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Higher Order Tangents to Analytic Varieties
along Curves. I

Ridiger W. Braun, Reinhold Meise, and B. A. Taylor

Abstract. LetV be an analytic variety in some open set in C". For a real analytic curve vy with v(0) = 0
andd > 1, define V, = t~4(V — ~(t)). It was shown in a previous paper that the currents of
integration over V; converge to a limit current whose support T, 4V is an algebraic variety as ¢ tends
to zero. Here, it is shown that the canonical defining function of the limit current is the suitably
normalized limit of the canonical defining functions of the V;. As a corollary, it is shown that T, 43V
is either inhomogeneous or coincides with T, 5V for all ¢ in some neighborhood of d. As another
application it is shown that for surfaces only a finite number of curves lead to limit varieties that are
interesting for the investigation of Phragmén-Lindel6f conditions. Corresponding results for limit
varieties T, sW of algebraic varieties W along real analytic curves tending to infinity are derived by a
reduction to the local case.

1 Introduction

This paper continues the study in [4, 6] of limits obtained by blowing up the part
of an analytic (resp. algebraic) variety that lies in an algebraic conoid with opening
proportional to t4 about an analytic curve y with tangent vector &, satisfying |y| = 1.
Such a curve v in C" always admits a Puiseux series expansion. If we study local
analytic varietes at the origin, then for some natural number g and § > 0,  has an
expansion of the form

(1.1) ﬂﬂ:E:@Wﬂ 0<t<3d.
i=q
If we study algebraic varieties near infinity, then for some R > 0, - has the form

q
W)= D g1, R<t <o

j=—00

Such curves will be called simple curves. The results in the two cases are completely
analogous, so for ease of exposition, we will concentrate first on the case of local
analytic varieties at the origin which was studied in [4], in which case the parameter
d just mentioned satisfies d > 1. The other case will be discussed in Section 5.

For V an analytic variety of pure dimension k > 1 defined in a neighborhood of
the origin in C", the principal object studied in [4] was the family of varieties,

(1.2) Voar ={w:iy®) +tiwe vy, d>1,0<t<6,
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and its limit, which is defined as follows. Considering the varieties V., 4, as cur-
rents or holomorphic k-chains [V, 4.], there exists a limiting current or holomorphic
k-chain

(1.3) T’y,d[V] = lim [V'y,d,t]-

t—0+
The support of T, 4[V] is denoted by T, 4V and is called the limit variety of the
family (V,4,);. In fact, T, 4V is the limit of the sets V, 4, as t tends to zero in the
convergence of closed sets in C", e.g., in the Hausdorff metric or in the sense of Meise,
Taylor, and Vogt [12, 4.3].

The concept of limit variety extends the notion of the tangent cone T,V to V at
0, which is the case v(t) = 0, d = 1. For d > 1, limit varieties were shown to
exist and to be algebraic varieties in " that are invariant with respect to all trans-
lations in the direction of the tangent vector to «y at 0 [4, Theorem 3.2, Lemma 3.6,
Proposition 4.1]. As was also pointed out there, the use of these varieties is crucial in
the classification of the analytic varieties whose plurisubharmonic functions satisfy
estimates in the spirit of the classical Phragmén-Lindel6f estimates for subharmonic
functions. References [5, 7] contain applications of this work.

Our previous work proved the existence of the limit currents by studying the lim-
iting behavior of the Whitney canonical defining functions of the varieties, and the
work of this paper continues this program. Our main convergence result showed that
the canonical defining functions of the varieties V., 4, converge as ¢ — 0 and that the
limit function contains enough information to characterize the limit current T, 4[V'].
However, we were unable to answer the following basic question (except for varieties
of codimension 1).

Is the canonical defining function of the limit current T, 4[V'] equal to the suit-
ably normalized limit of the canonical defining functions of the varieties V., 4,2

For the case d = 1, that is, the ordinary tangent cone at the origin, this is true
(see Chirka [8, 16.1, Proposition 2]. In this paper we will show that the answer to
this question is always “yes” (Theorem 3.1) and then derive consequences from it
(Corollary 3.3, Corollary 3.5, and Theorem 4.6) which are important for the charac-
terization of the algebraic surfaces in C" satisfying the Phragmén—Lindel6f conditions
in [7].

As mentioned above, there are, in fact, two closely related limiting cases to be
treated: the local case of the previous discussion and its analogue for the limiting
behavior of algebraic varieties along analytic curves which go to infinity, treated in
[6]. There are obvious analogues of the theorems in the two cases, and even a natural
transformation that relates them, and we give the relationship in Section 5. In this
paper, we will first give proofs for the local case, which is somewhat easier to visualize.
The results for algebraic varieties studied near infinity are then deduced from the
local case by the transformation mentioned above.

Let us also mention here that we have made a careful distinction between the cur-
rent or holomorphic k-chain, T, 4[V'], and the algebraic variety T, 4V which is its
support. For our applications, it is important to keep track of the multiplicities of
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different branches in the limit variety which we do by viewing them and their limits
as currents (or equivalently, as holomorphic chains). We will assume that the orig-
inal analytic variety V is just a set and hence can be identified with its current of
integration [V']. The same applies to the family of varieties (V. 4,);. However, the
limit current T, 4[V'] may have irreducible factors of multiplicity greater than one.

We conclude this introduction with some algebraic questions about limit varieties
which seem interesting but which we are unable to answer.

(i)  Are there only finitely many limit varieties up to a suitable class of isomor-
phisms?
(ii) In terms of generators of the ideal of V,
(a) how can one find generators for the ideals of T, 4V when the degree of
T, 4V is greater than 1?
(b) how can one find all the « and critical values d; where T, 4,V has the
degree greater than 1?

An algorithmic approach that might give some information about these questions is
part of the proof of Theorem 4.6.

2 Notation

In this section we recall the notation and some results from [4] which are needed
to state and prove the main result of this paper, Theorem 3.1, which answers the
question formulated in the introduction.

2.1 Varieties and Coordinates

Let V be an analytic variety in a neighborhood of the origin in C" of pure dimension k
containing the origin. Then we denote by Vg (resp. Vi) the set of all regular (resp.
singular) points in V. From Chirka [8] we recall the following definitions.

Let L C C" be an affine subspace of dimension n — k and z an isolated point of
V' N L. Then there is a neighborhood U of z such that the projection 7,: UNV —
(U NL) c Lt along L is an analytic cover. Its sheet number in z is denoted
by u.(mr]v). The minimum of the sheet numbers y,(7r|y) when L ranges over all
(n — k)-dimensional affine subspaces for which z is an isolated point of V' N L is the
multiplicity (1(V,z) of V at z.

Ifw = 27:1 n;[V;]is aholomorphic k-chain, then j(W, z) := 27:1 nju(Vj, 2).
We call (((W, z) the multiplicity of the holomorphic chain W in z.

If V is a purely k-dimensional algebraic subset or a holomorphic k-chain in C"
with algebraic support and L C C" is an affine (n — k)-dimensional subspace such
that V N L is finite and such that the projective closures of V and of L do not have
points at infinity in common, then ) _, -, u(V,z) is the degree of V. It does not
depend on L.

Next we fix a projection 7 of rank k that is proper on V' and transverse to V' at the
origin. That is, we have a choice of coordinates z = (z'’,z") € C" x C¥ such that
7(z'",2z") = z' and an open set 0 € U C C* such that 7: V. — U is proper with
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discrete fibers and, further, that for some K > 0
(2.1) |z| < K|n(z)], ze€V.

If B is the branch locus of 7, then B and 7(B) are analytic varieties of dimension at
mostk — land w: V \ B — U\ 7(B) is a covering map. The number of points in a
fiber over z’ € U \ m(B) is m := u(V, 0) because of (2.1), so we can write

72 = {(u(2),2) 1 1 < i < m},

where the o;(z') = «;(z’; V) are all distinct. We will also use the same notation for
z' € UNm(B) by repeating each «v;(z’) as many times as indicated by the multiplicity
w(V, z), where z := (a;(2’), 2).

Following Whitney [14, Appendix V, Section 7], we introduce canonical defining
functions for analytic varieties. In doing so we use the dot product on C”, defined by

(uyw) = 370 ujw;.

2.2 Canonical Defining Functions

Let V be an analytic variety as in Section 2.1. Using the notation introduced in Sec-
tion 2.1, the canonical defining function for V is defined as

m

(22) Pz, &V,m) =[] (" — ail2),€) .

i=1

We will write P(z,£) = P(z,&V) = P(z,&V, m) when the missing data are clear
from the context. A point z belongs to V if and only if P(z,£) = 0 for all ¢ € C",
Equivalently, one can expand P as a homogeneous polynomial in &,

P(z,€) = Y Ps(2)¢’,

|8=m

and then z € V if and only if P3(z) = 0 for all | 3| = m.

Note that P is a polynomial of degree m in z’/ and a homogeneous polynomial of
degree m in & € C"%. It is defined at first for z/ € U \ 7(B) but extends, by the
Riemann removable singularity theorem, to be analytic on all of C"% x U x C"~*.
With the convention made about counting the points «;(z’) with multiplicity when
z' € w(B), the formula (2.2) is still valid (see [4, (3.8)], and the discussion that
precedes it). The local multiplicity of V' at a point («, z’) is equal to the number of
times the factor (z’' — «, &) appears as a factor in P(z, ) when the projection 7 is
transverse to V' at the given point (otherwise, the multiplicity is smaller).

