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ON CERTAIN EXAMPLES OF SURFACES WITH p,=0
DUE TO BURNIAT

C. A. M. PETERS

Notation and terminology

Let S be a compact complex projective and smooth variety of dim.2,

shortly a surface. We employ the following standard notations:

Og: structure sheaf of S.

K: the canonical bundle on S.

p,(S) = dim¢ H'(S, K), geometric genus.

q(S) = dim; H'(S, 0g), the irregularity.

c¢2(S) and ¢,(S), the Chern numbers of S.

Z(S) = Euler class of 05 = (p, + 1 — ¢)(S) = #5(c2 + ¢)(S)

For any divisor D on S we let |D| be the linear system corresponding
to it, and if p,--+,p,€S we let |D —p, —p, — -+- — pn,| be the sub-
system of divisors through p,, - - -, Pp.

If D, and D, are two divisors, (D,,D,) denotes their intersection
number, and D, ~ D, means that the divisors are linearly equivalent.
We shall write the group action on Pic (S), additively, so, if for instance
C is a divisor and F' a line bundle such that [C] = F? we simply write
C ~ 2F. Finally, if F e Pic (S), we put h?(F) = dim, H?(S, F).

Introduction

Recently P. Burniat gave examples of surfaces of general type with p,
=q=0, ¢ =2,3,.--,6, cf. [1]. This paper is written in rather ancient
language and somewhat difficult to read. It seems desirable to give his
construction in a more up to date way, the more since new interest
seems to arise in surfaces of general type with p, = ¢ = 0, see for ex-
ample [3], [4] and [5]. V

Burniat constructs his examples by means of what he calls “plans
22-uples abéliennes”. These 4-fold coverings of the projective plane we
study in §1. Burniats construction is given in §2 and from general
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calculations in §1 we find the invariants of the resulting surface. In
particular they are all regular. As a special case we find the surfaces with
¢ =6—a(@=0,---,4) referred to before, called Burniat surfaces B(x).
In §3 they are shown to be of general type and we prove there also
that the torsion group of B(x) is @°*Z, This is a new result and
shows the fruitfulness of new techniques.

I also want to mention that, as a corollary, =,(B(0)) is not abelian.
This also is a new feature: the Godeaux and Campedelli surfaces ([5])
all have abelian fundamental group*. Similar results for =, (B(a)),1 <
a < 4 are lacking however.

Finally I want to thank Prof. Van de Ven for stimulating interest
in this subject.

§1. Abelian 4-fold coverings

Let P be a complex analytic surface and let C,, C, and C, be three
smooth curves on P, such that for some line bundle F', on P one has:
[C; + C;1 ~ 2F,, where {i,7,k} = {1,2,3}. We assume moreover that the
curves C; intersect each other transversally and C, N C, N C, = ¢. Put
C:=C,+ C, + C,.

We want to construct a surface @ and a holomorphic map 7:Q— P
of degree 4 such that the ramification divisor D of # is of the form
D =D, + D, + D,, with D, smooth, such that D, = f~'(C,) and f|D, is
of degree 2 onto C, (¢t =1,2,3). We shall call @ the abelian 4-fold
covering of P branched along C.

As intermediary steps we construct double coverings, using the next
—well known—observation (cf. e.g., Horikawa, [2]):

Let X be a complex analytic surface, B a smooth curve on X and
F o line bundle on X such that B ~ 2F. Then there exists a surface
Y and holomorphic map ¢:Y — X of degree 2 with branch locus B.

This surface Y is called the double covering of X branched along B.

We apply this construction as follows: let p, ---,p, be the inter-
section points of C, and C,. One blows up P at these points, obtaining
P’ and a map ¢: P'— P. The exceptional curves are P,:=o"'(p,),t =1,

* M. Reid found a Godeaux type surface with finite non-abelian fundamental group
(the quaternion-group of order 8); Kuga also has examples with infinite non-abelian
fundamental group. His examples have ¢}=8. Any finite unramified covering of them
have ¢=0, unlike our example.
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...,m. Let the proper transform of a curve I" on P be denoted by I,
then one has:

C‘,~a*c,—§Pﬁ, i=1,2.

