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Periodic Steady-state Solutions of a Liquid
Film Model via a Classical Method

Ahmad Alhasanat and Chunhua Ou

Abstract. In this paper, periodic steady-state of a liquid film flowing over a periodic uneven wall
is investigated via a classical method. Specifically, we analyze a long-wave model that is valid at
the near-critical Reynolds number. For the periodic wall surface, we construct an iteration scheme
in terms of an integral form of the original steady-state problem. The uniform convergence of the
scheme is proved so that we can derive the existence and the uniqueness as well as the asymptotic
formula of the periodic solutions.

1 Introduction

Investigations of liquid film flow over an inclined wall have been of great interest to
many scientific researchers, as it arises in applications for many topics; see [[1{7}8,11}12].
Many previous works dealt with the problem of a viscous liquid falling down an in-
clined wall with a flat surface, in which theoretical and numerical methods were ap-
plied to study the existence of the steady-state solution and its stability characteristics
(e.g., [2H4]). A change of flatness in the wall surface is more reasonable in practice,
and it affects the liquid surface behavior. Recently, Tesuilko and Blyth [9]] studied the
effect of inertia on a film flowing on an uneven wall in the presence of an electric field.
Tseluiko et al [10] worked on the model derived in [9], assuming that the flow varia-
tion as well as the variation in the wall shape in the flow direction are subtle. Ignoring
the electric effects, they solved the steady-state problem numerically.

The purpose of this paper is to study this problem via a classical method. As in
(5], by classical methods in differential equations we mean finite dimensional meth-
ods derived from what is called classical analysis. Whereas modern applied anal-
ysis is commonly used to cast differential equation problems (including boundary
value problems) into infinite dimensional settings, so that degree theory or infinite-
dimensional fixed point theorems can be applied to prove the existence of solutions,
“classical analysis’, in handling the same problems, often provides more information
than the abstract approaches. In particular, the “classical analysis” methods used are
more likely to be constructive in some sense and so can form the basis of numerical
methods. They are sometimes more global, for instance, giving estimates of the size
of a small parameter.
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In this paper, we consider aliquid film flowing over a periodic uneven wall inclined
at an angle 0 to the horizontal line. We introduce (x, y)-coordinates so that the flow
is along the x*-axis direction. Let y = s(x) be the function that describes the wall
surface topography; see Figure[l]

y-axis

film
thickness (h)

X-axis

Figure I: Liquid film flowing over an inclined uneven wall.

The flow is governed by the partial differential equation
(11) ht + dx = 0;

see [10], where h(x,t) is the dimensionless film thickness at time ¢ and location x,
and q(x, t) is the flux rate given by

2 8R 2cot(6) 1
1.2 =S+ —hCh - TR (W s) 4 == (h+8) gax
(12) q=3h"+ % 3 (h+s)x+ 5ol (h+s)
Here, R and C are the Reynolds and capillary numbers, respectively, which are given
in terms of the liquid density, the liquid viscosity, and the surface tension.

Throughout this paper, we assume that the wall surface shape s(x) satisfies
(1.3) Is"(x)| < are and |s"'(x)| < aze

for small positive number ¢, and constants a;, a,. In [10], the authors considered
two kinds of wall surface topography, a sinusoidal wall with s(x) = Acos(%*) and
a rectangular wall with s(x) = Atanh(cos(%*)/d). Here A is the amplitude, [ is the
period, and d is a constant such that the smaller the value of d the steeper the wall is.
They assumed that A/] is small, which implies condition (L.3).
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Using an analytical method, we will prove the existence of periodic steady-states to
the partial differential equations. We give the details in three cases in terms of integral
equations. The result not only provides the existence and the uniqueness of a periodic
solution, but also gives a generalized asymptotic formula.