We will also need canonical defining functions for holomorphic k-chains. If W =
Z‘.’Zl n;[W;] is a holomorphic k-chain, i.e., the W; are the irreducible components

i
of Supp W in a sufficiently small neighborhood of the origin and #n; € N, then we
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choose a projection 7 : C"~* x C as in Section 2.1, which satisfies the requirements
in Section 2.1 for each of the varieties W, and we call

p
Pw, & W, m) := H P(w, & W, m)"
j=1

the canonical defining function for W. It is a polynomial in w and £ which has degree
vV = Z?:l le/L(Wj, 0).

For a simple curve y asin (1.1) and d > 1, define V; = V,, 4, as in (1.2). Since
V; is a translated and rescaled version of V, the projection mapping 7 is also proper
on V;, and the defining function of V, will also be a translated and scaled version
of the canonical function for V. That is, if we write v(t) = (71(¢),72(¢)), where
Y2(t) = m(7(t)), then

m

(23) PO+ 1w ) = [[n@ + 1w = aj(n@) +1%w"),€)
j=1

= " LW = 8w’ 1),€) = " P(w, & Vi, m),
j=1

where

. dy,y
(2.4) Bi(w' ) = B,(w',t,d) = O‘J(’Yz(t)"'idw) %(t), 1<j<m

Formula (2.3) gives the canonical functions for the varieties V; with respect to the
projection 7 onto the z’ coordinates up to the scale factor ",

In [4, Lemma 3.10], it was proved that the V; converge by showing that after a
suitable normalization, the canonical defining functions of the varieties V; converge
ast — 0. This requires a further condition on the projection, namely that it is trans-
verse (at infinity) to the variety T, 4V. This means that the subspace L = {(z"’,0) :
z'" € C"~*} meets any line in the cone of limiting directions (T, 4V ) (see Defini-
tion 3.4) of T, 4V at infinity only at the origin. (Otherwise, the canonical defining
function is not even defined.)

Now we come to the main theorem of [4]. We give a formulation that combines [4,
Theorem 3.2, Lemmas 3.1 and 3.10] and the remark following [4, Proposition 3.14].

Theorem 2.1  Let V be an analytic variety in C" that is of pure dimension k and
contains the origin, let m := (V,0), and let y be a simple curve. Then for each d > 1,
the limit in (1.3) exists. Assume, furthermore, that the projection 7 is transverse to V.
Asin (2.1), fix wy € R so that lim,_,o+ t"md=wop(w, &V, ) exists and does not vanish
identically, and set

Z={weC": lim "= p(w, &V, m) = 0 forall € € C"F}.
t—0+
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If  is transverse to Z, then

lim " P(w, & Ve, ) = P(w, & T, [V, m)@(W, ).
t—0* ’

The canonical defining functions of T, 4[V'] and ® are polynomials. Furthermore, the
functions w — d(w’ £), € € C"*, have no common zeros. In particular Z = Ty a4V.

Thus, the function ® does not affect the common zeros of the right-hand side as
€ varies over C"~*, However, in [4] we were unable to determine if the function ®
actually depends on w’ or not. Also, we were unable to explicitly determine the nor-
malizing constant wy. The improvement here, which we will show in Theorem 3.1, is
that @ is independent of w’, i.e., ® is a homogenous polynomial of degree m — v in &
where v is the degree of T, 4[V']. In order to derive formulas for (&) and wy(d), we
have to recall some more facts from [4].

2.3 Newton Polygon and Critical Values

For an analytic variety V of pure dimension k, defined in some neighborhood of
the origin in C", and for a simple curve vy as in (1.1), we call a projection 7 in C"
distinguished for V and y if it has rank k, is proper on V, transverse to V at the origin,
and transverse to T, 4V for each d > 1. To prove the existence of such projections,
we denote by m the multiplicity of V' at the origin and by g the number from (1.1)
which is associated with . Then

M, :={j/be[l,00[:jgeN,beN,b<m}

is a discrete subset of R. Hence [1,00[ \ M; = UjEN I;, where the sets I; # O are
open intervals in R satisfying I; N I; = & for j # k. For each j € N we choose
d; € Ijand let M, := {0; : j € N} and M, := M; U M,. By Chirka [8, 38, Proof
of Corollary 2], we can choose a projection 7 in C" of rank k which is proper on V
and is transverse to V' at the origin and to T, 4V for each d € M. To show that 7 is
distinguished for V and +, we need some more preparation.

First, we consider the following expansion of the canonical defining function for
V:

(25)  Fw,t,€) :=P(y(t) + w,§) = P(y(t) + w, GV, m) = Y _ ajgat w'e?,
j.Ba

where the sum is the power series expansion of the holomorphic function F(w, 57, £)
ins = /4, w, £ in a neighborhood of the origin. The support M of this series is
defined as

M :={(j,) : qj € No, L € Ny, aj . # 0 for some 3 with |3| = land |a| = m}.
For § € R?\ {0} and b € R, define the closed half plane

Hpyp:= {x € R*: (x,0) > b}.
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We call it admissible if 6 € [0, co[*and M C Hy . The Newton polygon N is defined as
the intersection of all admissible half planes. Note that all vertices of N are elements
of M. In particular, if (7, 1) is a vertex of N, then I € Ny and I < m since (0,m) € M,
and j > m since z — P(z, &) vanishes to order m at z = 0. Hence N has at most
m + 1 vertices and at most m edges between them (plus two unbounded edges), all
of which have slope s > —1. The critical values of v and V are defined as the rational
numbers in the sequence 1 = d; < d, < --- < d,, that is, an enumeration of

{1} U { —% : sis the slope of a bounded edge ofN} .
From the definition, it is clear that p < m+ 1 and if p = m + 1, then there is no edge
with slope —1. It may seem that the definition of critical values might depend on the
choice of the canonical defining function, i.e., on the choice of the projection 7, but
this is not the case as we will show in Remark 3.6 below.

For a given monomial ¢/ w’€ in the expansion (2.5) and for d > 1 we define its
d-degree by w(d) = j + d|3] (the exponents of £ are ignored because these terms all
have the same degree). Obviously, each monomial t/w’¢® of d-degree w is d-quasi-
homogeneous in the sense that t/(t?w)?¢* = t*w’¢®. Collecting all terms in (2.5)
which for a given d > 1 have the same d-degree, we can regroup the series as

(2.6) F(w,t,8) = Fu(w,£,§) + > Fu(w,1,8),
w>wo
where F,, is the d-quasihomogeneous part of d-degree w of the series and
(2.7) wo = wo(d, V, ) = min{w : F,, does not vanish identically}.
Now note that for t € B(0,¢) \ ]—00, 0] the quasihomogeneity property implies
E(t'w,1,6) = t“F,(w, 1, ),

so we have F(tw,t,£&) = t“°F,, (w,1,£) + wao t“F,(w, 1,£). Next note that the
critical values dy < d, < --- < d, all are in the set M, defined above. Hence for
a given interval I; we can find 2 < k < p with I; C Jdi,dini[ or I; C ]1,dy
or I; C l]dy,o00[. In the first case let (ji,/;) be the vertex of the Newton poly-
gon N which is the intersection of the two segments in N with slope —1/d) and
—1/dg+1. Then the definition of N implies that wy(d) = j; +dl, and (W, ¢, &) =
Z\ﬂ\:lulwlzm aj]_ﬂ_atjlw’gf“ for each d € ]di, dis1[. In particular, we have F, 5 =
Fy(s;) for each d € I;. Hence we get from (2.3)

lim "= @p(y &V, 7) = lim °DP(~(t) + t%w, £)
t—0+ t—0+
= Fuyay(W, 1,§) = Fuy5,)(w, 1,§), d € I.

Hence the set

Z(d) :={weC": lim M= @dp(y €V, 1) = 0forall ¢ € C"F}
—0+
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is constant for d € ;. Since 7 is transverse to T, 5,V by its choice, it follows from
[4, Proposition 3.12], that

T, 5V ={we C": Fyu,)(w,1,§) = 0forall £ € C"*} = Z(5)).

Hence 7 is transverse to Z(d) for each d € I;. By Theorem 2.1, this implies Z(d) =
T, V. Hence 7 is transverse to T, 4V for each d € I;. Since we can argue similarly
in the remaining two cases, it follows that 7 is distinguished for V and .

3 Main Theorem

In order to state our main theorem, we introduce the following notation. For V
and ~y as in Section 2.3, assume that the projection 7 in C" defined in Section 2.1 is
distinguished for V and «y and let (d;):< j<, denote the corresponding critical values.
Then for 1 < j < p, let I; denote the vertical parts of the nonzero points in the fiber
ofm: T, 4.V — C* over w’ = 0. That is,

(3.1) Ii={w'eC" ™ : (w'0) €TV, w0}
And for each point of this set, let
(32) a(j7WH) = ,LL((WN70)7 T“,’,dj [V])

denote the local multiplicity of T, 4,[V'] at this point. That is, the number of times
the factor associated to the point is repeated in the canonical defining function of
T, 4;[V]. Further let

(3.3) vi= > u(w",0),T,4[V])

w'’' €l
denote the sum of these multiplicities.

Theorem 3.1 Let V be an analytic variety of pure dimension k defined in a neighbor-

hood of the origin in C" and let v be a simple curve in C". Assume that 0 € V, denote

by m the local multiplicity of V at zero, and assume that the projection 7 defined in 2.1

is distinguished for V and ~. Then for each d > 1 the following assertions hold:

(i)  The degree m(d) of the current T, 4[V'] is m(d) = m — Zd]<d vj. In particular,
m(d) = m(d;j) ifd; <d <djy, 1 < j<p,and T, 3V is empty ford > d,, if
and only if m = Zﬁ;l V.

