphism of mixed Hodge structures H�ðC;QÞ ’ H�ðX ;QÞ � ðQ � Qð�1ÞÞ.&

THEOREM 3.12. Themotivic Poincare¤ polynomials of NCð2;OCÞ andNCð2;OCÞ
s are

wcNCð2;OCÞ
s

¼ wNCð2;OCðxÞÞ �
wJacC � wPg�2

k � L þ wKC
1 þ L

;
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wNCð2;OCÞ ¼ wNCð2;OCðxÞÞ �
wJacC � wPg�2

k � wKC
1 þ L

� L :

Proof. We shall ¢rst compute the motivic Poincare¤ polynomial of p�1
0 NCð2;OCÞ

s

with compact supports, wcp�1
0 ð2;OCÞ

s. Using property (E) in 1.2.2 we see that

wcp
�1
0 NCð2;OCÞ

s
¼ wNxð2;OCÞ � wcp

�1
0 ðKC � K0CÞ � wp�1

0 K0C:

The ¢rst summand, wNxð2;OCÞ is easy to compute, by Theorem 3.7, Nxð2;OCÞ is
isomorphic to Nxð2;OCðxÞÞ and the proof of the same proposition shows that
the former is a projective bundle over NCð2;OCðxÞÞ associated to a vector bundle
of rank two. Therefore by [18, ‰7]:

wNxð2;OCÞ ¼ ð1 þ LÞ � wNCð2;OCðxÞÞ:

To compute wxp�1
0 ðKC � K0CÞwe use the geometric description in Proposition 3.8.

Property (E) in 1.2.2 together with [18, ‰7] imply that, in the notation of the
mentioned proposition,

wcp
�1
0 ðKC � K0CÞ � wcðKCK0CÞ

¼ wcðQ � s0RÞ ¼ wcQ � wcR

¼ wcR � L ¼ wcðJacC � Jac2CÞ � wPg�2
k � L:

Again, by Manin’s theorem on the structure of the motive of a projective bundle,
wp�1

0 K0C ¼ wK0C � wPg�1
k .

In conclusion wcp
�1
0 NCð2;OCÞ

s equals

wNCð2;OÞCðxÞÞ � ð1 þ LÞ � wcðJacC � Jac2CÞ � wPg�2
k � L �

� wK0C � wPg�1
k � wcðKC � K0CÞ

¼ wNCð2;OCðxÞÞ � ð1 þ LÞ � wJacC � wPg�2
k � L � wKC:

But p0: p�1
0 NCð2;OCÞ

s
! NCð2;OCÞ

s is a conic bundle, and Proposition 3.11
shows

wcNCð2;OCÞ
s

¼ wNCð2;OCðxÞÞ �
wJacC � wPg�2

k � L þ wKC
1 þ L

The result for NCð2;OCÞ is a consequence of property (E) in Subsection 1.2.2.&

3.3. THE MOTIVE OF SESHADRI’S SMOOTH MODEL

Next we turn to the study of the motivic Poincare¤ polynomial of the smooth model of
NCð2;OCÞ constructed by Seshadri in [26]. This consists in a smooth projective
variety M together with a birational morphism c: M ! NCð2;OCÞ. We recall
the description of the ¢bres of c.
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(1) Over the stable locus, NCð2;OCÞ
s, c is an isomorphism.

(2) The ¢bre over a point of KC � K0C is isomorphic to Pg�2
� Pg�2.

(3) The ¢bre over a point ofK0C is the disjoint union of the GrassmannianGr3V and
a rank g � 2 vector bundle over Gr2V where V ¼ H1ðC;OCÞ.

The morphism c over KC � K0C is not the product of two projective bundles, in
fact it is not locally trivial in the Zariski topology. To compute the motive of M
we shall need to study in more detail the morphism.

c: c�1
ðKC � K0CÞ ! KC � K0C:

As in [2], we use the notation Y ¼ c�1
ðKC � K0CÞ.