The rest of the paper is as follows. We prove the existence and the uniqueness
of steady-state solution using the uniform convergence of the iteration scheme in
Section 2| We shall split the proof into three cases, depending on the roots of the
characteristic equation of the homogeneous differential equation associated with the
steady-state problem. Conclusions are presented in Section 3]

2 Existence of Steady-state Solution

In this section, we seek a periodic steady-state solution, h(x, t) = ho(x), to (LI)-(L.2).
By (L.2), this is equivalent to find /o (x) that solves the ordinary differential equation
q'(x) =0 or g(x) = qq for a constant gy that is related to the flow flux of the model.
For convenience and without loss of generality, we choose qo = 2/3, and the steady-
state ho(x) from equation satisfies

2 8R 2cot(6)
(2.1) ghg + Ehgh{) -

where prime denotes the derivative d/dx. When condition holds, hy(x) =lisan
approximation solution to (for any qo, the approximation is ko (x) = v/390/2).
This suggests that sig(x) = 1+ w(x) is the exact steady-state solution to for some
periodic small-amplitude function w(x) # —1. Substitute it into equation and

multiply the equation by 3;1—? to get
0

1 2
hg(ho +S), + Ehg(ho + S)”, = g,

8RC

8RC
?(SW +3w% +w)w' + ( = 2C cot(@)) w' =2Ccot(0)s’ +w'" +s" =

2C[(1+71W)3—1],

which is equivalent to

(2.2) w" + ( ¥ -2C cot(@)) w' +6Cw = F(s',s"" ,w,w"),
where
F(s',s"", w,w")(x) =2Ccot(0)s"(x)—s""(x)+ 20w (x) [6+8w(x)+3w?(x)]
(1+w(x))?
- 3R (awx) + 3w () P ()W ().
Define
(2.3) a:= % —2Ccot(6) and b:=6C.

The homogeneous part of the non-homogeneous equation (2.2) becomes

(2.4) w" +aw’ +bw=0.
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To find the fundamental set of solutions for the third-order homogeneous equation
(2.4), which has the characteristic equation

(2.5) rP+ar+b=0,
we need the following lemma.

Lemma 2.1 (Cardano’s Formula, see [6| formulas (50)-(51), chapter 4])  The cubic
algebraic equation (2.5) has the roots

n=¢+y, f2=—%(‘/>+1l/)+§(¢—1/’)ia and r3:—%(¢+1//)—?(¢—1//)i,

3\‘ b bz gl 3\‘ b b2 g3
¢=\|-=+\/—+= and y=\|---\/—+—.
2 4 27 2 4 27

bZ

4

* IfA=0, then has three real roots, at least two of which are equal. Here if a and
b are not equal to 0, then the number of equal roots is exactly two.

* IfA <O, then has three real distinct roots.

e IfA>0, then has a real root and two conjugate complex roots.

where

Moreover, let A = 2- + % Then we have the following three cases:

The three different possibilities in Lemma [2.1|divide our work into three subsec-
tions. In Subsection 2.1} we will show the existence of the steady-state solution /¢ (x)
to by proving the existence of a periodic solution w(x) to when a and b,
defined in (2.3)), satisfy A = 0. After that, we will use the same idea in Subsections|2.2]
and[2.3]to prove the existence when A < 0 or A > 0 is satisfied.

2.1 Existence of Steady-state when A =0
In the case %2 + % = 0, a must be negative, that is, R < %cot(@) := R, where R,
is the critical Reynolds number (see [10]). In particular, R = R, - 15/43/@. By ap-
plying Lemma2.1} the characteristic equation associated with the homogeneous
equation has a simple root r = —2a, and a root of multiplicity 2, r = «, where
a = v/3C. Then the fundamental set of solutions to the homogeneous equation
is

{wy, wy, w3} = {e’z‘”, e™, xe™ Y,

with a constant Wronskian W (wy, wa, w3) = 9a?. Using the variation-of-parameters
method, the integral form of the non-homogeneous equation (2.2) becomes

X 2at x _ —at
w(x) = e 20% /_ooe , F(t)dt+e“"[ “Gat+ D™ pyar

9a oo 9a2

x3 —at
+xe”“‘£o 0:;2 F(t)dt,

https://doi.org/10.4153/CMB-2017-035-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-035-5

Periodic Steady-state Solutions of a Liquid Film Model via a Classical Method 7

which can be further written as

1 x 1 o
(2.6) w(x)= 5 [oo eZoc(t—x)F(t)dt+ ™ fx (t_x)e—oc(t—x)F(t)dt
1 oo
+ W . e_a(t_x)F(t)dt.