(ii) wo(d) = md — Edj<d vi(d —dj) = dm(d) + Zdj<d vd;.

(i) The function ® defined in Theorem 2.3 does not depend on w' and is given by

®© = [T TI (=w", .

dj<dW”EIj

Hence its degree is m — m(d) = Zdj<d vj.
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Proof Ford = 1, we have wy = mand ® = 1. Since deg Ty[V] = m by Chirka [8,
Proposition 1.16], there is nothing to prove. Hence fix d > 1, a neighborhood U of
zero, R > 0, and define T'' by

(3.4) I:= | J mory()+t'U.

0<t<R

We may assume that R is so small that the number of connected components of V' N
7~ 1(T") remains the same when R is replaced by any smaller positive number. Now
fixz/ € U and set C := {7 (t) + t%2’ : 0 < t < €}, where ¢ > 0 is suitably small.
Since V has multiplicity m at the origin, its inverse image V N 7~ !(C) consists of m
curves

Cj = {(aj(%(t) + t12), () +t92) 0 <t <€}, 1<j<m.

Set 34,j(2',t) := t*d(aj('m(t) +1t%2') —41(t)). The maps fBa,j(z’, -) are the ones that
are denoted by (2, -) in (2.4) and appear in the product that defines the canonical
function P(z,&; V4, 7). In particular, it is proved in [4, Lemma 3.7], that if m(d)
is the degree of the limit current T, 4[V], then the (34 ;(2z’,t) can be split into two
groups, one containing m(d) of them which remain bounded as ¢t — 0 and the re-
maining m — m(d) of them that tend to infinity as t — 0. We assume the points have
been relabeled so that (3,1, ..., B4m@) are the ones that admit a finite limit, while
for m(d) < j < m one has |34j(z',t)| — oo ast — 0+. The convergence proof
was based on showing the existence of wy = wy(d) such that when the basic equa-
tion (2.3) is multiplied by t=*°, the limit of the left-hand side of the equation exists
(uniformly for w in compact sets in C"). This implies

m(d)
35) e Viom = ([ - 6uE0,6)
j=1
x (= T " = Bagte0,0)).

j=m(d)+1

Then note that the first factor converges to the canonical defining function
P(z,& Ty alV],m) ast — 0+. The limit of the second factor is an indeterminate
form which we will evaluate next.

To do so, fix a curve C;. Then there are a € R and w'’ € C"~*\ {0}, which a
priori depend on z’, such that

(3.6) aj(n() + 192" — (1) = t*(w" +0(1)) ast — 0+.
Note that 3, j(z’,t) remains bounded as t — 0+ if and only ifa > d. Thus, a < d
if j > m(d). On the other hand, T, ,[V] = lim;—,+ t % (V — 7(¢t)) so (3.6) implies

that (w'/,0) € T, ,V. If we assume that T, ,V is homogeneous, then C(w'’,0) is in
kerm and in T, ,V = (T, ,V); in contradiction to the fact that 7 is distinguished for
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V and 7. Now note that by [5, Proposition 4.3 (ii)], T, ;V is homogeneous or empty
whenever ¢ is not a critical value. Hence a is one of the critical values d; with d; < d
and w'/ € I;. This shows that for each j with m(d) < j < m there are i(j) with
di(jy < dand w]’/ € Ij(j satisfying lim, o td*dﬂﬂb’d’j(z’, t) = w]’/.

On the other hand, for each i with d; < d and w"’ € I; there are a(i, w'’) many
branches. If we let (t) := (t)+t%(0, z’), then it follows from [5, Proposition 4.1 (i)],
that Ty 4[V] = T, 4[V], since v and 7 are equivalent modulo d;. Construct Ed,, jas
in (2.4), but with ~y replaced by 7. Then

B4.1(0,8) = t 74 (j(3(1)) — F1(1)) =t~ % (i (y(8) + 192") — 71(£))

=170 0).

By [5, Lemma 3.7], limt_>o+(5dhj(0, t),¢) = (w",0) for exactly a(i, w') many indices
. Since for these we have

. d—d, _ . > _
tli{gl_'_t /Bd,j(zla t) - tli%l_'_ ﬂdhj(ov t) = W//~

Therefore, the right-hand factor of (3.5) can be written as

m

i [T @ = Base 0.9 = T @ = 4764, j00.0),)
j=m(d)+1 di<dw''€l;
= tmd—wo—b H H <td_diZ” - Bdl,j(O,t)7£>v
dj<dw''€l;

for b := >, ,vi(d — d;). Since the product converges to a function in z’ and £
which is not identically zero, we must have md —wy = > d<d v;(d — d;) and the limit

function is equal to
[T IT ¢,

di<dw’’€l;

The remaining assertions about the degrees of the terms are now clear from this for-
mula. u

To obtain some corollaries from Theorem 3.1 we apply the expansion (2.5) of the
function F(w, t,£) = P(v(t) + w, &; V, ) which we have used already in Section 2.3.

From there we recall that for each d > 1 and wg = wy(d), defined in (2.7), we have

(3.7) lim e P(y() + 1w, &V, m) = im ¢~V F(tw, 1, €) = Fi,, (W, 1,€),

where the convergence is uniform on compact subsets of C" x C"~¥. From Theo-
rem 3.1 and (2.3) we therefore have the following formula.

Corollary 3.2 F,(w,1,§) = P(w,& T, a[V])P(E).
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We already know from [4, Proposition 3.14] that F,,, and P(-,- ; T, 4[V]) both
describe T, 4[V']. However, in general, they cannot coincide since the degree of F,
in & is m while the degree of P(-,- ; T, 4[V']) in £ is m(d). The role of ® is to make
up for the difference.

The monomials in the function F,,, are easily computed from the Newton diagram
of F(w, t,&) described in Section 2.3. Following the notation introduced there, we
have wy = wp(d) = min{j +dl : (j,]) € M} = min{j+4dl : (j,]) € N}, so
the equality in this equation occurs only at the extreme vertices of N where the line
of slope —1/d hits the vertex. Thus, unless d is the negative reciprocal of the slope
of an edge in the Newton polygon, there can be only one exponent | = || for the
w-terms in the monomials in F,,, so it must be homogeneous in w. However, when
d > 11is a critical value, the edge will contain at least two vertices, so the polynomial
F,,(w, 1,&) is not homogeneous in w. Therefore, neither is the canonical defining
function of T, 4[V'], so this variety cannot be homogeneous.

Corollary 3.3  Ford > 1 the following are equivalent:

(i)  disa critical value for V and ~;
(ii) F,,(w, 1,&) is inhomogeneous;
(iii) T,4V is inhomogeneous.

From the considerations before Corollary 3.3, it is evident (a more detailed discus-
sion can be found in the proof of Lemma 4.7) that for each critical value d; for v and
V, the lowest degree homogeneous terms in w that appear in F, 4,)(w, 1, &) are the
highest degree homogeneous terms in w that appear in F,,4,,,)(w, 1, £). To formulate
this fact in terms of limit currents, we recall the following notation from [2, §2.4]. It
is analogous to the definition of the tangent current Ty[V] of an analytic variety V,
which can be found in Chirka [8, §11.6]. Recall that the tangent current To[V] is
defined as To[V'] = lim;_,.[ V'] where [ jV'] denotes the current of integration over
the variety V, scaled by the factor j. If W = Z?;l n;[W;] is a holomorphic chain,
then its tangent current is defined as To\W = ZTZI n;To[W;].

Definition 3.4  For an algebraic variety W in C" of pure dimension k > 1 we define
its cone of limiting directions at infinity W, by

Wy = {r lim zj/|zj| : r > 0, zj € W, |zj| — oo}.
]*}00

It has been shown [2] that W), is an algebraic variety. To formulate Corollary 3.5,
it is necessary to consider the cone of limiting directions in the sense of currents or
holomorphic chains. In this sense, the cone of limiting directions is defined as

e 2]

where convergence is in the sense of currents. The existence of the limit follows,
e.g., from the more general results in [6] (see Theorem 5.1 of the present paper). If
W = ZT:I n;[W;] is a holomorphic chain, then its cone of limiting directions is
defined by additivity, i.e, Wy, = 327, n;[W;].
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Using this definition, we have the following corollary to Theorem 3.1.

Corollary 3.5 Let1 =d; < --- <d,, bethe critical values for V and . If d; < d <
djs1 for some j < p, then To(T, 4,[V]) = T,alV] = (T4, [V]Dn and ifd > d, and
0e T%dpv, then TO(T%dp[V]) = T%d[V].

Remark 3.6  From Corollary 3.5 it follows immediately that for each analytic vari-
ety in C" that is of pure dimension k > 1 and contains the origin and for each simple
curve 7y in C", the critical values 1 = d; < d, < --- < d,, for v and V as they are
defined in Section 2.3 have the following property.

Ford; < d < di;1, 1 < i < p, the variety T, 4V is homogeneous

(3.8) . L '
while for d > d,, it is either homogeneous or empty.

Moreover, this set is minimal in this respect by Corollary 3.3. Since the limit varieties

T, 4V do not depend on any projection, it follows that the critical values do not

depend on the choice of the projection 7 in their definition in Section 2.3.