3.3.1. The Variety Y

Recall that P denotes the Poincare¤ line bundle on JacC � C. Note that on the open
set J ¼ JacC � Jac2C the sheaves R1pJ�P2 and R1pJ�P�2 are locally free, for
e 2 fþ;�g de¢ne Pe to be the projective bundle over J associated to the vector bundle
R1pJ�Pe2. The involution, t, of JacC is de¢ned by the family of line bundles P�1, so
by de¢nition we have ðt � 1CÞ

�
P ¼ P�1: Flat base change shows t�R1pJ�P2 ¼

R1pJ�P�2. Thus the action of t interchanges the two projective bundles Pþ and
P�. By the proof of corollary 1 in [2] we see that in fact Y is the quotient of
Pþ �J P� by this involution. Summarizing:

PROPOSITION 3.13. The pullback of Y via the quotient map J ¼ JacC � Jac2C !

KC � K0C is isomorphic to Pþ �J P�. The induced action of Z=2Z on Pþ �J P�

interchanges the two factors.

In the proof of the following proposition we use some facts on isotypical
decompositions of motives from [10] and [8]. As there, if a ¢nite group G acts
on a scheme X and a is a character of G, wcðX ; aÞ stands for the part of
wcðX Þ on which G acts via the character a (see references above for a precise
de¢nition).

PROPOSITION 3.14. The motivic Poincare¤ polynomial with compact supports of Y,
wcðY Þ, is

1
2 wcðJacC � Jac2CÞðwPg�2

k Þ
2

þ wcðKC � K0CÞ � 1
2 wcðJacC � Jac2CÞ

� �
�
1� L2g�2

1� L2 :

Proof. Denote by 1 and �1 the two characters of Z=2Z. Let U be an af¢ne
Z=2Z-invariant subset of J where Pþ and P� trivialize. Then Pþ �J P� restricted
to U is isomorphic, as a Z=2Z-variety, to the product of U and P

g�2
k � P

g�2
k , where

the Z=2Z acts on the latter variety by permuting the factors.
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By property (3) in Proposition 1.3.3 in [10], we have that

wc

�
Pþ �J P�


U
; 1
�

¼ wcðU; 1Þ � wcðP
g�2
k � P

g�2
k ; 1Þ þ wcðU;�1Þ � wcðP

g�2
k � P

g�2
k ;�1Þ:

Using property theorem 1.3.1 in [10] we see, applying the previous, that

wcðPþ �J P�; 1Þ

¼ wcðJ; 1Þ � wcðP
g�2
k � P

g�2
k ; 1Þ þ wcðJ;�1Þ � wcðP

g�2
k � P

g�2
k ;�1Þ:

Next note that hðP
g�2
k � P

g�2
k Þ ¼

Lg�2
i;j¼0 1ð�i � jÞ, it is easy to see, by drawing this

on a ðg � 1Þ � ðg � 1Þ array, that

wðP
g�2
k � P

g�2
k ; 1Þ ¼

1
2

ðwPg�2
k Þ

2
þ
1� L2g�2

1� L2

 !
;

wðP
g�2
k � P

g�2
k ;�1Þ ¼

1
2

ðwPg�2
k Þ

2
�
1� L2g�2

1� L2

 !
:

By Corollary 2.1.19 in [8]

wcY ¼ wcðPþ �J P�; 1Þ and wcðKC � K0CÞ ¼ wcðJ; 1Þ:

The result follows. &

The previous proposition is in full accordance with the results of Balaji and
Seshadri as shown in the following corollary.

COROLLARY 3.15 ([4], Proposition 4.1). If k is the ¢nite ¢eld with q elements, Fq,
the number of Fq-points of Y is given by

1
2#ðJacC � Jac2CÞðFqÞð#P

g�2
ðFqÞÞ

2
þ

� ð12#JacCðFqÞ � #KCðFqÞ þ 1
2#K0CðFqÞÞ � #Pg�2

ðFq2Þ

Proof. By Lemma 1.2.1, #Y ðFqÞ is the result of applying nq to wcðY Þ. The result
follows from the formula obtained in Proposition 3.14 and the fact that nq is a ring
morphism. &

