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Abstract

This note contains some remarks on generating pairs for automorphism groups of free groups. There has
been significant use of electronic assistance. Little of this is used to verify the results.
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1. Introduction

As Chandler and Magnus [CM82] point out in their history of combinatorial group
theory, the study of automorphisms of free groups played a significant role in the
early development of the theory, especially the work of Nielsen in a number of papers
from 1917 to 1924 (see [Nie86]). The culmination of this work of Nielsen was finite
presentations for these automorphism groups. His presentations have four generators;
and three generators when the free group has rank two. Neumann started his research
career in the early 1930s by finding presentations with two generators when the free
groups have rank at least four; and three generators when the free group has rank
three [Neu32].

The study of these automorphism groups has continued. For example, there is a
report on cohomology in a lecture that Vogtmann gave at the ICM2006 [Vog06] and
an account of work on linear representations by Grunewald and Lubotzky [GL06].
Work has also continued on generating sets and presentations. In particular, Tamburini
and Wilson [TW97] have shown that the automorphism groups of free groups with
rank at least 18 can be (2,3)-generated; there are generating pairs of automorphisms
with orders 2 and 3. In this connection Vsemirnov [Vse07] has recently shown
that GL(6, Z) can be (2,3)-generated. There is a new approach to presentations
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in [AFV08]. The presentations of Nielsen (1924) are built from presentations of the
relevant symmetric group by adding two generators and 14 relations. So the recent
work on presentations of symmetric groups (see [BCLGO08] and [GKKL08]) gives
further presentations for free groups.

The first aim of this note is to fill the gap evident above by showing that the
automorphism groups of the free groups of rank two and three can in fact be generated
by two elements (Theorems 1 and 3).

The generating pair found for the rank-three case consists of automorphisms with
order three and order four. Both automorphisms in the generating pair found for the
rank-two case have infinite order. In fact, all generating pairs for the rank-two case
consist of automorphisms with infinite order (Theorem 2).

The generating pairs are also minimal in another sense. The length of an
automorphism of a free group is the sum of the lengths of the images of a free
generating set. The automorphisms of minimal length are the signed permutations
that form a finite subgroup of the automorphism group. For the automorphism group
of a free group with rank n, the generating pairs of Tamburini and Wilson consist of a
permutation with order three and an automorphism with order two and length n + 1.
The generating pairs of Neumann for rank n consist of an automorphism with order 12
and length n + 1 and either a permutation with order n for even rank at least four, or
a signed permutation with order 2n for odd rank at least five. The generating pair in
Theorem 3 consists of a signed permutation with order four and an automorphism with
order three and length four. The automorphisms in the generating pair in Theorem 1
have length three. This is minimal as a corollary of Theorem 2.

Finding these results made use of the computer algebra system MAGMA [BCP97],
but most of the proofs given do not rely on the use of computers.

2. Two-generator case

THEOREM 1. The group of automorphisms of a free group of rank two can be
generated by two automorphisms.

PROOF. Let {a, b} be a free generating set for the underlying free group F2. Denote
the automorphism that maps a to u and b to v by [u, v]. Nielsen proved that Aut(F2)

is generated by P = [b, a], O = [a−1, b] and U = [ab, b]. It suffices to show the
automorphisms U and V = [a−1b, a] generate Aut(F2). It is routine to check that
O =U−1V−1U V V and P = OU−1OV . 2

MAGMA has proved very helpful for finding a suitable pair of automorphisms.
Briefly, a generating pair was eventually found as follows. Neumann listed six
relations that hold among the three generators, P, O,U . A systematic search through
pairs of words in P, O,U of length up to four shows that the subgroup generated by
{U, V = OU O P} has index one (an easy coset enumeration). A search through the
automorphisms generated by all group words in U, V with word length at most five
finds O .
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Notice that the two automorphisms U, V have infinite order. In the light of the
result of Tamburini and Wilson, it is natural to ask whether there are generating pairs
in which at least one automorphism has finite order.

THEOREM 2. In every generating pair for Aut(F2) both automorphisms have infinite
order.

It took quite some searching with MAGMA to find the group H in the proof.

PROOF. The conjugacy classes of elements in Aut(F2) with finite order have been
determined by Meskin [Mes74]. In terms of P, O,U , his set of representatives of
these classes is {Id, P, O, P O P O, O P OU OU P,U P O, P O}. Let H be the group
defined by

〈P̄, Ō, Ū | P̄2, Ō2, (P̄ Ō)4, [Ū , ŌŪ Ō], (P̄ Ō P̄Ū )2, (Ū P̄ Ō)3,

(Ū P̄Ū Ō)2, (P̄Ū 4)2, (P̄Ū )6〉.

This is a finite group with order 576. It follows from a presentation for Aut(F2) on
P, O,U (see [MKS66, Problem 2 of Section 3.5]) that the group H is a quotient of
Aut(F2) under θ : P 7→ P̄ , O 7→ Ō , U 7→ Ū . So it suffices to check for each class
representative v above and each element h of H that the subgroup of H generated by
{vθ, h} is proper. Use of MAGMA verifies this easily. 2

Note that GL(2, Z) has a generating pair with an element of order two (see Coxeter
and Moser [CM80, Section 7.2]). Since the automorphisms with length two are the
signed permutations and have finite order, both automorphisms in a generating pair
for Aut(F2) have length at least three. So the generating pair in Theorem 1 has
minimal length.

3. Three-generator case

THEOREM 3. Aut(F3) can be generated by a pair of automorphisms.

Again, finding a generating pair made use of MAGMA. The method used for the
two-generator case, pushed harder and refined, worked.

PROOF. Let {a, b, c} be a free generating set for F3. Denote the automorphism that
maps a to u, b to v and c to w by [u, v, w]. Nielsen proved that Aut(F3) is generated
by P = [b, a, c], Q = [b, c, a], O = [a−1, b, c] and U = [ab, b, c].

Let r, s be the automorphisms defined by

r = [b, a−1, c−1
], s = [a, c−1, bc−1

].

It is straightforward to check that the Nielsen generators can be expressed in terms
of r, s as follows:
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P = rsrsrs2rsr2s2rsrs2rs2,

Q = srs2rsr2s2r2sr3sr3s2r3sr3s2rs2r3srs2r,

O = rsrs2rs2r3srsrsr3sr3s2r3s2rsr3s2,

U = r2srsrs2rsr2s2rsrsrsr3sr3s2r3sr3. 2

Note that the two automorphisms r, s have order four and three respectively and
length three and four respectively. As before, this sum of lengths is minimal.
There are also generating pairs consisting of a permutation with order three and
an automorphism with order four and length four. Note that Aut(F3) is not (2,3)-
generated (see [TZ00], [Nuz01] or The Kourovka Notebook [MK06, 14.49]), or use
that Aut(F3) maps onto the affine general linear group AGL(3,2), which is not (2,3)-
generated.

Finally, is Aut(F3) (2,4)-generated or not?
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