3.1 Geometric Interpretation of Critical Values

The critical values measure the rate at which branches of V' can approach the curve
~(t) ast — 0. This was already used in the proof of Theorem 3.1, equation (3.6),
which showed that the leading exponent a in the Puiseux series expansion is equal to
a critical value. The degree v(d) of the limit current T, 4[V'] is a measure as t — 0
of how many zeros V has inside conoids of radius Ct? about ~(¢). This is a nonin-
creasing, integer valued function of d which has jumps exactly at the critical values.
A critical value d = d; > 1 is one so that the multiplicity of V' in conoids about ()
of opening §¢%~¢ (§ small) is greater than the multiplicity of V' in conoids of opening
Kt (K large).

4 Applications

We introduce the following notions to derive a further result from Theorem 3.1 which
was used in an essential way in [7] to characterize the algebraic surfaces on which the
analogue of the classical Phragmén-Lindel6f theorem holds.

Definition 4.1 Let V be an analytic variety in C" which contains the origin. A
set ((j, dj)lj:1 in (C" x Q)" is called a critical set for V of length I if the following
conditions are satisfied.

(1) Cl S (TOV)sing) ‘C1| =1, and dl : 1.

(ii) For1 < i < ldefine~;(t) := Z’jzl (jtdf. Then for 1 <i <[ — 1 we have
(a) d;; is the smallest critical value for V and 'y,»kirger than d;,
(b) (41 is a singular point of T, 4.,V and ({41, (1) = 0.

If (¢j,d j)§:1 is a critical set for a given variety V, then there need not exist a critical
set of length [ + 1 for which the first I components coincide with the given one. For
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example, no such critical set exists if there is no critical value for +; and V larger
than d; or, if it does, T, 4.,V has no singular points. However, there are also cases
where such extensions of arbitrary length exist, but where we do not want to consider
them, e.g., we refer to Example 5.17 below. To describe these cases, we introduce the

following definition.

Definition 4.2  Let V be an analytic variety in C" which contains the origin, let v be
a simple curve and let d be a critical value for v and V. A singular point ¢ of T, 4V is
said to be terminating for v and d if there is a simple curve o (t) = () + ¢t + o(t)
such that d is the largest critical value of ¢ and V. A point {; € (T)V)sing with
|C1| = 1is called terminating if 0 is terminating for v, (¢) := ¢¢(; and d = 1.

Terminating singularities are closely associated to the curves in Vi, as the next
proposition shows.

Proposition 4.3  Let V be an analytic variety in C" which is of pure dimension k > 1
and which contains the origin. Let ~y be a simple curve in C", let d > 1 be a critical value
for vy and V, and let ¢ € T, 4V be a singular point for T., 4V. Then ( is a terminating
singularity of T., 4V if and only if there is a singular curve o(t) = ~(t) + (t* + o(t?) in
V such that for small t, the multiplicity of V along the curve o (t) is constant and equal
to the multiplicity of T, 4[V] at (.

Remark 4.4 1f we recall that any two simple curves whose coefficients agree up to
and including order t? give the same limit currents Tya[V] for d < d (see [4,
Proposition 4.1,(i)], then this proposition shows that we should have chosen o for
the computation of the limit currents instead of y. Note, however, that o is likely
to have infinitely many nonzero Puiseux series coefficients while the critical curves
constructed by choosing successive critical values and singular points will be finite. In
the case of surfaces, where there are only finitely many singular curves, once () has
sufficiently high order contact with a singular curve, the successive critical extensions
of 7y generate successive terms of the Puiseux series expansion of the singular curve.

Proof of Proposition 4.3 We can assume ¢ = 0 for the proof, since changing ~(#)
to y(t) + Ct? has this effect. If o is any simple curve which satisfies o(t) = (t) +
o(r%), then we have T,alV] = T,4[V] by [4, Proposition 4.1(i)], and hence y :=
(T, 4lV],0) = (T, 4[V],0). From the series expansion of F(w, t,£) in (2.5) with
«y replaced by o, the critical values are defined in terms of the support M of the pairs
(j, |8]) of nonzero terms in the power series and the Newton polygon derived from
it. Recall that for a given d with wy = wy(d), the function F,, is the sum over all
the monomials in the edge, which may be a vertex, of the Newton polygon of slope
—1/d. To have no critical values for o and V larger than d is therefore the same as
requiring that the expansion of F,,, contains at least one monomial with a factor w’
where | 3] = p and that p is the lowest degree in w of any term that appears in the
power series expansion of F.

On the other hand, the function F,, is equal to the canonical defining function
of T, 4[V'] (Corollary 3.2) up to the factor & which does not change the multiplicity

https://doi.org/10.4153/CJM-2008-002-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-002-7

46 R. W. Braun, R. Meise, and B. A. Taylor

at any point. Therefore, the multiplicity of T, 4[V'] at 0 is equal to the degree of the
lowest degree homogeneous polynomial in w in the series expansion of F,,. This is
characterized by the fact that it is the least integer 1 such that

lm|aXIFwo(w, LOI=o(wl"),  [w] —o0.
¢l=1

Recalling that
(4.1) t_wOF(tdW,t,g) = Z aj,ﬂ,atj+d|ﬁ|_w0wﬁ€a
B

edlBl—e
=F, w1, + Z aj.ﬂ,’atﬂ' 18] wowﬂfu’
j+d|B|>wo

we therefore see that d being the largest critical value of o is the same as requiring the
O(]w|*) bound everywhere along v, i.e., for each small # > 0:

|m‘ax|t_°"’F(tdw,t,§)| = O(|w|"), |w| —o.
él=1

Since t = P(a (t) + tw, & V) = t—0E(t%w, t, £), this is equivalent to o being a curve
along which the multiplicity of V is s for all small ¢. ]

Definition 4.5 Let (¢;,d j)gzl be a critical set for the variety V in C". It is called
a normal critical set for V if (; is not terminating and, if for i = 2,...,1, (; is not
terminating for ;_; and d;.

The main fact about normal critical sets is stated in the following theorem.

Theorem 4.6  Let V be an analytic surface defined in some neighborhood of the origin
satisfying 0 € V. Then for each ¢; € T,V,|(1| = 1, the set

{C = ((, dj)lj:1 : C is a normal critical set for V'}

is finite.
For the proof of Theorem 4.6 we will need some preparation. We begin by provid-

ing more details about critical sets. Therefore, let C = (¢, d j)éz1 be a normal critical
set for an analytic variety V in C" of pure dimension k and define the curves ~; by

(4.2) Yi(t) =Gt + Gt 4k Gt 1<i<L

Since the limit currents T, 4,[V], 1 < i < [, will play a crucial role in the analysis, we
introduce the following related quantities:

(4.3) m; = degree of T, 4.[V],
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(4.4) i == p(T,, 4,[V],0) = multiplicity of T, 4, [V] at w = 0.
And recalling the expansion (2.5) with ~y(t) replaced by ~;(¢), let
(4.5) wi := wo(d;) = min{j + di|B] : aj 3.0 # 0},

which is the exponent that measures how fast the canonical defining function tends
to 0 along the curve v;(¢) (2.6). Also let

(4.6) qi := least common denominator of {1, d,, ..., d;}.

Lemma 4.7 Let V be an analytic variety of pure dimension k > 1 defined in some
neighborhood of the origin that contains the origin and has local multiplicity m at zero.
Let C = (¢, dj)i‘:l be a critical set for V.. In the notation introduced above, the follow-
ing statements hold for 1 <i <[ —1:

1) To(Tya VD) = (Th 4., [VDr = (T4, [V Dis

(i) m=>m > p; = mi;

(i) win — wi = pildips — di);

(iv) if m; = p;, then T, 4,V is homogeneous;

V) q < (m)%

Proof The first equation of (i) is Corollary 3.5. The second equation follows from
the first one and T, 4., [V] = T, 4., [V] + {G+1}, which is an immediate conse-

Vi Vit1s

quence of the definition of limit varieties.
Assertion (ii) obviously follows from (i) and

mj < deg(To[V]) = u(To[V],0) = m.

To prove (iii), assume without loss of generality that the coordinates in C" are
chosen in such a way that the projection 7: C** x C* — C, n(z",z) = 2z’ is
transverse to V' at the origin and to all T,,, 4V for 1 < d < d,. This choice is possible,
since there are only finitely many varieties of this form by [4, Proposition 4.3]. Let
P(z,£,V) = P(z,&V, ) denote the canonical defining function for V. Then fix
1 <i <I—1and define v; by (4.2). Applying (2.5) with ~; we get

(4.7) Ei(w,1,€) i= POi(D) + w, &, V) = > a5/ wE"
7.0.a

By (2.6) we have for d > 1 and wy = wp(d)

(4.8) R (w1, 8) = Figy (W, 1, + Y 97 F; ,(w, 1,6).

w>wy

According to Corollary 3.2, the canonical defining function for T, 4[V] satisfies

(49) P(Wa g; T ;,d[v], F)(I)d(f) = Fi,wo (Wa 1, g)
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By our choice of 7, the degree m;(d) of T.,, 4[V'] is equal to the degree of F; ,, (w, 1, &)
in w, while the local multiplicity pu(d) = p(T,, 4[V],0) is equal to the degree of the
lowest order homogeneous term in w. That is, if we expand F;,,, (w, 1, ) as a sum of
terms homogeneous of degree / in w and m in &, then

m(d)

(410)  Figw 1,8 = > w8, huay(w,) # 0, By (w, £) # 0.