In order to construct a better iteration scheme for w(x) in a simple functional space
so that the estimate of the norm of the integral operator becomes affordable, we want
to remove the derivative term w’ in the right-hand side of and rewrite it as a
functional of w(x) only. To do this, we substitute the formula F(¢) and integrate the
w'-term by parts. The first term in the right-hand side of becomes

X
f (=N (1) dt
X
:/ ez"‘(t_"){chot(Q)s'—s'"+(2 E

8RC ~*
-— (79 (3 + 3w? + wi)w'dt

5 —oo
X
- f ez“(t’x){ZCcot(Q)s’ -s"+ (ZCW)3

2RC 4RC x
——(w +4w® +6w2)+Ta/ 2= (w4 4 aw® + 6w?)dt.

(6+ 8w +3w?)} dt

(6+ 8w +3w?)} dt

Similarly, for the second and last terms, we have
f (t - x)e N p(1)dt
X

= f (t—x)e’“(”x){ZCcot(G)s'—s'"
2RC
+ —_—

+(1 )3(6+8w+3w )}dt

(1-a(t—x))e ) (w* + 4w + 6w?)dt

X

and

f e (N E(1)dt
= f e_“(t_x){ZCcot(H)s'—s"'

2 2
+ —Iéc (w* +4w® + 6w?) - RSC‘X

(1 E (6+8w+3w2)}dt

f e =) (wh 4 4w + 6w?)dt.

Now, we define functions G, H, and Q by

G(s) :=2Ccot(0)s" - ",
. w? 2

Q(w) := —( 4w’ + ew?).
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Then we re-write the integral equation (2.6) in the form

(2.8) w(x) = To(G)(x) + Ti(H)(x) + T2(Q)(x) := T(w(x)),
where
(2.9) o .
To(G)(x) = 55 Lo e G(s(0)dt + o f (t = x)e NG (s(1))dt
, % e eI G (s(1))d,
Ty(H)(x) = 9%2[,0 5 B (1)) di + ifx”(t-x)e*““*x)H(w(t))dt
. %% " e D (w(1))dt,

Q) = oo [ Q-3 [ (-0 I Qw(n))dr
2 f°° e =) Q(w(1))d.

+ —
9a
To find a periodic function w(x) that satisfies equation (2.8)), we define an iteration
scheme with the initial periodic function wg(x) as
wo(x) = To(G)(x),

(210) W1 (x) = T(wy)(x), for n > 0.

Obviously, the operator T' maps a periodic function into a periodic function with the
same prime period. We will show that the series 3, (w,—w,_1 ) converges uniformly
for x in (—o0, 00). Then the required periodic solution w(x) can be obtained by the
limit

w(x) = nango wy(x) = wo(x) + Z(W,-(x) - wi,l(x)).

i=1

First of all, we want to estimate the initial function w(x). Note that
o < 16N o] [ ar + L] [T (- xm)et-0a
- 9052 —oo 3a X
1 oo —a(t-x)
“ol [ a])
1
- GG,

where | - || is the maximum norm. This means that we can determine the bound of the
periodic function wy(x) by the bound of s(x), that is, for s(x) satisfying inequalities
in (L.3) and using the definition of G(s), we have

2.11) lwo(x)] < wo(x)] < Be < %

where B = ﬁ (2Ccot(0)a; + ay), and € is sufficiently small (less than €y below).
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Now we are ready to show the uniform convergence of the series 3o (W, —w,_1).
To this end, we define the constants