Form the double covering branched along €, + C, (notice that this curve
is 2-divisible): p,: Y- P’; Put E, = p;‘((j‘,), r=1,2,3, and Q, = pr'(P)),
p=1,---,m. Now, on Y’ the curve Hy=E; + >, Q, is seen to be
smooth and 2-divisible and one may form p,: Y” — Y’, the double cover-
ing of Y’ branched along H,, On Y” the curves R, = p;'(Q,) are
exceptional, indeed, they are clearly rational and moreover (R, R,) =
(0¥ Q4 0¥Q,) = —1. Blowing down these curves one finally obtains Q.
Since the curves R, map onto points in the composition g = o-p,-p, We
can factor this map g over Q, obtaining a holomorphic map f:Q — P.
This map is of degree 4 and ramified along the curves D, coming from
E,, and by construction, f|D, is of degree 2 onto E,. This proves our
assertions.

Next, we want to calculate the invariants of @. The intermediary
steps in the construction are blowings up and double coverings and the
behaviour of the invariants under these operations is well known, recall

e.g.:

LeEMMA 1.1 (Cf. Horikawa, [2]). Let Y be the double covering of
X branched along B, then if B ~ 2F we have

Z(Y) =22X) + 3F,Kx + F) .

Using this lemma we can calculate 2(Q), since it is invariant under
blowings up. By definition we have Ky ~ f*Kp + R, with R the ramifi-
cation locus of the map f:@Q — P, and since R =D, + D, + D, with
fID;: D;— C; a 2-1 map, we can compute ci(Q) = (Ko Ky as well.
Carrying out all this we find:

PROPOSITION 1.2. Let f: Q— P be the abelian 4-fold covering of P
branched along C = C, + C, + C;, D = #~%(C). Then we have
(i) Ko~ f*Kp+D
(ii) Q) = 4ci(P) + (C,0) + 4Kp, C)
(i) 2@ =4ZP) + 1 25i<; (Ci, C)) + 3(Kp, O).

Remark 1.3. If, instead, C, intersects C, and C, transversally at «
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of their intersectionpoints we can still carry out the above construction,
namely, we first blow up at these points and observe that the strict
transforms C; of the curves C, now full fill the requirements stated at
the beginning of this section: C; are smooth and C; N C, is a trans-
versal intersection, ¢; N ¢, N &, = ¢ and C; + C, is 2-divisible

DEFINITION 1.4. In case C=C, + C, + C, with C; as in the be-
ginning of the section except that, instead C,-C,-C,=op,+ --- + v,
p; # p; if 1 j, the resulting 4-fold abelian covering is called a-modified
abelian covering of P with branch locus C.

COROLLARY 1.5. Let Q) be the a-modified 4-fold abelian covering
of P branched along C, then we have

Q@) = ci(Q(0) — « and Z(Q) = Z(QO)) .

This corollary shows how to lower ¢ with constant Z.

Next we want to determine the sections of mK,. For this, observe
that the group Z = Z,® Z, acts on Q, hence on the multicanonical forms,
i.e. the sections of mK, TUnder this action H°(mK,) splits into 4
eigenspaces E™,r =1,2,3,4. If Z is generated by 2z, and z,, we set
2, = 2,2, and:

E™ = {se H(mKg)|z,(s) = s;2(8) = —s,6 #7}, r=123.
E™ = {se H'(mK,)|2(s) = s,z € Z}.

How does Z act on the curves D,;? Up to a permutation of indices this
action is given by:

2,|D, =id, z;|D; = %, 6 # y, where 4, is an involution. To determine
the spaces E{™ one has to study the action of Z on sections of mK, in
the neighborhood of the curves D, (y = 1,2, 3).

PRrROPOSITION 1.6. The zeroes of sections in E™ define linear sys-
tems |GM™|. In case m = 2n + 1 we have

|G{®] = D + [f*(mK, + nC)|
and
|G| =D, + |f*(n@2K, + O) + K, + F}}|, r=12,3.

In case m = 2n we have:
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|G| = |n2K, + O)|
and

|G =D, + D, + |f*{n@K, + C) — F.}|
with v =1,2,3 and {v, y, 0} = {1, 2, 3}.