I=p(d)

To determine m(d;) = m; and p(d;) = p;, we use the fact that C is a critical set
for V. Hence, by definition, d;,; is the smallest critical value for ; and V larger than
d;. Therefore, there is an edge with slope —1/d,; in the Newton polygon N of the
expansion for F;. Let (jo, ¢t) and (1, v) be the vertices of this edge satisfying jo < j;.
Then we have ¢ > v and

jo+dinip = woldip) = j1 +div.

We also have jj + dipt = wo(d;) and consequently wy(di+1) — wo(d;) = p(diy — di)-
This completes the proof of (iii).

To prove (iv), note that if m; = y;, then the degree of F; ,,(w, 1, £) as a function
of w coincides with its vanishing order. Hence F; ,,(w, 1, £) is homogeneous.

To prove (v), first note that T, 4,[V] = To[V] — {¢1} and hence

my =degT,, 4, [V] =m.

Since C is a critical set for V, for each 1 < i < [ — 1 the number d;,; is the smallest
critical value for V' and ~; which is larger than d;. By Section 2.3, d;;; can be deter-
mined by the Newton polygon N; of the expansion of P(v;(t) + w, &; V, ) according
to (2.5). In fact, N; contains a segment with a priori unknown endpoints (jo, 1)
and (j;,v) of slope —1/d;1, and T, 4,,[V'] can be computed by Corollary 3.2 and
formula (4.10) from F; (4, (W, 1,&) = Y1, li(w,§). By Corollary 3.5 we have
(Ty, 4., [VDi = To(T,, 4,[V]). This implies pt = p; by the definition of 1; for i > 2
and p = m for i = 1. Hence we have

di+1 = ]1_]0-
i —v

By the definition of g; and ~; there are b; € N, 1 < j < i, such that ;(t) =
3o, (jt?/%. Therefore, there exists ¢ € N such that ji — jo = ¢/q;. Since
0 < vy < pj, this implies giv1 < pig;.

Next assume that for some i with 1 < i < [ we have m; = p; = p;4;. Then
it follows from (ii) that also piy; = mjy1. By (iv), this implies that T, 4[V'] and
T.....d., [ V] are homogeneous of degree j1; = i1 = m; = mjy;. By Corollary 3.3,
T, 4., [V] is not homogeneous and by definition (j, is a singular point of T, 4., V.
By Corollary 3.5, we have (T, 4., [V )i = To(T, 4, [V]) = T, 4,[V]. Since

!

(4.11) Tyndin V] = Ty, V] = {Gin ),
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it follows that ;;; # 0 and that
(T iydisy [V])h = (T'Viﬂqdiﬂ [V] )h = T'\/i+1~,di+l [V]

and hence T, 4, [V] = T,,,, 4., [V]. Moreover, (4.11) implies that the term h,_; in
the expansion of F; ,(4.,)(w, 1, &) above does not vanish. Since p¢ = p;, this shows
that there is a point (j,, 4; — 1) on the segment of N; with slope —1/d;.1. As before,
this implies the existence of ¢y € N such that
j2 — jo . . o
d' = = — = —
TR ) qi
and consequently g;+; = ¢; under the present hypothesis.
Now we are ready to prove (v). To do so let

My 2 fiy =My 2 [l = M3 2> [I3 = -

be the sequence of degrees and multiplicities associated to C according to (4.3) and
(4.4). As we have proved above, g, = q; whenever m; = pu; = m;;; = pj4 and
giv1 < pig; otherwise. Now we define i; := 1 and, assuming that 7,,...,7; have
been defined, we let i;;; = min{i : i > i; and p; < p;; }. Finally we get i satisfying
i, = fij+1 = -+ = . For 1 < j < J we have by the above estimates q; 11 < p;,4;;-
Since the sequence (u;)1<i<; is not increasing, this implies g+, < uquij. Moreover,
ifij > ij+2,theng; < ,uquij forij +2 <i <ij;. This implies

@ < (pi)?qi, < (i) (i, g, -

Since m > p;, > pi, > --- > 1, it follows from this by induction that q; < (m!).
|

For the next lemma we need to recall the definition of a subanalytic set from Bier-
stone and Milman [1]. For that purpose let M be a real analytic manifold. For an
open subset U of M, denote by O(U) the ring of all real analytic functions and by
S(O(U)) the smallest family of subsets of U which is stable under finite intersections,
finite unions and complements and which contains all the sets {x € U : f(x) > 0},
f € O(U). A subset X of M is called semianalytic, if each a € M has a neighborhood
U such that X N U € S(O(U)), and X is called subanalytic, if each a € M has a
neighborhood U such that there is a real analytic manifold N and a relatively com-
pact semianalytic subset A of M x N such that XNU = 7w(A), wherem: M XN — M
is the natural projection.

Lemma 4.8 Let Fi(w,s), ..., Fi(w,s) be finitely many holomorphic functions on an
open neighborhood of {(w,s) € C™ : |w| < 1,]s| < 1} with F;(0,0) = 0 fori =
1,...,L Set

I I
A= {(w,s) dw] <1, 5> 0, E |F;(w, s)|* = |n|1in E |Fi(z,s)\2}.
z|<1
="z

i=1

Then A is a subanalytic set containing (0,0), and there is an analytic curve w(s) such
that lim,_,o+ (w(s),s) = (0,0) and (w(s),s) € A for all small positive s.

https://doi.org/10.4153/CJM-2008-002-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-002-7

50 R. W. Braun, R. Meise, and B. A. Taylor

Proof Define

1
g:{lws) e C" x 10,1[: [w| <1} = R, glw,s):= Z|Fi(w7 s)|%,

i=1

and
h:10,1[ = R, h(s) := ‘rr‘1i<ng(z, s)
z|<1

and consider g as a real analytic function in 2# + 1 real variables. We show first that h
is a subanalytic function. To so so, write the graph of h as M; N M,, where

M, = {(s,t) ER?:s>0, g(w,s) =t for some |w| < 1},
M, = {(s,t) ER?:s5 >0, g(w,s) >t forall jw| < 1}.
Define the projection 7: C" x R? — R, (w,s,t) — (s,t), and set
N, = {(w,s,t) EC"xR*:|w| <1,0<s<1, glw,s) =t}
N, := {(W,s,t) CC"xR¥:|w| <1,0<s< 1, glws) <t}

Then M; = w(N;) and M; NM, = M; \ 7(N,). Hence M, and then also M; N M, are
subanalytic; in the latter case, the Theorem of the Complement [1, Theorem 3.10]
is used. Hence we have shown that h is a subanalytic function. Since A = {(w,s) :
g(w,s) = h(s)}, it follows that A is subanalytic. Hence so is its closure by [1, §3]. It is
easy to see that (0,0) € A.

By the Uniformization Theorem [1, Theorem 0.1], there are a real analytic man-
ifold N and a proper real analytic map ¢: N — A such that ¢(N) = A. Fix an
arbitrary point p € ¢ ~1(0,0), and let U be a connected open neighborhood of p
which is so small that we can think of it as a subset of some R¥. Let 7 denote the pro-
jection (w,s) — s. Since 7 o @ cannot vanish on all of U, there must be a real line L
through p such that 7 o ¢ does not vanish identically on L N U. If we compose ¢
with a parametrization of L, we get a real analytic map a: ]—1,1[ — A such that
a(0) = (0,0) and 7 o a(7) # 0 for at least one 7. Since 7 o «v is an analytic function
of one real variable, this implies the existence of € > 0 such that 7 o a(7) # 0 when-
ever 0 < 7 < € and such that 7 o v is invertible on ]0, ¢[. The map w from the claim
is given by the equation a/((m o a)71(s)) = (w(s), s). [ |

The spirit of the proof of Lemma 4.8 is the same as of the proof of Hérmander [11,
Theorem A.2.8]. We thank Pierre Milman for pointing out the relevance of the The-
orem of the Complement [1, 3.10].

Corollary 4.9  Let V be an analytic variety in C" of pure dimension k that contains
the origin, let y be a simple curve in C", d > 1 rational, and 2 < i the multiplicity of
T, alV]atw = 0. Suppose also that T, 4V N~ {0} N {|w"’| < 1} = {0}. Then there
exist constants ¢ > 0, rg > 0, M > 0 such that for 0 < t < r, either

4.12 min ma Dep(~(t +tdw, sVt > oM
(4.12) W|§1£|§§| PO + 1w, V)| >
I
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or else there is a curve o (t) = v(t) + o(t?) on which we have
(4.13)  DUP(Y(t) + "W, & V) sty = 0, 0 <t <10, [£] =1, |B] < p.

Proof Decompose P(z,&;V) = Z‘a‘:m P,(2)€* and set

Ulwt) = D > IDUPa(y(e) + W), r() = min (1),

|ee|=m [B|<p

Then the set of points (w, t) in a neighborhood of the origin where r(t) = U(w, 1)
is a subanalytic set which contains (0, 0). Since r(0) = 0, it contains points (w;, t)
with |w;| small for every 0 < t < 0. Hence by Lemma 4.8, there is an analytic curve
w = k(t) such that (t) = U(k(t),t) and x(t) — O ast — 0+.