(2.12) M, = sup |[H"(w)], M, = sup |Q"(w)],
lwl<3 lwl<i
M= M+ 2M B i=2MB
T 203 32T N ’

We will show that there exists a constant € such that for 0 < € < €j, we have

(2.13) [wn — wo| < Be|wol, n=12,3,...,
and

(2.14) [Win = wa1| < (2B€)"||wol), n=12,3....
Indeed, for n = 1, we use the iteration definition and to have
(2.15) [wi = wo| = |T(wo) = wo| <|Ti(H(wo))| +|T2(Q(wo))I-

Using Taylor expansion, Q(w) = Q" (v)w? for v € (0, w) and |w| < . This implies

(216) [Q(wo)ll < Mafwol.
Similarly,

(2.17) |H(wo)| < My|wol?.
By using (2.9), (2.16)), and in yields

(2.18) lw1 — wo| < M|wo|*.

Hence, from inequality (2.11), we have
|wy — wo| < MBe|wo| < Be|wol,

which proves that inequalities and hold for n = 1. To complete our argu-
ment, we assume, by induction, that inequalities and are true for n = k.
This gives [wi| < (1+ Be)Be < 1 aslong as € < € for a given small ¢g. We need to
show that both of and hold true for n = k + 1. Actually, we have

[Wi1 = wo| = | T(wi) — wol
<|T(H(wi))| + | T2(Q(wi))

< M|wi|? similar to

< M1+ e)?*|wo? from our assumption
< BM(1+ Be)%e|wo| using

< Bef[wo.

This implies that the inequality (2.13) is satisfied for all n. Here, we have assumed that
¢ is sufficiently small so that (1+ f€)* < 2 for € < €¢. For inequality (2.14), we have

Wieer = wie| = [T(wi) = T(wi1)|

(2.19) <|Ty(H(wi) = Hwir))| + | T2(Q(wi) = Q(wir)-
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By the Mean Value Theorem, for 0 < 8 < 1, we get
[Q(wi) = Q(wi-1)| < [Q"(Bwi + (1= O)wir) [ - [wk = wi
= Q" ()| - 6wk + (1= O)wi_1| - [wk —wk_1| for some v
< My(1+ Be)[wol - [wi = wial,
and similarly,
[H(wi) = H(wi) | < My(1+ Be) |wo| - [wic = wia .
Hence, inequality implies
[Wier = wil| < M(1+ Be) [woll [wi = wie-r | < M(1+ Be) (2B€)* | wo |
< MBe(1+ fe) (2pe) [ wol| < (28e)**! [wol),

which proves that inequality (2.14) is true for all n. By the well-known Weierstrass
M-test, series

wo(x) + > (Wa(x) —wy_1(x))
n=1
is uniformly convergent for x € (—oco, 00). Consequently, we have the following the-

orem.

Theorem 2.1 Assume that a and b, defined in (2.3)), satisfy %2 + % = 0. There exists
a small € such that for € < €, has a solution ho(x) =1+ w(x), where w(x) isa
solution of the differential equation (2.2) with the asymptotic expansion

w(x) = wo(x) + 3 (wa(x) — waa(x)),

n=1

and w,(x),n=0,1,2,..., are defined in (2.10).

Remark 2.1 Based on (2.13) and (2.14), Theorem also provides a generalized
asymptotic expansion to the periodic steady-state solution.