Proof. We shall prove the assertion for m = 1, the proof for the
remaining m being similar. For simplicity of notation we set E™ =
E,r=1,...,4. Since Ky ~ f*Kp + D ~ f*(Kp + F,) + D, it suffices to
prove the next assertion:

(*) Me|G,| if and only if M contains an odd multiple of D

M e|G,| if and only if M contains an odd multiple of D,
but an even multiple of D, (6 #17), r =1,2,3.
As remarked before 1.6 to prove this assertion one has to study the
action of Z on sections se H'(K,). We take a Z-invariant coordinate
covering # = {U,} of Q, ie. 2(U)=U, or 2(0U)NU,=¢ if zeZ.
We have three types of sets in #:
(Type 1) U,ND = ¢. Then exactly 4 sets are permuted by Z and these
sets are mutually disjoint.
(Type 2) U,N D, + ¢ for a certain ¢, say for ¢ =1, but U, N D, N D, =
#,7#1. Then 2,(U,) = U, and 2, acts as an involution with D, as fixed
locus, and 2,(U,) N U,=¢. Put U, = 2,U,). Assume coordinates are
chosen in U, and U,, say (z,, ¥.), resp. (2,,%.) such that z, = zfz.,
Y, = 2¥y, and such that z,|U, is given by (z,,¥.,) — (—2,, ¥.).
(Type 8) U,N D, N D;+ ¢ for some pair, say (,7) = (1,2). Then
2(U) = U(zeZ) and we may choose coordinates (x,,¥,) in such a way
that U, N D, ={x, =0}, U, N D, ={y, =0}, 2| U, is given by (z,,v.) —
(—2.,¥.) and 2,|U, is given by (%., ¥.) = (@., —¥.).

Now, take any holomorphic 2-form s on Q. In U, this can be given
as w(x,, y)dx, N\ dy,, with w a holomorphic function in U,. In a co-
ordinate patch of type (2) z, and #z, act as follows:

@) ¥w,, yodx, N\ dy,} = —w(—2z,, y)dz, N\ dy,
@)*w(z,, yhdz, N\ dy.} = wx,, y)dx, N\ dy, .

This immediately proves (x) in this case. In a coordinate patch of type
3) z, and z, act as follows:
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@)¥w,, y)dz, N\ dy,} = —w(—2,, y)dz, N\ dy,
@M w,, yodz, N\ Ay} = —wx,, —y)dx, N\ dy,

and here also (») is immediately verified.
Since Type-1 neighborhoods do not play a role the assertion () is prov-
ed, and this establishes the Proposition in case m = 1.

§2. The examples of Burniat

Choose in P, three points &, & and & which are not collinear. Let
C% be the reducible curve consisting of 2r, + 1 lines through §&,, such
that &;,,¢C? and &,,,¢(C i =1,2,3, the indices taken modulo 3. Blow
up P, at &,¢&, and & and let P be the blown up surface, p: P — P, the
blowing down map, X! = p7'(&), 7= 1,2,3 the three exceptional curves.
Put

Co=pNC) + X5, (=123)

where p7'(x) denotes the proper transform of x. We have that C;, ~
@2r; + DH — 2r; + DX} — X?,, + X?,,, hence the curves C; + C; are 2-
divisible. Assume that C} passes through « of the intersectionpoints of
% and CY different from &, & and &. Recalling Definition 1.4. We
can form the a-modified 4-fold abelian covering of P with C = C, + C,
+ C, as branch locus. Call the resulting surface B(r,, 7, 75, ). Applying
(1.2) and (1.5) to it we find

ProPOSITION 2.1. The values of ¢ and & for B(r,, 7, v, a) are re-
spectively

(6 — ) + 8[(r1, 4+ 175 + 111y — (1, + 7, + 13)]
and
14 [y + vy + 175 — () + 7, + 191