Ifr(t) = 0, then o (t) := ~(t) + t?k(t) satisfies o (t) = v(t) + 0(t?) and o is a curve
on which (4.13) holds. Otherwise r(¢) is a positive analytic function with r(0) = 0.
Ifr(t) = c;t?™ + - - - is the Puiseux series expansion of 7(t), then ¢; > 0, M > 0, and
r(t) > ¢t*M /2 provided ¢ is small and positive. Since the function on the left-hand
side of (4.12) is bounded above and below by a constant multiple of (¥ (w, )2, the
inequality (4.12) follows. [ |

Lemma 4.10  Let V be an analytic surface in C" which contains the origin and has
local multiplicity m at 0. Then for each normal critical set C = ((j, dj);;} for V, there
exists p € Ng such that for each normal critical set C = ((j, dj)ﬂ‘:1 that extends C and
satisfies

(4.14) w(T

~
s

4,[V1],0) = (T, _ 4, [V],0) fori<v <],

the estimate | — i < p holds.

Proof Note first that the lemma holds trivially if there are no normal critical ex-
tensions of C. Otherwise fix an extension € as above with [ > i and define the
curves v for 1 < k < I by formula (4.2). Then choose coordinates as in the proof
of Lemma 4.7(iii) such that the projection 7: C"~2 x (2 — C%, n(z",2') =z’ is
transverse to V at the origin and to T, 4V for 1 < d < d;, and let P(z,£,V) :=
P(z,&;V, ) denote the canonical defining function for V. Since C is a normal crit-
ical set, ¢; is a singular point of T,, | 4[V] which is not terminating for ~;_; and
d;. Hence Proposition 4.3 implies that each simple curve o which satisfies o(t) =
i (t) + o(t%) is not singular for V or the multiplicity of V along o (¢) is smaller than
w(Ty_ alV],G) = w(T,, 4,[V],0) =: p. Applying Corollary 4.9 with v = ~; and
d = d;, this shows that the estimate (4.12) must hold under the present hypotheses.
Hence there are rq, ¢, M > 0 such that for 0 < t < rg,

4.15 min ma D3P(~i(t) + 1% 6 V)| > oM.
(+15) w|lgl|s|—)f|§<:| WP () + 156, V)| >

Now we use the notation that we introduced before Lemma 4.7 and let

Fe(w,t,€) i= t T P(y(t) + t%w, &, V), 1<k<I.
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For 8 € N, | 8| < p, the chain-rule gives

(4.16) DEP(yi(t) + t%w, &, V) = 219 (DEP) (i (1) + thw, €, V),
and hence
(4.17) DI Fy(w,t,€) =tV (DIP) (i () + t%w, €, V).

Since there is nothing to prove if I < i + 1, we assume from now on that [ > i + 1.
Then for |w| < 1and ¢ > 0 small enough,

1
E () — i) + M) = Y Gt ey

v=i+l

tends to zero as t tends to zero. Therefore, there exists 0 < §, < ¢ such that for
0 <t < §p we get from (4.15), (4.16), and (4.17) for w = =% (yi(t) — i (t) + thw):

(4.18) ot Smax > [ DIPY(0) + 1t € V)
T Bl<p
=max > |[PHDP) () + 9,6, V)|
T Bl<p
= max 3 [0 DIE . 1,0)].
= at<u

Now note that Fj( -, ¢, -) is a polynomial in w and £ which converges to F,, (-, 1, -)
uniformly on compact sets as ¢ tends to zero by [4, Lemma 3.7]. Since d; — d; < 0,
this implies the existence of D > 0 such that the the right-hand side of (4.18) can be
estimated from above by Dtéi=)n=1+w for 0 < ¢ < §). From this we conclude

(4.19) M > (d; —dp)(p — 1) +wy.

By Lemma 4.7 and the hypothesis (4.14) we have

-1 -1
W) — w; = Zwu+1 — Wy = Zﬂ(d1/+1 - du) = ,U/(dl - dz)

Together with (4.19) this implies

-1
(4.20) M2 wi+di—di = wi+ ) (dyn — ).

v=1

Now note that by the definition of ¢; in (4.6), the positive number d,+; — d, is an
integer multiple of 1/g;. From this, (4.20), and Lemma 4.7(v), we get

M > wi+(1—1i)/q > wi+ (1—1)/(m!)?

and hence [ —i < (M —w;)(m!)* < M(m!)2. This proves the statement of the lemma
with p = M(m!)?. [
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Fulton [9, Problem 7.1] states that an arbitrary algebraic curve admits at most
a finite number of singularities. Here we present an effective version of this result,
which will be needed in the proof of Theorem 4.6. Even in the special case of a plane
curve, our estimates are far from optimal, as can be seen from [9, Ch. 5, Theorem 2].

Lemma 4.11 Let C C C" be an algebraic curve of degree m. Then Cng consists of not
more than m*(m — 1) points.

Proof Choose a projection 7 such that the canonical defining function P(z, &; C, )
exists. We may assume that m(z) = (z;,0,...,0). There are w;,w, € Cand &, €
C"~1 such that Q(w;, w») # 0 for Q(z1,2,) := P((z1,2,0,...,0),&;C, 7). Set C’ =
{(z1,22) € C* : Q(z1,2,) = 0}. Note that by definition, Q is zero or a polynomial
of degree at most m. The first possibility is ruled out by Q(w;, w,) # 0, hence C’ is
a plane algebraic curve of degree at most m. If w is a singular point of C, then two
branches of C meet at w. Hence the discrimininant of C’ with respect to z, vanishes
at wy. Since the degree of this discrimininant does not exceed m(m — 1), there are
not more than m(m — 1) possible values for w;. Since the degree of C is m, there are
at most m inverse images under 7 for each zero of the discrimininant. ]

Proof of Theorem 4.6 Obviously, it suffices to consider those ¢; € (TV )ging With
|¢1| = 1 which are not terminating. Fix such a point ¢; and note that for any simple
curve yand d > 1 the limit varieties T, 4V depend on one fewer variables and hence,
in suitable coordinates, they are of the form C x € where C is an algebraic curve.
By Lemma 4.11, each such curve C can have at most m*(m — 1) singular points. By
Lemma 4.10, there is v; € Ny, depending only on (;, such that each normal critical
set ((j, dj)ﬂ‘:1 either has length I < v, or satisfies p,, + 1 < 1. There are at most
(m?(m — 1))"*! such sets. If we apply Lemma 4.10 to each of these, we can find a
number v, € Nj such that for each normal critical extension any of them either has
length I < vy + v, + 1 or must satisty fy,+1,+1 < fh,+1. Continuing this argument by
induction the desired assertion follows, since m > ;. [ ]

5 Studying Algebraic Varieties at Infinity

In this section we indicate how the results of the preceding section carry over to
algebraic varieties at infinity.

5.1 Canonical Defining Functions for Algebraic Varieties

Let V be an algebraic variety in C" which is of pure dimension k > 1 and has de-
gree m. We choose coordinates in C" that are excellent for V. This means that the
projection m: C"~% x Ck — Ck, w(z",2") := 2, is proper when restricted to V and
satisfies for some C > 0 the estimate

(5.1) lzZl <C(1+|Z]), zeV.

The existence of excellent coordinates is shown, e.g., [8, 7.4, Theorem 2]. Then the
branch locus B of 7: V' — " as well as 7(B) are algebraic varieties of dimension at
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most k — 1 and 7r: V \ B — C*\ m(B) is a covering map. For z’ € C*\ 7(B) there
are m points in the fiber over z’. We write 771(z’) = {(c;(z'),2z") : 1 < i < m}
where the a;(z’) are all distinct. We will also use the same notation for z’ € 7 (B)
by repeating each «;(z’) as many times as indicated by the multiplicity u(V, z) for
z = (a;(2'),2’). Using this notation, the canonical defining function for V is again
given by the formula in (2.2) namely:

m

P(z,&V,m) = [ [ (2" — ail@), §).

i=1

It is a polynomial in z and £ of degree m in z and ¢ separately.

If W is a holomorphic k-chain, i.e, W = n[W;] + - - + n,[W,] where the W;
are the irreducible components of Supp W and degree W; = m;, then let v :=
Z;’:l njm; and define P(w, & W, ) = ?:1 P(w,&§ W, m)". Then P(w, W, )
is a polynomial of degree v in €.

5.2 Limit Currents

ForR > 0and g € Nlet~y: [R, co[— C" be a curve that has the following convergent
expansion

q
(5.2) V)= Y g R<t < o0,
j=—00

If [£,| = 1, then v is called a simple curve. For an algebraic variety V in C" of pure
dimension k > 1, a simple curve -, and d < 1, we define the algebraic varieties

V=V, 4, ={weC:n(t)+t'w € V},t € [R, 0l
It was shown in [6] that there exists a limit current of V of order d along 7, i.e.,

(53) T,alV] = Jim [V, ]

Its support is denoted by T, 4V and is called the limit variety of V of order d along v,
ie, Ty 4V =Supp T, 4[V].

The existence of the limit current T, 4[V] is proved in [6] using formula (2.3)
with an interpretation that suits the present frame. The following result was derived
in [6, Theorem 1, Formula (12), Lemma 4, Lemma 5, Proposition 3].

Theorem 5.1 LetV be an algebraic variety V of pure dimension k > 1 and degree m
in C" and let v be a simple curve as in (5.2). Then for each d < 1 the limit in (5.3)
exists. Furthermore, fix a projection w transverse to V as in (5.1), fix wy € R such that
lim,_, o t™“0P(w, &; V,, ) exists and does not vanish identically, and set

Z={weC": tlim M=o p(, &V, m) = 0 forall € € (C"fk}.
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If  is transverse to Z, then there is a polynomial ® such that

Jlim " P(w, &V, ) = P(w, & T, alV], m)®(W', €).

The canonical defining function of T, 4[V| is a polynomial. Furthermore, the functions
w' = ®(w', ), € € C"*, have no common zeros. In particular, Z = T, 4V.