2.2 Existence of Steady-state when A <0

2 3
In this subsection, we study the existence of periodic steady-state in the case % +95 <

0. The fundamental set of solutions to the homogeneous equation (2.4)), in this case,
is {wy, wy, w3} = {e"*, e*, "}, where 1, 7,, and r; are the real distinct roots of
the characteristic equation (2.5) defined in Lemma with a constant Wronskian

W i= W(wy, wa, ws3) = rars(r3 — 1r2) = rirs(rs — 1) + rira(r2 — 1p).
Note that, when A < 0, we have r; < 0 and r;, 73 > 0. Then using the variation-of-
parameters method, we have the following integral form of the non-homogeneous
differential equation (2.2):
X o
(220) w(x)=C f e U E(H)dt + Cy f e E(H)dt
X

+C3f e U E(1)dt,
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where
C1:r3:r2, C2:r3:rl, and C3:_(r27,\_r1).
w w w

Substitute F(t) and integrate the w'-term by parts to get

f e U= F(1)dt
2Cw?

- /:oo e’“(H‘){ZCcot(G)s' "+ m@ + 8w+ 3w2)}dt

2RC 2RC x
S whraw? rew?) - e (Wt 1 4 4+ 6w?)dt
5 5 —oo0
and

f e N R () dt

oo 2C 2
= f e_r"(t_"){ZC cot(6)s" —s"" + id

(1+w)3

(6+8w + 3w2)}dt

2RC 2RCri [ -
+?(W4+4w3+6w2)—Tr/ e (wh 4 aw® + 6w?)dt,

fori =2,3. In terms of G(s), H(w), and Q(w) defined in (2.7), the integral equation
(2.20) can be written in the form

w(x) = To(G)(x) + Ti(H) (x) + T2(Q)(x) = T(w(x)),

where
x 3 oo
To(c)(x):clf e’”(t”‘)G(s(t))dt-rZCif e G (s(1))dt,
e i=2 x
x 3 oo
ﬁ(H)(x)zclf e_“(t_")H(w(t))dt+ZC,-f e (o (£))dt,
- i=2 x
and
R x 3 oo
TZ(Q)(x):—Cm/ e’“(”x)Q(w(t))dt—ZCiri/ e D Q(w(1))dt.
- i=2 x

Similar to the previous subsection, we define an iteration scheme
wo(x) = To(G)(x),

(2.21) .
Wy (x) =T(W,)(x), fornx0,

and later use the following constants:

- 3.1 C;
B:= (2Ccot(9)a1+a2)2‘7|,
i=1 Ti

M:

Y <+ 32 cil

i
1 Ti i=1

e

1

)

oM

=)
if
=]

>
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where M; and M, are the same as those in (2.12). The operator T maps periodic
functions into periodic functions. Then we can apply the same technique used in the
previous subsection to show that there exists an €y > 0 such that for sufficiently small
€ < €9, the inequalities

[Wol < |Wol| < Be,
Wy — Wol| < Be|Wol, n=1,2,3,...,
[Wo — W] < (2Be)"|Wol, n=1,2,3,...,

hold. Hence, the Weierstrass M-test implies that series

[}

wo(x) + Z(Wn(x) - Wn_l(x))

n=1
is uniformly convergent for x € (—o0, 00). Then the following result is valid.

Theorem 2.2  Assume that a and b, defined in (2.3), satisfy b{ + g < 0. There exists
a constant €y > 0 such that for € < ey, (2.1) has a periodic solution ho(x) = 1+ w(x),
where w(x) is a solution of the differential equation [2.2) with the asymptotic expansion

w(x) = Bo(x) + 3 (Fa(x) = Paa(x)).

n=1

and w,(x),n=0,1,2,..., are defined in (2.21).
2.3 Existence of Steady-state when A >0

When A > 0, Lemma [2.]] implies that the characteristic equation (2.5), associated
with the homogeneous equation (2.4), has a real root r and two complex conjugate
roots u + iv, where r,u, and v can be defined in terms of ¢ and y in Lemma[2.1} The
fundamental set of solutions is {wy, wy, w3} = {e™, e"* cos(vx), e** sin(vx)}, with
a constant Wronskian

W = W(wp, wa, ws) = v(2r* + u? +v?).

