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In (1) a measure A 6 M(IR) is constructed and shown to satisfy the following:

(i) X*l is absolutely continuous, where X denotes the measure with
l(E) = ACE"1) for all Borel sets E,

(ii) A*A = A2 is singular,

(iii) A* = Xk~l*X is absolutely continuous for k ^ 6.

The purpose of this note is to show that (iii) can be sharpened to read
" for k £ 3 ".

Let us now fix some notation and show how the measure A has been con-
00

structed. Denote by G the complete direct product Yl Gr, where Gr are
r = 1

finite cyclic groups ^ I(qr)- There is a natural continuous map from G into
00

R (or T) given by g-> £ Qr-d'1, where dr = qlq2, ..., qr. This map, 4> say,
r = 1

gives rise to a map between M(G) and M(R) (M(T)) by <l>(p)[f] = ^[ /° 4>]
for/e C0(fi), /i e M(G).

In (1) the authors have chosen qr = a, +a r +1 , ar is a power of a prime />„
and Singer's theorem shows the existence of sets XrczGr such that

(i) card A; = ar+\,

(ii) Xr-Xr = {*! -x2\xle Xr, x2 e Xr} = Gr,

(iii) £ a-^oo.
r = 1

If we now take \ir to be the uniform probability measure supported on Xr, i.e.
1 for xeXr

00

and take n e M(G) to be ̂  = (x) Air, the unique product measure corresponding
r = 1

to {/ir}"= i, then A is just the image <£(/*) of \i.
G. Brown and W. Moran have established the following remarkable result

(2, lemma 5, p. 12):
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Let /xr — mr+pr, m, is the normalised Haar measure on G,, ju, a probability
oo

measure on Gr. Let fi = (x) \ir and let (j>(jx) = veM(T) . Write
r = 1

Jo, rf"Ir Jfir

Then, if £ ar(k)2<oo, vk is absolutely continuous, i.e. \P eLl(T).
r = 1

Let us now come back to the results of (1). Then A = <j>(ji), where n = ®//r

and \iT are as specified above. Despite the fact that we do not know much about
the sets Xr we can give a very precise description of fir*fir- It is trivial to see that

r r r r ( a r + l ) 2 ^ '

where 8g is the unit mass of point g. So

1 ,

= mr + pr*p,
when fir = mr+pr.

Thus

m.HrHr ( a r + l ) 2 ( a r + l ) 2

and so

(n *^ \*(-*\ = i A<vn2 = ?£ ify#O

= 0 ify = O.

Hence the criterion of Brown and Moran takes the form

y e fir
00

since card Gr = card Gr. So ar(fc)2~a2"1' and since by (iii) £ a,T ̂ o o we
r = 1

A*have that £ <*r{k)2 < oo for A: ̂  3, which implies that A* is absolutely con-
r = 1

tinuous for fc ^ 3.
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