We were unable to determine in [6] whether the function ® in Theorem 5.1 ac-
tually depends on w' or not. As in Section 3, it turns out that, in fact, & does not
depend on w’. This result will be proved by reduction to the local case treated in
Section 3. The reduction will be accomplished with the help of the map ¥ of the
following lemma.

Lemma 5.2 Define

n - z zZp—1 1
(54) VU:{ze(C":2,#0} - {ze€C":z, # 0}, Z»—»(Z—;,...,”l )

Then ¥? = id and

1
(5.5) W(tB((0,...,0,1),6)) C ?B((O,...,O,l),6e)
whenevere < 1/2.

Proof The proof of ¥? = id is immediate. To prove the remaining part of the

assertion, fix z := (tuy,...,tu,_1,t + tu,) intB((0,...,0,1),€). Then
uy Uy 1
PU(z) = ( e , )
@) t(1+ u,)? t(1+u,)? t+tu,
B 1( u; Mot —un—uﬁ)
N A+ u)? (At u,)? (1+u,)?/’

Note first that |(1 + u,) 72 < (1 — €)% < (1 + 2¢)* since ¢ < 1. Hence
U(z) =t~1((0,...,0,1) + v), where

v < (1+ 26)2(\u| + \ufl|) < (1+2€)*(e+€?) = e+56 +86 +4e* < 6¢
(here ¢/ < 2!'=Jefor j > 1isused). []

We will use the following result from Mumford [13]. Its proof contains an ac-
knowledgement to Stolzenfels.

Theorem 5.3 (Mumford [13, Theorem 2.33])  Let X C P" be an irreducible alge-

braic variety and let Xy # @ be a Zariski-open set in X. Then the closure of X in the
classical topology is X.

https://doi.org/10.4153/CJM-2008-002-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-002-7

56 R. W. Braun, R. Meise, and B. A. Taylor
Proposition 5.4 Let V C C" be algebraic. Then the euclidean closure of
TV \ (€ < {0})

is algebraic. We denote it by U,.(V). If V ¢ C"~! x {0} is pure k-dimensional, then so
is W, (V).

Proof LetI = {f € C[z),...,2,] : flyv = 0} be the ideal of V. Fix f € I and let
m be the degree of f. Then f;, defined by f,,(z) := 22" f(¥(z)), is a polynomial. We
define W := {w € C": fy(w) = Oforall f € I}. Ttis clear that W is algebraic and
that

WA (€ x {0}) = T(V\ (C"! x {o})).

Denote by Wy, ..., Wy the irreducible components of W. By Theorem 5.3, the eu-
clidean closure of W(V'\ (C"~! x {0})) is the union of those W; which have nonempty
intersection with ¥ (V \ (C"~! x {0})). In particular, it is algebraic.

To show the second part, recall first that the dimension is constant throughout
irreducible components. Fix w € V with w,, # 0. Near w, the sets U, (V) and ¥ (V)
coincide. Since W is biholomorphic, the proof is complete. ]

Lemma 5.5

(i) IfV C C"isalgebraic, then ¥* (V) C ToW* (V).

(ii) If no irreducible component of TyW* (V') is contained in C"~' x {0}, then even
U*(Vy) = ToW*(V) is true. This hypothesis is satisfied if the coordinates are
excellent in the sense of (5.1).

Proof (i) F_ix w € U*(Vy). We must first show that w € TO\I!*(V). Choose a
sequence (v/) ey in Vj, with v ;é 0 for all j and lim;_, \I/(VJ)_ = w. For each j
there are r; > 0 and a sequence (v/')1en in V such that lim;_, o |v1*l| = oo and

. vil j .
Hence
U (i jily—2. il iz
(5.7) rjli Lz) =rj lim (V."l ) V. = |V’7| v,
I—oo | (Vi) oo |yl |=2|pid] (v)?

Since v} # 0, the restriction of equation (5.6) to its n-th coordinate implies the
existence of §; > 0 such that |v,11"l| > §;|v/| for all sufficiently large I. Hence

|| 1
' 33l

()| = —0 asl— oo.

Thus equation (5.7) implies v/ € T,W*(V). Since ToW*(V) is closed, we get w €
ToU* (V).
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Assume now that no irreducible component of Ty¥*(V) is contained in C"~! x
{0}. To show that ToU*(V) C U*(V},), it suffices to show that

ToT* (V)N (C"! x {0}) € W(Vy).

To do so, fix w € TyU*(V) with vy, # 0. There are r > 0 and a sequence (wj)jeN in
U* (V) such that lim;_, o w/ = 0 and

ow
r lim —

- = W.
j—oo ‘W1|

Since w,, # 0, we may assume that w) # 0 for all j. Hence w/ = W(v/) for suitable

vj € V. Note that |v/| = |wi|/|wh|> — oo as j — oo since wi — Oas j — co. Hence
. W) 2w Jwl?
rlim — =7 lim — — = >
j—oo [V]] =00 |wh| =2 |wi|  (wa)

Hence w € V},. Since w, # 0, it follows immediately from the definition of ¥ that
w e U(Vy).

To prove (ii), note that (5.1) is equivalent to the existence of C;, C, > 0 such that
|z| < Ci|w(z)| whenever |z| > C,. Fix w € U(V) with |w| < 1/C; and w,, # 0.
We will show that |w| < C;|m(w)|. By continuity, this estimate implies the claim. Set
z = U(w). Then |z| > 1/|w,| > C,. Hence

Ci

Llel <
= z
=zl

|2, |?

|w

|T(2)| = |m(w)]. n

Example 5.6 Consider V = {(z,z%) : z € C}. Then
T(V\(Cx{0})={(z7,z2%):2z€C}

and hence ¥*(V) = {(w*,w?) : w € C}. In this case To¥*(V) = {0} x C, while

U*(Vy,) is empty.

5.3 Critical Values

For an algebraic variety V of pure dimension k > 1 and degree m in C" and a simple
curve v as in (5.2), we call a projection 7 in C" distinguished for V and ~ if it has
rank k and is transverse to V and to T, 4V for each d < 1. The existence of distin-
guished projections is shown similary as in Section 2.3. More precisely, let ¢ € N be
the number that is associated to - according to (5.2) and let

M, :={j/be]-0,1]:qj €7, j <q,beN1<b<m}

Then M, is a discrete subset of | —co, 1] and we can choose a sequence (;) jen so that
in each component of ] —oco, 1] \ M; there is exactly one point of this sequence. Then
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we let My := M, U {d; : j € N}. By [8, §3.8, proof of Corollary 2], we can choose a
projection 7 in C" of rank k which is transverse to V and to T, 4V for each d € M.
To show that 7 is distinguished for V and v, we define

Fw,t,6) = P(y(t) + w, &V, m) = > ajpat/w'®, we 't >R EeCh
JiBax

and the support M of this expansion as well as its Newton polygon (see [6, proof of
Proposition 5]), similary as in Section2.3. For each d < 1 we then expand F into a
series of d-quasihomogeneous polynomials (in w, t'/9, and &)

Fw,1,€) = Fuy(w, t,) + Y Fu(w,1,6),

w<wy

where F, is either zero or d-quasihomogeneous of order w and where F,,, = F,, () is
not the zero polynomial.

The critical values 1 = dy > d, > --- > d, > —oo for V and ~y (with respect
to m) are defined as those d > 1 for which F, 4 (w, 1,£) is inhomogeneous as a
polynomial in w and £. The proof of [6, Proposition 31] contains a constructive
method to determine the critical values from the Newton polygon of F. Just as in the
local case, it is not a priori obvious that critical values do not depend on the choice
of the projection 7. However, that will become clear in Corollary 5.10. With these
preparations it follows as in Section 2.3 that 7 is distinguished for V and .

Definition 5.7 A simple curve v in C", either at infinity or at the origin, is said to

be in standard parametrization if it has the form y(t) = (y1(¢), ..., vn—1(f),t) with
At
lim %T():O’ 1<j<n
t—00

Note that by [5, Lemma 2.5], every simple curve can be reparametrized so that it
is in standard parametrization.

Proposition 5.8 Let V. C C" be an algebraic variety of pure dimension k, assume
that the standard coordinates are excellent in the sense of (5.1), and set w(z'/,z') = 2’
forz'" € C"%and 2’ € C*. Then 7 is transverse to W*(V) at the origin, i.e., in-
equality (2.1) holds for U*(V). Fix d < 1 and a simple curve y at infinity in standard
parametrization. Set o := U o y and consider the expansions

(5.8) P(Y(t) +2,&V,m) = > Fy(z.t,),
w<wy

P(o(s) +2,50.(V),m) = Y Gulz,5,)
w>w;

where F,, is d-quasihomogeneous and G, is (2 — d)-quasihomogeneous of degree w or
zero. We also assume F,,, # 0 and G,,, #Z 0. Then wy = 2m — wy and F,,(z,1,€) =
G,,(z,1,&) forallzand €.
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Proof The statement concerning transversality was shown in Lemma 5.5. To prove
(5.8), consider z € C" with z, # 0. Thenz € W, (V) ifand only if ¥(z) € V, i.e, if
there is i such that z, 2z"" = «;(z, *z’) for o; defined in (2.2). Hence

P(z,60.(V)) = [ [ - zei(z,72)), €).
i=1

Since P(U(2),&V) = 10, (2, %" — ailz,22’),€), this implies P(¥(z),&V) =

z,MP(z,& W*(V)). Replacing z by W(z) we arrive at
P(z,6V) = 2"P(¥(2),& UL (V).