Note that, since b > 0, we have r < 0 and u > 0, with r + 2u = 0. Hence, the integral
form of the differential equation (2.2), in this case, is

w(x)=e"™* fx Wl(t)F(t)dt+e“xcos(vx) /: WZ(t)F(t)dt

—o W w

+e"* sin(vx) fx W%t)F(t)dt,

oo

where
Wi(t) =ve™, Wh(t)= —[ (u—-r)sin(vt) + vcos(vt)] e,
Wi (t) = [(u —r)cos(vt) — vsin(vt)] e .

This integral form can be written as

(2.22) w(x) = % f w e E(f)dt + f ” g(x, ) I E(r)dr,
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where g(x, t) is given by

g(x,t) = %[(u —r)sin(v(t—x)) +vcos(v(t— x))]

We write the integrals in (2.22) as

% f e " (1) dr
2Cw?

- /x e_'(t_x){2Ccot(6)s'—s"'+ 7(6+8w+3w2)}dt
W J-co (1+W)3

2RCv

2RC
T oW (w4+4w3+6w2)—TrV

5W

X
f e ) (Wt 1 4w + 6w?)dt

oo

and

f ~ g(x, )e " OE(1)dt

2

0 2
= /; et (79 g(x, t){2Ccot(9)s'—s"'+ L n) (6+8w+3w2)}dt
4 2ROV (w* + 4w’ + 6w?)
5w
2 (o)
; % Le(x, 1) — ug(x, £)]e =) (wh + 4w? + 6w?)dt.

From this, the formula of w(x) in can be expressed as
w(x) = To(G)(x) + To(H)(x) + T2(Q)(x) = T(w(x)),
where G(s), H(w), and Q(w) are defined in (2.7), and
To(G)(x) = %f@ e_r(t_")G(s(t))dt+/xoog(x,t)e_”(t_")G(s(t))dt,
Ty(H) (x) = % [ T HGw()de+ f g(x, )e " H(w (1)) dt,
Ta(Q)(x) =~ [~ e C0Qu(n)ds
+ [T lgn 0 - ugln 0]e D QUw(n)dr.

Similar to the previous cases, we define an iteration scheme, for this case, as

wo(x) = To(G)(x),

(2.23) B s
Wai(x) = T(w,)(x), forn > 0.

Then we can show that, there exists an €y > 0 such that for € < €, the inequalities
ol < [Wol < Be,  [Wn —Wnl < Befwol,

and

Wy — Waal < (2B€)"|Wol, n=1,2,3,...,
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hold, where

I§:(2Cc0t(9)a1+a2){‘%‘ +‘ﬁ },
v

— v v v(u—r)
M| Sl ol el ol 121
and
f = 2MB,
with the same constants M; and M, defined in (2.12)). Note that g(x, x) and g;(x, x)
are bounded and satisfy
leGen)l <[ 2], late ) < |20,

Then, the uniform convergence of
o () + 32 (W (x) = 1 (x))
n=1
is confirmed for x € (-0, 00). Hence, we obtain the following theorem.

Theorem 2.3  Assume that a and b, defined in (2.3), satisfy I’TZ + % > 0. There exists
an €y > 0 such that for € < e, has a periodic solution hyo(x) = 1+ w(x), where
w(x) is a solution of the differential equation (2.2) with the asymptotic expansion

oo

w(x) = Wo(x) + 3 (Wa(x) = Wai(x)),

n=1

and w,(x),n=0,1,2,..., are defined in (2.23).
3 Conclusions

We analytically study the flow of a liquid film over an inclined periodic uneven wall
governed by a long-wave model. The existence of a periodic steady-state solution is
proved using asymptotic expansion.

We start by constructing an iteration scheme in terms of integral forms from this
steady-state problem to find periodic solutions in the form ho(x) = 1+ w(x), where
w(x) is the solution to (2.2). Three distinct cases have been handled in terms of the
values of R, C, and 8. For each case, we prove the existence and find an asymptotic
formula for w(x).
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