EXAMPLE. In case =7, =7, =1 we get a surface B(,1,1,qa),
with ¢} equal to 6 — @ and & equal to 1. We shall indicate how to
construct curves C? with « =0 up to 4: Let A; be a curve in P, con-
gisting of two lines through &, 4= 1,2. There is a point & not col-
linear with &, and &, and a curve A, consisting of two lines going
through &; such that A, goes through any « <4 of the intersectionpoints
A,-A,. Indeed, for o« < 2 this is trivial and for « = 3 one takes a gen-
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Fig. 1
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eral point on a diagonal of the quadrilateral formed by the points A,-
A, and for @ = 4 one takes a diagonal point. Using the curves A, the
construction of the curves C) is evident. For later use we depict the
branch curve C in any of the 5 cases. (Cf. Fig. 1)

PROPOSITION 2.2. Let B = B(r, 1, 75 a) and f:B— P the defining
map. Let {u,v,0} be an even permutation of {1,2,3} and put F, =
(r,+r,+ 1DH — rE° — (r, + 1)E°. Then one has:

|Kg| is the linear combination of the systems

D, +|f(—8H + E} + ES+ E5+F)|, p=123.
Proof. Apply Proposition 1.6 with m =1 in this case, noticing
that |f*Kp| = ¢.
COROLLARY 2.3. ¢q(B) =0
Proof. Computation of the dimension of the linear systems |—3H

+ EY + Ej + E5 + F,| shows that p(B) = 7.1, + 775 + 7575 — (1, + 7, + 79,
hence, by Riemann-Roch

qgB) =%B) —p,B)—1=0

For example, if », =7, =7, =1 we find that the surface has in-
variants p, =q¢=20,¢} =6 — a.

DEFINITION 2.4. We call B(1,1,1,«a) the Burniat surface of type «,
notation B(a).

§3. The torsion group of B(x)

In this section we want to prove that the torsion group of B(w)
equals @° =« Z,. For brevity we put § = 6 — @ and we shall give 2 — 1
different non-trivial 2-torsion elements. Then we shall prove that this
is the only torsion. To find 2-torsion elements we proceed as follows:

Suppose that |2Kg| contains a divisor which is multiple, say the
double of a curve I'. Then I"e|Kg + ¢g|, with g a non-trivial 2-torsion
element.

LEMMA 3.1. Let }: B(e) — P, be the defining map. Then, with A
the o points in C? N CY N Cy we have that

|2KB(¢!)] = /f* |3H —-&6—-&—-&— AI
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Proof. Apply Proposition 1.6 with m = 2. We have that 2K, +
C — F,| = ¢ with P the plane P, blown up at &,&,& and A. Indeed,
2Kp + C — F,| = |X, — X,,,|] =¢. (Convention: v +1 =1, if v = 3).
Moreover |2Kp + C| corresponds to |8H — & — &, — & — A|. This com-
pletes the proof.

COROLLARY 3.2. B(x) is of general type. Moreover it is minimal.

Proof. Since ¢ > 0 and the number of curves of degree 3 through
3 4+ « points is at least 7 — &, hence P,(B(x)) > 3, since « > 4 and the
first assertion follows from classification theory. The second follows
from the equality P,(B()) =7 — a = ¢X(a) + 1.

Now we can exhibit the 2/ — 1 (3 = 6— a) torsion elements by giving
the corresponding curves of degree 3 through &,¢&,, & and A which give
double curves on B(ax). To this end we must be careful with curves
having multiple points at & and A. Since, on B(«) the curves corres-
ponding to &, are seen to be divisible by 2 these points are harmless.
However, the curves corresponding to points of A are not 2-divisible
on B(e) and we can only allow curves that have a 2k 4 1-fold point at
these points, since otherwise curves from |[8H — &, — &, — & — A| always
contain an odd multiple of the curves coming from A. With this in
mind we find, using the notation H, for a line through &,:

a=0: L0505, 0,5050F, L0505, 858585, LogHY, 03485, 04585005, C1385185, €458
Oics C1l2ly.

a=1: 670585, 078385, 0,;0507, 658587, £458587, 618507, L8505, 640,07,
£385685, 81585107

a =21 UFLyl5, brlily, LH8ils, 010585, Lnluly, Lnlnls, Onluly, L4545,
Logls 03y £19l5 b5y Loyli Ly Loyli U7y £an 1 U5y i 87 85, £ 03

o =8 470y 8705 Ly b5 b3 by, 70505, b7 0585, £7 05 85, 07 05 05 .