By continuity, this equation holds for all z € C". The remainder of the proof of (5.8)
consists of calculations which are strictly analogous to the ones in the proof of
[6, Proposition 9(d)]. [ |

Corollary 5.9 Let V. C C" be an algebraic variety of pure dimension k > 1, and
assume that the standard coordinates are excellent in the sense of (5.1). Let v be a
simple curve at infinity with limit vector (0,...,0,1) and set 0 := W o ~y. Then

Ty alV] = Tyl (V)]

foralld < 1.

Proof Similary asin [5, Lemma 2.5], it follows that v can be reparametrized so that
it is in standard parametrization. By [6, Proposition 4], T, 4[V] is not affected by
reparametrizations. By [4, Proposition 4.1], also T, ,_4[¥*(V)] is not affected by
reparametrizations. Hence we may assume that + is already in standard parametriza-
tion. Since 7 is distinguished for V and +, it follows from [6, Proposition 1] that
F, () determines T, 4[V'] for each d < 1. By Proposition 5.8, 7 is transverse to

ZQ2—d):={z€C": Gy p_a(z1,6) = Oforall £ € C"F}

for each d < —1. By Theorem 2.1, this implies that  is transverse to T, ,_4¥* (V)
for each d < 1. Since 7 is transverse to W*(V') at the origin, this shows that 7 is also
distinguished for U*(V') and 0. Since F, 45) = G, (2—a), the result now follows from
Corollary 3.2. ]

Corollary 5.10  Let V be an algebraic variety of pure dimension k > 1 and let v be a
simple curve at infinity with limit vector (0, ...,0,1). Denoteby 1 =6, > 6, > --- >
04 the critical values for V and y. Set o := Woryand denoteby 1 =d; < d, <--- < d,
the critical values for W*(V) and 0. Then p = qandd; =2 — 6 for j=1,...,q.

In particular, critical values do not depend on the choice of the distinguished projec-
tion .
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To state the main theorem of the present section, analogous definitions to (3.1)
and (3.3) are needed. For a simple curve yasin (5.2)let1 = d; > d, > --- > d,
denote the critical values for V and 7. Thensetfor1 < j < p

Ii={w" € "k w',0) € T, a4V, w'' # 0}
and

(5.9) viz= > p(w”,0), T, q[V]).

(W' 0)EL
(For the definition of the multiplicities u((w’’, 0), W), see Section2.1).

Theorem 5.11 Let V be an algebraic variety in C" that is of pure dimension k > 1
and of degree m, let vy be a simple curve, and let 7 be a projection which is distinguished
forV and ~y. Then for each d < 1 we have the following.

(i)  The degree m(d) of the current T, 4[V] is m — ded vj. In particular, m(d) =
m(dj) ifdiy <d<dj, 1 < j<p,and T, V isempty for d < d, if and only
) ifm= Z;’:l V.
(i1) wy(d) = md — Zde vi(d —d;) = dm(d) + Zdj>d vid;.
(iii) The function ® defined in Theorem 5.1 does not depend on w’ and is given by

@ =1 I w"gu".

dj>d (W",O)EI]'

Hence its degree is m — m(d) = Zd]_>d vj.
(iv) For @ as in part (iii) we have F,,)(w, 1,&) = P(w, §; T, 4[V], ) - @(§).
(v) Ifd < lisacritical value for -y and V, then T, 4V is inhomogeneous.

Proof The part of the claim that pertains to d = 1 is clear. Hence we may assume
d < 1. Then T, 4V is nonvoid only when the limit vector of v is in V}, as has been
shown [6, Proposition 4(iv)]. So we may assume that -y is in standard parametrization
with respect to excellent coordinates. Set ¢ = Wo~. The present result will be proved
by applying Theorem 3.1 to ¥* (V') and o.

Statement (i) follows immediately, since the numbers v; for V and v defined
in (5.9) coincide with the numbers v; for ¥*(V) and o defined in (3.3). State-
ment (ii) follows in the same way, since in Proposition 5.8 it is shown that wy =
2m — wy if wy and wy are as in that proposition.

To see (iii), denote the polynomial ® of Theorem 5.1 for a moment by ®*°. Then
Proposition 5.8 and Theorems 2.1 and 3.1 imply

P(W7 g; T'y,d[V])(I)OO(W/7§) = FwU(Wa lvg) = Gw‘] (Wa 17§)
=P(w,&§ Ty p—alU*(V))P(E),

forallw = (w’,w’) € C"and ¢ € C**. Now let Q(w’,¢) be an irreducible
component of ®>°(w’, ). By Theorem 5.1, there is no w’ such that Q(w’, &) = 0
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for all . Hence Q cannot be a factor of P(w, §; T, ,—4[W*(V)]) since the latter is a
canonical defining function. So Q must be a factor of ®, which implies that it does
not depend on w’.

(iv) is now clear, and (v) is already known from Corollaries 5.9 and 5.10. [ |

Corollary 5.12  ForV and vy as in Theorem 5.11, let 1 = d, > d, > --- > d, be the
critical values for y and V. If ;1 < d < d; for some j < p, then

To(Tyq,[V]) = T alV] = (T4, [V Dy

andifd < d,and T, 4V # @, then To(T, 4,[V]) = T, 4[V].

Definition 5.13 The notions of critical set, terminating singularity, and normal criti-
cal set have natural analogues in the present situation. The definitions are the same as
the ones in Section 4, except that inequalities are reversed and T,V is replaced by V.

If v is a simple curve at infinity in standard parametrization with respect to ex-
cellent coordinates, and p(t) := (t) + (t? + o(t?) as t — oo, then o = Vo p
satisfies p(s) = W o o (s) + (s>~ + o(s>~?) as s — 0. Hence the method used to prove
Theorem 5.11 can be used to derive the next two results from Proposition 4.3 and
Theorem 4.6.

Proposition 5.14  Let V be an algebraic variety in C" which is of pure dimension
k > 1. Let vy be a simple curve at infinity, let d < 1 be a critical value for v and V, and
let ¢ € T, 4V be a singular point. Then ( is a terminating singularity of T, 4V if and
only if there is a singular curve p(t) = v(t) + Ct? + o(t%) in V such that, for larget, the
multiplicity of V' along the curve p is constant and equal to the multiplicity of T., 4[V']

at .

Theorem 5.15  Let V be an algebraic surface in C". Then for each {; € V}, with
|C1| = 1, the set {C = ((j, dj)lj:1 : C is a normal critical set for V'} is finite.

Example5.16 Let P € R [x, y,z] be defined as P(x, y,z) := (y — x)(y* —z — 1).
andlet V := {¢ € C’: P(¢) = 0}. Then define the sequence (ax)xen, by the Taylor
series expansion of the function (1 +s5)!/2 at the origin, i.e., (1 +5)'/2 = 322, axs.
Next define the sequences ((;) jen and (d;) jen by

—2(5—1
322620 a

¢ :=1(0,0,1), dy:=1, (:=(aj-,aj-,0), d;: > e

We claim that for each I € N the set C; := ((j, dj)Zj:1 is critical for V.

To prove our claim by induction, note that V;, = {(x, y,2) € C*: (y—x)y* = 0}.
This shows that ¢; = (0,0, 1) is in (V})gng N §%. Hence C, is a critical set for V.
Assume next that for some I > 1, the set C; = (¢, d j)lj:1 is critical. Then define

-2

) 1
(1) =0, o)=Y and ()= Y G = (Vo) Viei(o), ).

j=0 j=1

https://doi.org/10.4153/CJM-2008-002-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-002-7

62 R. W. Braun, R. Meise, and B. A. Taylor

Then

POy(e) + (5, 7,2) = (=9 (( + Vi) — 11+ 1) —2)

) 2
= (y —x)( y* + 2p\Vtou(t) + to(t)* —t( ou(t) + 4N,
( ! 1 (l j;l”) )

~o-nr Vi B (S ) (5 4)

=0 j=l—1

-.
Il

S
-.

Using this expansion, we can compute the Newton diagram. By results from [6] it
follows that the largest critical value for +; and V' which is smaller than d; is d, where
d is determined by the fact that 2y\/f and —2ta;_,/t'~!' have the same d-degree,
namely 2 — I. This impliesd = 3/2 — land hence d;; = 3/2 — 1 = (3 — 21)/2.
Moreover, we get

T, 4V ={(x,y,2) € C: (y —x)(y* — 1) = 0},

Tya,V ={(x,y,2) € C:(y—x)(y—a_,)=0}forl >2.
Thus 41 := (a—1, aj_1,0) is a singular point of T, 4, V which satisfies ((j11, (1)=
Hence our claim is proved by induction.

Note that the curve o: [0, 00[— C,0(t) = (Vt + 1,Vt + 1,t) satisfies tr(c) C
Vising- Therefore, the curves (y;) jen are just partial sums of the Puiseux series expan-
sion of the curve o.

Example5.17 Let Q € R[x, y, z] be defined as Q(x, y,z) := (y — x)(y* — 2> — 2*)
and let V := {¢ € C : Q(¢) = 0}. Using the sequence (ax)ken, from the previous
example, we define the sequences (§;) jen in €3 and (0;)jen in Q by

2(j— 1 +1

gl = (0507 1), 51 = 1; 6] = (aj72aaj*2’0)’ 6] = 2

, J>2.

Then for each I € N, the set €; := (;, j)éz | is critical for V. This follows easily from
the previous example by [6, Proposition 9].
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