The statement of this result in Balaji and Seshadri’s work reads

#Y ðFqÞ ¼ #AðFqÞ � #ðPg�2
� Pg�2

ÞðFqÞ þ #BðFqÞ � #Pg�2
ðFq2 Þ:

The agreement with the previous corollary is clear from the proof of Proposition 3.6
in [4]. There it is shown that the term #AðFqÞ (noted NqðAÞ therein) is equal to
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1
2#ðJacC � Jac2CÞðFqÞ whereas #BðFqÞ equals

�ð12#ðJacC � Jac2CÞðFqÞ � #KCðFqÞ þ 1
2#K0CðFqÞÞ:

3.3.2. The Motive of c�1K0C

PROPOSITION 3.16. The motive of c�1K0C is given by

ð1� Lg
Þð1� Lg�1

Þð1� Lg�2
Þ

ð1� LÞð1� L2
Þð1� L3

Þ
þ

ð1� Lg
Þð1� Lg�1

Þ

ð1� LÞð1� L2
Þ

� Lg�2

 !
� wK0C:

Proof. This follows property (E) of the function wc and the cell decomposition of
the Grassmannian varieties. &

3.3.3. The Motive of M

From the structure of the desingularization morphism c: M ! NCð2;OÞ we have
just described together with Theorem 3.12 we can deduce the motivic Poincare¤
polynomial of M.

PROPOSITION 3.17. The motivic Poincare¤ polynomial of M is

wcNCð2;OCÞ
s

þ wcY þ wcc
�1K0C;

where wcNCð2;OCÞ
s is given in Theorem 3.12, wCY in Proposition 3.14 and wcc

�1K0C
by Proposition 3.16.

Upon application of the ring morphism Pxy: K ! Z½½x; y��, we obtain the
Poincare¤ ^Hodge polynomial of M.

COROLLARY 3.18. The Poincare¤ ^Hodge polynomial of M is

ð1þ xLÞ
g
ð1þ yLÞ

g
� LgAg

ð1� LÞð1� L2Þ
�

Ag L
g � L
1� L

þ 1
2 ðAg þ BgÞ

1þ L
þ

þ
Ag � 22g

2
1� Lg�1

1� L

� �2
þ

Bg

2
� 22g�1

� �
1� L2g�1

1� L2

� �
þ

þ
ð1� LgÞð1� Lg�1Þð1� Lg�2Þ

ð1� LÞð1� L2Þð1� L3Þ
þ

ð1� LgÞð1� Lg�1Þ

ð1� LÞð1� L2Þ
� Lg�2

� �
� 22g:

where

L ¼ xy; A ¼ ð1þ xÞð1þ yÞ and B ¼ ð1� xÞð1� yÞ:
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The Betti numbers of the variety M were computed by Balaji and Seshadri in [4]
using the Weil conjectures. Using the previous corollary we have computed the
Hodge diamond of M for small genus.

EXAMPLES 3.19. The Hodge diamond and Betti numbers of Seshadri’s smooth
model for g ¼ 3 and g ¼ 4.

3.4. THE MIXED HODGE STRUCTURE OF NCð2;OCÞ

If we apply the ring morphism Pxy to the expression for wðNCð2;OCÞÞ in Theorem
3.12 we obtain the pure Poincare¤ ^Hodge polynomial of NCð2;OCÞ which is de¢ned
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in terms of the weight ¢ltration of the mixed Hodge structureH�ðNCð2;OCÞ;QÞ (see
[22]). The following result shows how far the pure Poincare¤ ^Hodge polynomial is
from the true Poincare¤ ^Hodge polynomial. Given a vector space, V , acted on
linearly by Z=2Z we shall write Vþ for the subspace of invariants and V� the
subspace on which Z=2Z acts via its nontrivial character.

THEOREM 3.20. The mixed Hodge structure HiðNCð2;OCÞ;QÞ has weights i and
i � 1.

Proof. We ¢rst compute the mixed Hodge structure HiðJacC � Jac2C;QÞ. The
group H0

c is zero because JacC � Jac2C is not complete. The exact sequence

� � � ! Hi�1ðJac2C;QÞ ! Hi
cðJacC � Jac2C;QÞ ! HiðJacC;QÞ !