a=4: L,0505, L0587, L0587,

(Cf. Fig. 1, convention {i,7, k} = {1, 2, 3}).
LEMMA 3.3. Let B = B(a). We have
(i) If m =2n + 1, |mKg| is the sum of
D, +|f*n@BH — & — & — & —A) — & + &,

and

1) In our case Fig. 1 checks that we have equality.
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D+ |ff{n —DBH — & — & — & — A} (indices mod 3)
(i) If m = 2n, |\mKp| is the sum of
f*InBH — & — & — & — 4
and
D,+ D, + ##{n —DBH — & — & — & — A) — § + &)
{tsv,0} =1{1,2,8}, and v + 1 =1 in case v = 3).

Proof. Observe that, on P, the plane P, blown up at &,&, &, and
A one has:

2Kp + C=8H - X! - X — X]— A
2Kp + C —F, = "X?:'l"XSH v=123)
KP+Fu: —X3+X?,+1 v=123)

Then apply Proposition 1.6.
LEMMA 3.4. There ts no odd torsion in Pic (B(a)).

Proof. Suppose 0 £ ZePic(B) is a torsion element. Then, since
qB) =0, h%¥) =0, so dually R(Kz;® ¢) = 0 for any non zero torsion
element /. By Riemann-Roch one concludes that |K;® /| contains a
divisor I" and if the order of ¢ equals ¢, tl ¢|tKz|. Applying this re-
mark in case ¢ = 2n + 1 (n some natural number) there has to be a curve
in [(2n + 1)Kg| which is 2n + 1-fold. It is sufficient to look for 2n + 1-fold
curves in any of the subsystems D, + |f*{n(BH — & — & — & — A) — &,
+ &,.1}, (cf. Lemma 3.3). This subsystem has a 2n 4 1-fold curve if
nC, = n(BH — &, — 2§, — A) appears in [nBH — & — & — & — A) — &, +
&1, where (v,p,0) is an even permutation of (1,2,3). The residual
system, however is clearly seen to be empty. This completes the proof
of the lemma.

LEMMA 3.5. There is no 4-torsion in Pic (B(a)).

Proof. From Lemma 3.3., part (ii) with n = 2 we have that [4Kj|
consists of the subsystems [2BH — >, & — A)| and I,=D,+ D, + #*
I8H — >, &, — A]. The first system consists of the sum of pairs of ele-
ments of |2K;|, hence, to prove the assertion, it is sufficient to prove
that 1, does not contain multiple curves. Suppose the contrary, then,
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since D, + D, ~ f*F,, the system [8H — >, & — A — &, + ¢&,,,] would
have to contain F, =3H — &, — 2§, — A, but the residual system clearly
is empty. This contradiction proves the Lemma.

PROPOSITION 3.6. The torsion group of B(a) equals @« Z,.

Proof. According to Lemmas 3.4 and 3.5 there is only 2-torsion.
We have exhibited 28« — 1 different non-trivial 2-torsion elements, hence
the assertion follows.

COROLLARY 3.7 (of proof). The fundamental group of B(0) is not
abelion :

Proof. Suppose it were and form ¢: B(0) — B(0), the unramified
20-fold covering with B(0) the universal covering of B(0). Since 0= q(f?(O))
= @,ee M(050,(9) with G = @°Z,, we must have that r'(0p(g9)) = 0 for
all geG. By Riemann-Roch it would then follow that h*(@z(9)) =1
g+#1,9eG. Now the Serre duality gives h’(Kgzo + g) = 1 for those
g€ G, but clearly the elements ¢,;H; give 2-torsion elements g, g9 # 1
with at least 2 independent sections in Ky, + g. This contradiction
shows that q(l?(O)) #+ 0, and hence =,(B(0)) is not abelian.

Remark 3.8. It is not clear whether this Corollary holds for B(w),
a=1,-..,4, since the above proof fails to hold.

Remark 3.9. M. Reid pointed out to me a possible way of describing
the Burniat surface with ¢ = 6, starting with the 3 pencils of curves
of genus 3 lying above the pencils {H,}. From this construction B(0)
has an 8-fold covering lying in the product of 3 elliptic curves as a di-
visor of type (2.2) invariant under a certain group of order 8. This
explains 3.7 geometrically.
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