! HiðJac2C;QÞ ! � � �

shows that Hi
cðJacC � Jac2C;QÞ ’ HiðJacC;QÞ for i > 1 andH1

c ðJacC � Jac2C;QÞ

is an extension of H1ðJacC;QÞ by Q
22g�1:

0 ! H0ðJac2C;QÞ=H0ðJacC;QÞ ! H1
c ðJacC � Jac2C;QÞ

! H1ðJacC;QÞ ! 0:

In fact this mixed Hodge structure is split. This can be seen by using theZ=2Z-action
onH�ðJacC � Jac2C;QÞ and the fact that the category of mixed Hodge structures is
an Abelian category; Z=2Z acts trivially on H0ðJac2C;QÞ=H0ðJacC;QÞ and as
multiplication by �1 on a sub-Hodge structure mapping isomorphically on
H1ðJacC;QÞ.
To sum up:

Hi
cðJacC � Jac2C;QÞ ¼

H1ðJacC;QÞ � Q
22g�1; if i ¼ 1;

HiðJacC;QÞ; if i > 1;
0; otherwise;

8<
:

the decomposition according to the action of Z=2Z is

Hi
cðJacC � Jac2C;QÞ

þ
¼

Q
22g�1; if i ¼ 1;

HiðJacC;QÞ; if i > 1 even;
0; otherwise;

8<
:

Hi
cðJacC � Jac2C;QÞ

�
¼

HiðJacC;QÞ; if i odd;
0; otherwise;

�

By the description above, as in the proof of Proposition 3.14 we obtain an
isomorphism of mixed Hodge structures:

H�
c ðY ;QÞ ’ H�

c ðJacC � Jac2C;QÞ
þ

� Q½c; c0�
þ

� H�
c ðJacC � Jac2C;QÞ

�

� Q½c; c0�
�

where c and c0 are of degree 2 and subject to the relations cg�1 ¼ c0g�1 ¼ 0. We see
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that Hi
cðY ;QÞ is the sum of a pure Hodge structure of weight i and the weight i � 1

part of

Q
22g�1

� Q½c; c0�
þ

¼ H1
c ðY Þ � Q½c; c0�

þ:

In particular, HiðY ;QÞ is pure for even i.
Call Y the closure of Y in M and set @Y ¼Y � Y so that Y ¼ c�1KC and

@Y ¼ c�1K0C. Taking into account that @Y has a cell decomposition (i.e. it is
the disjoint union of a ¢nite collection of af¢ne spaces) it is easy to see that
Hi

cð@Y ;QÞ is a pure Hodge structure of weight i, zero for odd i. The open immersion
j: Y ,!Y gives rise to an exact sequence

H2i�1ð@Y ;QÞ ¼ 0 �!H2i
c ðY ;QÞ �!

j!
H2iðY ;QÞ �!H2ið@Y ;QÞ �!

�!H2iþ1
c ðY ;QÞ �!

j!
H2iþ1ðY ;QÞ �!H2iþ1ð@Y ;QÞ ¼ 0

From this we deduce that H2iðY ;QÞ is pure of weight 2i. To see that H2iþ1ðY ;QÞ is
also pure we need to see that W2iH2iþ1

c ðY ;QÞ � ker j!. As W2iH2iþ1
c ðY ;QÞ �

H1
c ðY ;QÞ � Q½c; c0�

þ and j! is a ring morphism it is enough to prove that statement
for i ¼ 0. This follows easily by taking into account the morphism of exact sequences
induced by c:

From the exact sequence associated to the immersion Y ,!M and the fact that
M is smooth and projective we immediately see that Hi

cðM
s;QÞ has weights i

and i � 1

� � � �!Hi�1ðY ;QÞ �!Hi
cðM

s;QÞ �!HiðM;QÞ �! � � �

The same argument for the immersion KC,!NCð2;OCÞ proves the statement of
the theorem

� � � �!Hi
cðNCð2;OCÞ

s;QÞ �!HiðNCð2;OCÞ;QÞ �!HiðKC;QÞ �! � � � : &
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